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HALPHEN PENCILS ON WEIGHTED FANO THREEFOLD
HYPERSURFACES
IVAN CHELTSOV AND JIHUN PARK
Abstract. We classify all pencils on a general weighted hypersurface of degree
P
4
i=1
ai in
P(1, a1, a2, a3, a4) whose general members are surfaces of Kodaira dimension zero.
Mathematics Subject Classifications (2000). 14E07, 14D06, 14J28, 14J45, 14J70.
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Part 0. Introduction.
Throughout this article, all varieties are projective and defined over C and morphisms are
proper, otherwise mentioned.
0.1. Introduction.
Let C be a smooth curve in P2 defined by an cubic homogeneous equation f(x, y, z) = 0.
Suppose that we have nine distinct points P1, · · · , P9 on C such that the divisor
9∑
i=1
Pi −OP2
(
3
)∣∣∣
C
is a torsion divisor of order m ≥ 1 on the curve C. Then, there is a curve Z ⊂ P2 of degree 3m
such that multPi(Z) = m for each point Pi. Let P be the pencil given by the equation
λfm
(
x, y, z
)
+ µg
(
x, y, z
)
= 0 ⊂ Proj
(
C[x, y, z]
)
∼= P2,
where g(x, y, z) = 0 is a homogeneous equation of the curve Z and (λ : µ) ∈ P1. Then, a general
curve of the pencil P is birational to an elliptic curve. The pencil P is called a plane Halphen
pencil ([11]) and the construction of the pencil P can be generalized to the case when the curve
C has ordinary double points and the points P1, · · · , P9 are not necessarily distinct ([9]). In
fact, every plane elliptic pencil is birational to a Halphen pencil. Namely, the following result
is proved in [10] using the technique of plane Cremona transformations but its rigorous proof is
due to [9].
Theorem 0.1.1. Let M be a pencil on P2 whose general curve is birational to an elliptic curve.
Then, there is a birational automorphism ρ of P2 such that ρ(M) is a plane Halphen pencil.
Proof. Every birational automorphism of P2 is a composition of projective automorphisms and
Cremona involutions (Section 2.5 in [8]). Moreover, the arguments of Section 2.5 in [8] together
with the two-dimensional analogue of Theorem 0.2.4 imply that there is birational automorphism
ρ ∈ Bir(P2) such that the singularities of the log pair (P2, 3
n
B) are canonical, where B = ρ(M)
and n is the natural number such that B ∼Q OP2(n).
The singularities of the log pair (P2, 3
n
B) are not terminal by Theorem 0.2.4.1 Therefore,
there is a birational morphism π : S → P2 such that the singularities of the log pair (S, 3
n
BS)
are terminal and
KS +
3
n
BS ∼Q π
∗
(
KP2 +
3
n
B
)
,
where BS is the proper transform of the pencil B by the birational morphism π. Then, −KS
is nef because the pencil BS does not have any fixed curve. The divisor −KS is not big by
Theorem 0.2.4, which implies that K2S = 0. In particular, the complete linear system | − nKS|
does not have fixed points. Therefore, the number n is divisible by 3 and
ρ
(
M
)
= π
(∣∣− n
3
KS
∣∣),
which implies that ρ(M) is a plane Halphen pencil. 
A problem similar to Theorem 0.1.1 can be considered for Fano varieties whose groups of
birational automorphisms are well understood2. In particular, it would be very interesting to
classify pencils of K3 surfaces on three-dimensional weighted Fano hypersurfaces.
Definition 0.1.2. A Halphen pencil is a one-dimensional linear system whose general element
is birational to a smooth variety of Kodaira dimension zero.
1Theorem 0.2.4 can be generalized to each dimension ≥ 2.
2Elliptic pencils on some del Pezzo surfaces defined over an algebraically non-closed perfect field are birationally
classified in [1] using the structure of their groups of birational automorphisms ([15]).
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Let X be a general quasismooth hypersurface of degree d =
∑4
i=1 ai in P(1, a1, a2, a3, a4) that
has terminal singularities, where a1 ≤ a2 ≤ a3 ≤ a4. Then,
−KX ∼Q OP(1, a1, a2, a3, a4)(1)
∣∣∣
X
,
which implies that X is a Fano threefold. The divisor class group Cl(X) is generated by the
anticanonical divisor −KX and there are exactly 95 possibilities for the quadruple (a1, a2, a3, a4),
which are found in [12]. We use the notation ג for the entry numbers of these famous 95 families.
They are ordered in the same way of [12], which is a standard way nowadays. We tabulate these
families together with their properties in Part 6.
Birational geometry on such threefolds is extensively studied in [3], [4], [7], [20], and so forth.
The article [7] describes the generators of the group Bir(X) of birational automorphisms of X.
Also, the article [4] shows the relations among these generators. The former article proves the
following result as well.
Theorem 0.1.3. The threefold X cannot be rationally fibred by rational curves or surfaces.
As for birational maps into elliptic fibrations, the hypersurface X in each family except the
families of ג = 3, 60, 75, 84, 87, and 93 is birational to an elliptic fibration ([4]). Furthermore,
all birational transformations of the threefold X into elliptic fibrations are classified in [1], [2],
[3], [4], and [20].
It is known that Halphen pencils on the threefoldX always exist, to be precise, the threefoldX
can be always rationally fibred by K3 surfaces ([4]). In this article, we are to classify all Halphen
pencils on the hypersurfaces in the 95 families as what is done for their elliptic fibrations in [3].
Let us explain five examples of pencils on the threefold X. They exhaust all the possible
Halphen pencils onX. It follows from [7] that the pencils constructed below are Bir(X)-invariant
(Proposition 0.3.2). We will show, throughout this article, that they are indeed Halphen pencils.
Example I. Suppose that a2 = 1. Then, every one-dimensional linear system in | −KX | is a
Halphen pencil. It follows from the Adjunction that a general surface in | −KX | is birational to
a smooth K3 surface. In particular, it belongs to Reid’s 95 codimension 1 weighted K3 surfaces
([16]).
Therefore, in the cases in Example I, or equivalently ג = 1, 2, 3, 4, 5, 6, 8, 10, 14, there are
infinitely many Halphen pencils on the hypersurface X. Such cases will be studied in Part 5,
where we will prove that every Halphen pencil is contained in | −KX |.
Example II. Suppose that a1 6= a2. Then, the linear system | − a1KX | is a pencil. If a1 = 1,
then the linear system | −KX | is a Halphen pencil and its general surface belongs to Reid’s 95
codimension 1 weighted K3 surfaces as in Example I. In fact, it is a Halphen pencil if only if
a1 6= a2 ([4]). We will see that it is a unique Halphen pencil except the cases with a2 = 1 and
the cases in three Examples below.
We will discuss the cases with a unique Halphen pencil in Parts 1 and 2.
Note that a1 = a2 6= 1 exactly when ג = 18, 22, and 28.
Example III. Suppose that ג = 18, 22, or 28. In such cases, a1 = a2 6= 1 and a3 = a1+1. The
threefold X has singular points O1, · · · , Or of type
1
a1
(1, 1, a1−1), where r =
3a1+a4+1
a1
. There is
a unique index j ≥ 3 such that a2+ a3+ a4 = maj, where m is a natural number. In particular,
the threefold X is given by an equation
m∑
k=0
xkj fk
(
x0, x1, x2, x3, x4
)
= 0 ⊂ Proj
(
C[x0, x1, x2, x3, x4]
)
,
where wt(x0) = 1, wt(xl) = al, and fk is a quasihomogeneous polynomial of degree a1 + a2 +
a3+a4−kaj that is independent of the variable xj. Let Pi be the pencil of surfaces in |−a1KX |
that pass through the point Oi and P be the pencil on the threefold X that is cut out by the
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pencil λxa10 + µfm(x0, x1, x2, x3, x4) = 0, where (λ : µ) ∈ P
1. It will be proved that P and Pi
are Halphen pencils in | − a1KX |.
The cases in Example III are the only cases that have more than two finitely many but
Halphen pencils. These cases will be discussed in Part 4.
Example IV. Suppose that ג = 45, 48, 55, 57, 58, 66, 69, 74, 76, 79, 80, 81, 84, 86, 91, 93, or 95.
We then see 1 6= a1 6= a2. Moreover, there is a unique index j 6= 2 such that a1+a3+a4 = maj,
where m is a natural number. Therefore, the threefold X is given by an equation
m∑
k=0
xkj fk
(
x0, x1, x2, x3, x4
)
= 0 ⊂ Proj
(
C[x0, x1, x2, x3, x4]
)
,
where wt(x0) = 1, wt(xi) = ai, and fk is a quasihomogeneous polynomial of degree a1 + a2 +
a3 + a4 − kaj that is independent of the variable xj. Let P be the pencil on the threefold X
that is cut out by the pencil λxa20 + µfm(x0, x1, x2, x3, x4) = 0, where (λ : µ) ∈ P
1. It will be
shown that P is a Halphen pencil in | − a2KX |.
Example V. Suppose that ג = 60. Then, X is a general hypersurface of degree 24 in
P(1, 4, 5, 6, 9). Hence, the threefold X is given by an equation
w2f6
(
x, y, z, t
)
+ wf15
(
x, y, z, t
)
+ f24
(
x, y, z, t
)
= 0 ⊂ Proj
(
C[x, y, z, t, w]
)
,
where wt(x) = 1, wt(y) = 4, wt(z) = 5, wt(t) = 6, wt(w) = 9, and fk(x, y, z, t) is a general
quasihomogeneous polynomial of degree k. Then, the linear system on the threefold X cut out
by the pencil λx6 + µf6
(
x, y, z, t
)
= 0, where (λ : µ) ∈ P1, is a Halphen pencil in | − 6KX |.
The cases in Examples IV and V have at least two Halphen pencils because they also satisfy
the condition for Example II. Furthermore, we will see that these are the only Halphen pencils
on the hypersurface X of each family. These cases are discussed in Part 3.
The main purpose of this article is to prove the following:3.
Theorem 0.1.4. Let X be a general hypersurface in the 95 families. Then, the pencils con-
structed in Examples I, II, III, IV, and V exhaust all possibilities for Halphen pencils on the
hypersurface X.
The following are immediate consequence of Theorem 0.1.4.
Corollary 0.1.5. Let X be a general hypersurface in the 95 families with entry number ג.
(1) There are finitely many Halphen pencils on the threefold X if and only if a2 6= 1.
(2) There are at most two Halphen pencils on X in the case when a1 6= a2.
(3) Every Halphen pencil on the threefold X is contained in | −KX | if a1 = 1.
(4) The linear system | −KX | is the only Halphen pencil on X if a1 = 1 and a2 6= 1.
(5) The linear system | − a1KX | is the only Halphen pencil on the threefold X if and only if
ג 6= 1, 2, 3, 4, 5, 6, 8, 10, 14, 18, 22, 28, 45, 48, 55, 57, 58, 60, 66, 69, 74, 76, 79, 80,
81, 84, 86, 91, 93, 95.
Furthermore, Theorem 0.1.4 with Proposition 0.3.2 forces us to conclude
Corollary 0.1.6. Let X be a general hypersurface in the 95 families. Then, every Halphen
pencil on the threefold X is invariant under the action of Bir(X).
The proof of Theorem 0.1.4 is based on Theorems 0.2.4, 0.2.9 and Lemmas 0.2.6, 0.2.7. We
prove the theorem case by case in order of the number of Halphen pencils and the entry number
ג.
In addition, we prove that general surfaces of the pencils constructed in Examples I, II, III,
IV, V are birational to smooth K3 surfaces.
3Theorem 0.1.4 is proved in [19] and [20] for the cases ג = 5, 34, 75, 88, and 90.
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Theorem 0.1.7. Let X be a general hypersurface in the 95 families. Then, a general surface
of every Halphen pencil on X is birational to a smooth K3 surface.
It follows from Proposition 0.3.12 that general surfaces of the pencils constructed in Examples I
and II are birational to smooth K3 surfaces. General surfaces of the other pencils will be
discussed in Part 3. The proof of Theorem 0.1.7 is based on Corollaries 0.2.11 and 0.2.12.
Theorems 0.1.4 and 0.1.7 tell us how a general hypersurface in the 95 families can be rationally
fibred by smooth surfaces of Kodaira dimension zero.
Corollary 0.1.8. Let X be a general hypersurface in the 95 families and let π : Y → Z be a
morphism whose general fiber is birational to a smooth surface of Kodaira dimension zero. If
there is a birational map α : X 99K Y , then there is an isomorphism φ : P1 → Z such that the
following diagram commutes:
X
ψ



α //______ Y
pi

P1
φ
// Z,
where the rational map ψ : X 99K P1 is induced by one of the pencils in Examples I, II, III, IV,
and V. In particular, a general fiber of the morphism π is birational to a smooth K3 surface.
Acknowledgments. The authors would like to thank I. Aliev, A. Corti, M.Grinenko, V. Is-
kovskikh, Yu. Prokhorov, and V. Shokurov for useful conversations. This work was initiated
when the second author visited University of Edinburgh in February, 2006 and they could
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to thank POSTECH and University of Edinburgh for their hospitality. The first author has
been supported by CRDF grant RUM1-2692MO-05 and the second author supported by KRF
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0.2. Preliminaries.
Let X be a threefold with Q-factorial singularities andM be a linear system on the threefold
X without fixed components. We consider the log pair (X,µM) for some nonnegative rational
number µ.
Let α : Y → X be a proper birational morphism such that Y is smooth and the proper
transform MY of the linear system M by the birational morphism α is base-point-free. Then,
the rational equivalence
KY + µMY ∼Q α
∗
(
KX + µM
)
+
k∑
i=1
aiEi
holds, where Ei is an exceptional divisor of the birational morphism α and ai is a rational
number.
Definition 0.2.1. The singularities of the log pair (X,µM) are terminal (canonical, log-
terminal, respectively) if each rational number ai is positive (nonnegative, greater than −1,
respectively). In case, we also say that the log pair (X,µM) is terminal (canonical, log-terminal,
respectively).
It is convenient to specify where the log pair (X,µM) is not terminal.
Definition 0.2.2. A proper irreducible subvariety Z ⊂ X is called a center of canonical sin-
gularities of the log pair (X,µM) if there is an exceptional divisor Ei such that α(Ei) = Z
and ai ≤ 0. The set of all proper irreducible subvarieties of X that are centers of canonical
singularities of the log pair (X,µM) is denoted by CS(X,µM).
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A curve not contained in the singular locus of the threefold X is a center of canonical singu-
larities of the log pair (X,µM) if and only if the multiplicity of a general surface of M along
the curve is not smaller than 1
µ
. Furthermore, we obtain
Lemma 0.2.3. Let C be a curve on the threefold X that is not contained in the singular locus of
X. Suppose that the curve C is a center of canonical singularities of the log pair (X,µM) and
the linear system |−mKX | is base-point-free for some natural number m > 0. If −KX ∼Q µM,
then −KX · C ≤ −K
3
X .
Proof. Let M1 and M2 be general surfaces in M. Then,
multC(M1 ·M2) ≥ multC(M1)multC(M2) ≥
1
µ2
.
Let H be a general surface in | −mKX |. Then,
m
µ2
(−K3X) = H ·M1 ·M2 ≥ (−mKX · C)multC(M1 ·M2) ≥
m
µ2
(−KX · C),
which implies −KX · C ≤ −K
3
X . 
The following result is a generalization of so-called Noether–Fano inequality ([8]).
Theorem 0.2.4. Suppose that the linear systemM is a pencil whose general surface is birational
to a smooth surface of Kodaira dimension zero, the linear system |−mKX | is base-point-free for
some natural m, and M ∼Q −µKX . If the linear system | −mKX | induces either a birational
morphism or an elliptic fibration, then the log pair (X,µM) is not terminal.
Proof. Let M be a general surface inM. Suppose that the log pair (X,µM) is terminal. Then,
for some positive rational number ǫ > µ, the log pair (X, ǫM) is also terminal and the divisor
KX+ǫM is nef. We have a resolution of indeterminacy of the rational map ρ : X 99K P
1 induced
by the pencil M as follows:
Y
α
 


 β
  A
AA
AA
AA
X ρ
//_______ P1,
where Y is smooth and β is a morphism. We consider the linear equivalence
KY + ǫMY ∼Q α
∗
(
KX + ǫM
)
+
k∑
i=1
ciEi,
whereMY is the proper transform of the surfaceM and ci is a rational number. Then, each ci is
positive. Also, we may assume that the proper transformMY of the pencilM by the birational
morphism α is base-point-free. In particular, the surface MY is smooth.
Let l be a sufficiently big and divisible natural number. Then, the negativity property of the
exceptional locus of a birational morphism (Section 1.1 in [21]) implies that the linear system
|l(KY + ǫMY )| gives a dominant rational map ξ : Y 99K V with dim(V ) ≥ 2. One the other
hand, since the proper transformMY is a base-point-free pencil, the Adjunction formula implies
l
(
KY + ǫMY
)∣∣∣
MY
∼ lKMY .
However, the surface MY has Kodaira dimension zero, which implies that dim(V ) ≤ 1. It is a
contradiction. 
Theorem-Definition 0.2.5. Let (P ∈ U) be the germ of a threefold terminal quotient singu-
larity P of type 1
r
(1, a, r − a), where r ≥ 2, r > a, and a is coprime to r. Suppose that
f : (E ⊂W )→ (Z ⊂ U)
is a proper birational morphism such that
8 IVAN CHELTSOV AND JIHUN PARK
• the threefold W has at worst terminal singularities;
• the exceptional set E of f is an irreducible divisor of W ;
• the divisor −KW is f -ample;
• the point P is contained in the subvariety Z.
Then, it is the weighted blow up at the point P with weights (1, a, r − a). In particular, Z = P .
We call such a birational morphism the Kawamata blow up at the point P with weights (1, a, r−a)
or simply the Kawamata blow up at the point P .
Proof. See [13]. 
Let π : Y → X be the Kawamata blow up at a quotient singular point P of type 1
r
(1, a, r−a),
where r ≥ 2, r > a, and a is coprime to r. One can easily check that the exceptional divisor E
of the birational morphism π is isomorphic to P(1, a, r − a). Furthermore, we see

KY = π
∗(KX) +
1
r
E,
K3Y = K
3
X +
1
ra(r − a)
,
E3 =
r2
a(r − a)
.
Otherwise mentioning, from this point throughout this section, we always assume that the
linear system M is a pencil with M ∼Q −µKX . In addition, we always assume that a general
surface of the pencil M is irreducible.
For our purpose Theorem-Definition 0.2.5 can be modified as follows.
Lemma 0.2.6. Let P be a singular point of a threefold X that is a quotient singularity of type
1
r
(1, a, r−a), r ≥ 2, r > a, and a is coprime to r. Suppose that the log pair (X,µM) is canonical
but the set CS(X,µM) contains either the point P or a curve passing through the point P . Let
π : Y → X be the Kawamata blow up at the point P and let MY be the proper transform of M
by the birational morphism π. Then,
µMY ∼Q π
∗
(
−KX
)
−
1
r
E ∼Q −KY ,
where E is the exceptional divisor of π.
Proof. We consider only the case r = 2. Then, E ∼= P2 and E|E ∼Q OP2(−2). We have
MY ∼Q π
∗
(
−
1
µ
KX
)
−mE,
where m is a positive rational number. In particular, we have MY |E ≡ −mE|E.
Suppose that m < 12µ . Let Q be a point of E. Intersecting a general divisor of the pencilMY
with a general line on E that passes through the point Q, we obtain the inequality
multQ(MY ) ≤ 2m <
1
µ
.
Suppose that the set CS(X,µM) contains an irreducible curve Z that passes through the
point P . Then,
1
µ
> multO
(
MY
)
≥ multZY
(
MY
)
≥ multZ
(
M
)
≥
1
µ
,
where ZY is the proper transform of the curve Z and O is a point of the intersection of the
curve ZY and the exceptional divisor E. Therefore, the singularities of the log pair (X,µM)
are terminal in a punctured neighborhood of the point P . The equivalence
KY + µMY ∼Q π
∗
(
KX + µM
)
+
(1
2
− µm
)
E,
shows that the set CS(Y, µMY ) contains a proper subvariety ∆ ( E. It implies that the
inequality mult∆(MY ) ≥
1
µ
holds, which is a contradiction. 
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Lemma 0.2.6 can be generalized in the following way ([3]).
Lemma 0.2.7. Under the assumptions and notations of Lemma 0.2.6, suppose that we have a
proper subvariety Z ⊂ E ∼= P(1, a, r− a) that belongs to CS(Y, µMY ). Then, the following hold:
(1) The subvariety Z is not a smooth point of the surface E;
(2) If the subvariety Z is a curve, then it belongs to the linear system |OP(1, a, r−a)(1)| de-
fined on the surface E and all singular points of the surface E are contained in the set
CS(Y, µMY ).
Proof. We consider only the case when r = 5 and a = 2 because the proofs for the other cases
are very similar. Thus, we have E ∼= P(1, 2, 3). Let Q1 and Q2 be the singular points of the
surfaces E and L be the unique curve in |OP(1, 2, 3)(1)| on the surface E. Then, L contains the
singular points Q1 and Q2 but the equivalence µMY |E ≡ L holds by Lemma 0.2.6. Also, it
follows from Lemma 0.2.6 that the set CS(Y, µMY ) contains both the points Q1 and Q2 if the
curve L is contained in the set CS(Y, µMY ).
Suppose that the subvariety Z is different from L, Q1, and Q2. Let us show that this assump-
tion gives us a contradiction.
Suppose that Z is a point. Then, Z is a smooth point of the threefold Y , which implies the
inequality multZ(MY ) >
1
µ
. Let C be a general curve in |OP(1, 2, 3)(6)| on the surface E that
passes through the point Z. Then, C is not contained in the base locus of MY , which implies
the following contradictory inequality:
1
µ
= C ·MY ≥ multZ
(
MY
)
>
1
µ
.
Therefore, the subvariety Z must be a curve. Then, multZ(MY ) ≥
1
µ
. Let C be a general
curve in the linear system |OP(1, 2, 3)(6)| on the surface E. Then, the curve C is not contained
in the base locus of the pencil MY . Therefore, we have
1
µ
= C · MY ≥ multZ
(
MY
)
C · Z ≥
1
µ
C · Z,
which implies that C ·Z = 1 on the surface E. The equality C ·Z = 1 implies that the curve Z
is contained in the linear system |OP(1, 2, 3)(1)| on the surface E, which is impossible due to our
assumption. 
Lemma 0.2.8. Let S be a normal surface and ∆ be an effective divisor on S such that
∆ ≡
r∑
i=1
aiCi,
where C1, · · · , Cr are irreducible curves on S and ai is a rational number. If the intersection
form of the curves C1, · · · , Cr on the surface S is negative-definite, then ∆ =
∑r
i=1 aiCi.
Proof. Let ∆ =
∑k
i=1 ciBi, where Bi is an irreducible curve on the surface S and ci is a nonneg-
ative rational number. Suppose that
k∑
i=1
ciBi 6=
r∑
i=1
aiCi.
Then, we may assume that each curve Bi coincides with none of the curves C1, · · · , Cr. We have
0 ≥
(∑
ai>0
aiCi
)
·
(∑
ai>0
aiCi
)
=
( k∑
i=1
ciBi
)
·
(∑
ai>0
aiCi
)
−
(∑
ai≤0
aiCi
)
·
(∑
ai>0
aiCi
)
≥ 0,
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which immediately implies ∑
ai>0
aiCi = 0.
Therefore, we obtain the numerical equivalence
k∑
i=1
ciBi ≡
∑
ai≤0
aiCi.
It then follows that ci = 0 and ai = 0 for every i. 
The following result is a generalization of Lemma A.20 in [3].
Theorem 0.2.9. Let B be a linear system on a threefold X such that general surface of the
linear system B is irreducible. Then, the linear system B coincides with the pencil M if one of
the following holds:
(0) There is a Zariski closed proper subset Σ ⊂ X such that
Supp
(
M
)
∩ Supp
(
B
)
⊆ Σ,
whereM and B are general divisors of the pencilM and the linear system B, respectively.
Note that the general divisors M and B are chosen independently of the proper subset
Σ.
For the below, let B and M be general surfaces of the linear system B and the pencil M,
respectively.
(1) There is a nef and big divisor D on the threefold X such that D ·M ·B = 0.
(2) The base locus of B consists of an irreducible curve C such that M ·B ≡ λC and B ·C < 0
for some positive rational number λ.
(3) The base locus of M consists of an irreducible curve C such that M · B ≡ λC and
M · C < 0 for some positive rational number λ.
(4) The equivalence M ≡ λB holds for some positive rational number λ and the base locus
of B consists of an irreducible curve C such that B · C < 0.
(5) The equivalence M ≡ λB holds for some positive rational number λ and the base locus
of M consists of an irreducible curve C such that M · C < 0.
(6) The surface B is normal, the equivalence M ≡ λB holds for some positive rational num-
ber λ, and the base locus of B consists of irreducible curves C1, · · · , Cr whose intersection
form on the surface B is negative-definite.
(7) The surface M is normal, the equivalence M ≡ λB holds for some positive rational
number λ, and the base locus of M consists of irreducible curves C1, · · · , Cr whose in-
tersection form on the surface M is negative-definite.
Proof. (0). Let ρ : X 99K P1 be the rational map induced by the pencil M and ξ : X 99K Pr be
the rational map induced by the linear system B. We then consider a simultaneous resolution
of both the rational maps as follows:
W
α
xxqqq
qq
qq
qq
qq
qq
β
&&NN
NNN
NNN
NNN
NN
pi

Pr X ρ
//______
ξ
oo_ _ _ _ _ _ P1,
where W is a smooth variety, π is a birational morphism, α and β are morphisms.
Let Λ be a Zariski closed subset of the variety W such that the morphism
π
∣∣∣
W\Λ
:W \ Λ −→ X \ π
(
Λ
)
is an isomorphism and ∆ be the union of the set Λ and the closure of the proper transform of
the set Σ \ π(Λ) on the variety W . Then, the set ∆ is a proper subvariety of W .
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Suppose that the pencilM is different from the linear system B. Let BW be the pull-back of
a general hyperplane of Pr by the morphism α and let MW be a general fiber of the morphism
β. Then, the intersection MW ∩ BW is not empty and the support Supp(MW ∩ BW ) is not
contained in ∆. Hence, we have
Supp
(
π
(
MW
))
∩ Supp
(
π
(
BW
))
6⊆ Σ,
where π(MW ) and π(BW ) are general divisors in the linear systems M and B, respectively.
(1). For some positive number m, there is an ample divisor A and an effective divisor E such
that mD ∼ A+E since the divisor D is nef and big. Then, the inequality E ·M ·B < 0 follows
from mD ·M · B = 0 and A ·M · B > 0. Therefore, the support of the cycle M · B must be
contained in the support of the effective divisor E, and hence the statement (0) completes the
proof.
(2). Let H be an ample divisor on X. Then, there is a positive rational number ǫ such that
(B + ǫH) · C = 0. Since M · B ≡ λC, we obtain (B + ǫH) ·M · B = 0. Because the divisor
B + ǫH is nef and big, (1) implies M = B.
(3). The proof is the same as (2).
(4). It is an immediate consequence of (2).
(5). It is an immediate consequence of (3).
(6). Since M ≡ λB, the restricted divisor M |B of the effective divisor M to the surface B is
numerically equivalent to the divisor
∑r
i=1 aiCi on the normal surface B, where ai is a positive
rational number. It then follows from Lemma 0.2.8 that
M
∣∣∣
B
=
r∑
i=1
aiCi.
It implies that
Supp
(
M
)
∩ Supp
(
B
)
⊂ Supp
( r∑
i=1
aiCi
)
.
Then, the statement (0) completes the proof.
(7). The proof is the same as (6). 
Theorem 0.2.10. Suppose that a log pair (X,µM) is canonical with KX + µM ∼Q 0. In
addition, we suppose that one of the following hold:
(1) the base locus of the pencil M consists of irreducible curves C1, · · · , Cr and there is a
nef and big divisor D on X such that D · Ci = 0 for each i;
(2) the base locus of M consists of an irreducible curve C such that M· C < 0;
(3) a general surface of the pencil M is normal, the base locus of M consists of irreducible
curves C1, · · · , Cr whose intersection form is negative-definite on a general surface in
the pencil M.
Then, the linear system M is a Halphen pencil and there is a composition of antiflips ξ : X 99K
X ′ along the curves C1, · · · , Cr (or C) such that the proper transform MX′ of the pencil M by
ξ is base-point-free.
Proof. The log pair (X,λM) is log-terminal for some rational number λ > µ. Hence, it fol-
lows from [21] that there is a birational map ξ : X 99K X ′ such that ξ is an isomorphism in
codimension one, the log pair (X ′, λMX′) is log-terminal, and the divisor KX′ + λMX′ is nef.
Let H be a general surface in the pencil MX′ . Since
H ≡
1
λ− µ
(
KX′ + λMX′ − (K
′
X + µMX′)
)
,
the divisor H is nef. Hence, it follows from the log abundance theorem ([14]) that the linear
system |mH| is base-point-free for some m≫ 0.
Let B be the proper transform of the linear system |mH| on X. Also, let B and M be general
surfaces of the linear system B and the pencil M, respectively. Then, B ≡ mM and one of the
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conditions in Theorem 0.2.9 is satisfied. Hence, we have M = B, which implies that m = 1 and
MX′ = |H| is base-point-free and induces a morphism π
′ : X ′ → P1. Thus, every member of
the pencil MX′ is contracted to a point by the morphism π
′.
The log pair (X ′, µMX′) is canonical because the map ξ is a log flop with respect to the log
pair (X,µM). In particular, the singularities of X ′ are canonical. Hence, the surface H has at
most Du Val singularities because the pencilMX′ is base-point-free. Moreover, the equivalence
KX′ + µH ∼Q 0 and the Adjunction formula imply that KH ∼ 0. Consequently, the linear
system M is a Halphen pencil. 
Corollary 0.2.11. Under the assumption and notations of Theorem 0.2.10, in addition, suppose
that a general surface of the pencil M is linearly equivalent to −nKX for some natural number
n. Then, a general element of M is birational either to a smooth K3 surface or to an abelian
surface.
Proof. It immediately follows from the proof of Theorem 0.2.10 and the classification of smooth
surfaces of Kodaira dimension zero. 
Corollary 0.2.12. Under the assumption and notations of Corollary 0.2.11, suppose that a
general surface of the pencil M has a rational curve not contained in the base locus of the pencil
M. Then, a general element of M is birational to a smooth K3 surface.
Proof. In the proof of Theorem 0.2.10, suppose that the surface M has a rational curve L not
contained in the base locus of the pencil M. Then, the surface H contains a rational curve
because the birational map ξ makes no change along the curve L. On the other hand, the
surface H is birational either to a smooth K3 surface or to an abelian surface. However, an
abelian surface cannot contain a rational curve. 
0.3. General results.
Let X be a general hypersurface of the 95 families with entry number ג in P(1, a1, a2, a3, a4).
In addition, let M be a Halphen pencil on the threefold X. Then, the log pair (X, 1
n
M) is
not terminal by Theorem 0.2.4, where n is the natural number such that M ∼Q −nKX . The
following result is due to [7].
Theorem 0.3.1. There is a birational automorphism τ ∈ Bir(X) such that the log pair
(X, 1
m
τ(M)) is canonical, where m is the natural number such that τ(M) ∼Q −mKX .
To classify Halphen pencils on X up to the action of Bir(X), we may assume that the log
pair (X, 1
n
M) is canonical. However, it is not terminal by Theorem 0.2.4.
Proposition 0.3.2. The pencils constructed in Examples I, II, III, IV, and V are invariant
under the action of the group Bir(X) of birational automorphisms of X.
Proof. Suppose that the hypersurface X is defined by the equation
fd(x, y, z, t, w) = 0 ⊂ Proj
(
C[x, y, z, t, w]
)
,
where wt(x) = 1, wt(y) = a1, wt(z) = a2, wt(t) = a3, wt(w) = a4, and fd is a general
quasihomogeneous polynomial of degree d =
∑
ai.
Since the hypersurface X is general, it is not hard to see that the group Aut(X) of automor-
phisms of X is either trivial or isomorphic to the group of order 2. The latter case happens
when 2a4 = d. In such a case, the hypersurface X can be defined by an equation of the form
w2 = gd(x, y, z, t),
where gd is a general quasihomogeneous polynomial of degree d in variables x, y, z, and t. The
group Aut(X) is generated by the involution [x : y : z : t : w] 7→ [x : y : z : t : −w]. Therefore,
in both the cases, we can see that the pencils constructed in Examples I, II, III, IV, and V are
invariant under the action of the group Aut(X) of automorphisms of X.
HALPHEN PENCILS ON WEIGHTED FANO THREEFOLD HYPERSURFACES 13
Suppose that the hypersurface X is not superrigid, i.e., it has a birational automorphism
that is not biregular. Then, it is either a quadratic involution or an elliptic involution that are
described in [7]. A quadratic involution has no effect on things defined with the variables x, y, z,
and t (see Theorem 4.9 in [7]). On the other hand, an elliptic involution has no effect on things
defined with the variables x, y, and z (see Theorem 4.13 in [7]). The pencils constructed in
Examples I, II, III, and IV are defined by the variables x, y, and z. Therefore, such pencils are
invariant under the action of the group Bir(X) of birational automorphisms of X. Meanwhile,
the pencil constructed in Example V is contained in | − a3KX |. However, in the case ג = 60,
the hypersurface X does not have an elliptic involution (see The Big Table in [7]), and hence
the pencil is also Bir(X)-invariant. 
Every Halphen pencil on the threefoldX is, as shown throughout the present article, birational
to a pencil in Examples I, II, III, IV, and V that is Bir(X)-invariant. It implies that every
Halphen pencil on X is Bir(X)-invariant.
Lemma 0.3.3. Suppose that ג ≥ 3. Then, the set CS(X, 1
n
M) contains no smooth point of X.
Proof. It follows from the proof of Theorem 5.3.1 in [7]. 
Corollary 0.3.4. Suppose that the set CS(X, 1
n
M) contains a curve C. Then, −KX ·C ≤ −K
3
X .
Proof. It is an immediate consequence of Lemma 0.2.3. 
Corollary 0.3.5. The set CS(X, 1
n
M) contains a singular point of X whenever ג ≥ 7.
Proof. If ג ≥ 7, then −K3X < 1. Therefore, each curve C with −KX ·C ≤ −K
3
X passes through a
singular point of X. Then, the result follows from Lemmas 0.2.6, 0.3.3, and Corollary 0.3.4. 
In fact, we have a stronger result as follows:
Theorem 0.3.6. Suppose that ג ≥ 3 and the set CS(X, 1
n
M) contains a curve C. Then,
Supp
(
C
)
⊂ Supp
(
S1 · S2
)
,
where S1 and S2 are distinct surfaces of the linear system | −KX |.
Proof. See Section 3.1 in [20]. 
Corollary 0.3.7. The set CS(X, 1
n
M) contains no curves whenever a1 6= 1.
Corollary 0.3.8. If the set CS(X, 1
n
M) contains a curve and a2 6= 1, then M = | −KX |.
Proof. It follows from Theorem 0.3.6 and Theorem 0.2.9. 
Suppose that ג ≥ 7. Then, the set CS(X, 1
n
M) contains a singular point P of type 1
r
(1, r−a, a),
where r ≥ 2, r > a, and a is coprime to r. Let π : Y → X be the Kawamata blow up at the
singular point P and E be its exceptional divisor. In addition, let MY be the proper transform
of the pencil M by the birational morphism π. Then, MY ∼Q −nKY by Lemma 0.2.6. The
cone NE(Y ) of the threefold Y contains two extremal rays R1 and R2 such that π is a contraction
of the extremal ray R1. Moreover, the following result holds.
Proposition 0.3.9. Suppose that −K3Y ≤ 0 and ג 6= 82. Then, the threefold Y contains
irreducible surfaces S ∼Q −KY and T ∼Q −bKY + cE whose scheme-theoretic intersection is
an irreducible reduced curve that generates R2, where b > 0 and c ≥ 0 are integer numbers.
Proof. See Lemma 5.4.3 in [7]. 
The values of b and c for a given singular point in Proposition 0.3.9 appear in The Table of
Part 6.
Lemma 0.3.10. Under the assumptions and notations of Proposition 0.3.9, suppose that the
inequality −K3Y < 0 holds. Then, the number c is zero.
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Proof. Let M1 and M2 be general surfaces of the pencil MY . Then, M1 ·M2 ≡ n
2K2Y , which
implies that M1 ·M2 6∈ NE(Y ) in the case c > 0 by Proposition 0.3.9. 
Lemma 0.3.11. Under the assumptions and notations of Proposition 0.3.9, suppose that the
inequality −K3Y < 0 holds. Then, the pencil MY is generated by the divisors bS and T .
Proof. LetM1 andM2 be general surfaces inMY . Then,M1 ·M2 ∈ NE(Y ) andM1 ·M2 ≡ n
2K2Y ,
which implies that M1 ·M2 ∈ R
+R2 because c = 0 by Lemma 0.3.10. Moreover, we have
Supp
(
Γ
)
= Supp
(
M1 ·M2
)
,
because T ·R2 < 0 and S ·R2 < 0. Therefore, the pencilMY coincides with the pencil generated
by the divisors bS and T by Theorem 0.2.9, which completes the proof. 
When a1 = 1, a general surface of a pencil contained in the linear system |−KX | is birational
to a K3 surface. In particular, it is one of Reid’s 95 codimension 1 weighted K3 surfaces.
Furthermore, we have the following:
Proposition 0.3.12. In every case, a general surface in a pencil contained in | − a1KX | is
birational to a K3 surface.
Proof. See [4]4 
Therefore, general surfaces in the pencils of Examples I and II are birational to K3 surfaces.
0.4. Notations.
Let us describe the notations we will use. Otherwise mentioned, these notations are fixed
from Part 1 to Part 6.
• In the weighted projective space P(1, a1, a2, a3, a4), we assume that a1 ≤ a2 ≤ a3 ≤ a4.
For weighted homogeneous coordinates, we always use x, y, z, t, and w with wt(x) = 1,
wt(y) = a1, wt(z) = a2, wt(t) = a3, and wt(w) = a4.
• The number ג always means the entry number of each family of weighted Fano hyper-
surfaces in The Table of Part 6.
• In each family, we always let X be a general quasismooth hypersurface of degree d in
the weighted projective space P(1, a1, a2, a3, a4), where d =
∑4
i=1 ai.
• On the threefold X, a given Halphen pencil is denoted by M.
• For a given Halphen pencil M, we always assume that M∼Q −nKX .
• When a morphism f : V → W is given, the proper transforms of a curve Z, a surface
D, and a linear system D on W by the morphism f will be always denoted by ZV , DV ,
and DV , respectively, i.e., we use the ambient space V as their subscripts.
• S : the surface on X defined by the equation x = 0.
• Sy : the surface on X defined by the equation y = 0.
• Sz : the surface on X defined by the equation z = 0.
• St : the surface on X defined by the equation t = 0.
• Sw : the surface on X defined by the equation w = 0.
• C : the curve on X defined by the equations x = y = 0.
• C¯ : the curve on X defined by the equations x = z = 0.
• C˜ : the curve on X defined by the equations x = t = 0.
• Cˆ : the curve on X defined by the equations x = w = 0.
4The cases ג = 18, 22, 28 is not covered by the article [4]. Moreover, it has a mistake in Lemma 3.1. So we
reprove Lemma 3.1 of [4] in this article. See K3-Propositions 4.1.1, 4.1.4, 4.2.2, and 4.3.2.
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0.5. Set-up.
In each case, for a given general hypersurfaceX and a given Halphen pencilM, we consider the
log pair (X, 1
n
M). Note that the natural number n is given byM∼Q −nKX . At the beginning
of each section, we state the degree of X, the weights of the ambient weighted projective space,
and the singularities of X. When the section contains a single case, we describe all the singular
points. Because we could not put the values of b and c in Proposition 0.3.9, reader should refer
to The Table in Part 6 for each singular point.
After we describe these simple features, we present elliptic fibrations into which the general
hypersurface X can be birationally transformed. For detail, reader should refer to [3]. Note that
for the cases ג = 3, 60, 75, 84, 87, 93, the hypersurface X cannot be birationally transformed
into an elliptic fibration ([4]).
We try to show that the Halphen pencil M is one of the pencils given in Examples I, II, III,
IV, and V. To do so, we will consider the set
CS
(
X,
1
n
M
)
.
Theorem 0.2.4 implies that the set is always non-empty since the linear systemM is a Halphen
pencil and the anticanonical divisor −KX is nef and big. Furthermore, due to Theorem 0.3.1,
there is a birational automorphism ρ ∈ Bir(X) such that the log pair (X, 1
n¯
ρ(M)) is canonical
for the natural number n¯ with ρ(M) ∼Q −n¯KX . It will turn out that the pencil ρ(M) is
one of the pencils constructed in Examples I, II, III, IV, and V that are Bir(X)-invariant
(Proposition 0.3.2). It implies M = ρ(M). For this reason, we may always assume that the log
pair (X, 1
n
M) is canonical.
At the first stage, we use Corollaries 0.3.7 and 0.3.8, if applicable, in order to exclude the case
when the set CS(X, 1
n
M) contains a curve. Then, usually the set contains only singular points
of X due to Lemma 0.3.3.
Next, we apply Lemmas 0.3.10 and 0.3.11 with The Table in order to minimize, as much as
possible, the set CS(X, 1
n
M) to be considered.
After such things to do, we start the game to identify the Halphen pencil M. We need to
calculate base curves of proper transforms of various linear systems by various Kawamata blow
ups, their multiplicities, and so on. Due to huge volume of calculations, we usually omit the
calculations. However, from time to time, we present them to show how to calculate.
In addition, unless otherwise mentioning, whenever we consider a log pair (Y, 1
n
MY ) that is
obtained from the log pair (X, 1
n
MX) by a sequence of Kawamata blow ups, we always assume
that MY ∼Q −nKY . This condition is always satisfied when the Kawamata blow ups are
obtained from centers of canonical singularities due to Lemma 0.2.6.
In Parts 3 and 4, we also show that general surfaces of Halphen pencils of types III, IV, and
V are birational to smooth K3 surfaces. It will be proved directly or by using Corollary 0.2.12.
Such statements are titled by K3-Proposition to be simply distinguished from the other works.
The cases in Examples I and II are covered by Proposition 0.3.12.
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Part 1. Fano threefold hypersurfaces with a single Halphen pencil | −KX |.
1.1. Case ג = 7, hypersurface of degree 8 in P(1, 1, 2, 2, 3).
The threefold X is a general hypersurface of degree 8 in P(1, 1, 2, 2, 3) with −K3X =
2
3 . The
singularities of the hypersurface X consist of four points P1, P2, P3 and P4 that are quotient
singularities of type 12 (1, 1, 1) and a point Q that is a quotient singularity of type
1
3(1, 1, 2).
For each point Pi, there is a commutative diagram
Ui
αi

Yi
βioo
ηi

X
ξi
//______ P(1, 1, 2),
where
• ξi is a rational map defined in the outside of the points Pi and Q,
• αi is the Kawamata blow up at the point Pi with weights (1, 1, 1),
• βi is the Kawamata blow up with weights (1, 1, 2) at the point Qi whose image to X is
the point Q,
• ηi is an elliptic fibration.
There is another rational map ξ0 : X 99K P(1, 1, 2) that gives us the following commutative
diagram:
U0
α0

Y0
β0oo
η0

X
ξ0
//______ P(1, 1, 2),
where
• α0 is the Kawamata blow up at the point Q with weights (1, 1, 2),
• β0 is the Kawamata blow up with weights (1, 1, 1) at the singular point O in the excep-
tional divisor of α0,
• η0 is an elliptic fibration.
The pencil | − KX | is invariant under the action of the group of birational automorphisms
Bir(X) and hence we may assume that
∅ 6= CS
(
X,
1
n
M
)
⊆
{
P1, P2, P3, P4, Q
}
due to Lemmas 0.3.3, 0.3.10, 0.3.11 and Corollary 0.3.8. Note that the base locus of the pencil
| −KX | consists of the irreducible curve C defined by x = y = 0.
Lemma 1.1.1. If the CS(X, 1
n
M) contains distinct points Pi and Pj , then M = | −KX |.
Proof. Let πj : W → Ui be the Kawamata blow up with weights (1, 1, 1) at the point whose
image to X is the point Pj and D be a general surface of the pencil | − KX |. The base locus
of the pencil | − KW | consists of the irreducible curve CW . The surface DW is normal and
C2W = −
1
3 on the surface DW , which implies that MW = | −KW | by Theorem 0.2.9. 
The singularities of the log pair (Ui,
1
n
MUi) are not terminal because the divisor −KUi is nef
and big.
Lemma 1.1.2. The set CS(X, 1
n
M) cannot consist of a single point Pi.
Proof. Suppose that the singularities of the log pair (X, 1
n
M) are terminal in the outside the
singular point Pi. Let Ei be the exceptional divisor of αi. Then, the set CS(Ui,
1
n
MUi) contains a
line Z ⊂ Ei ∼= P
2 by Lemmas 0.2.6 and 0.2.7. But this is a contradiction because of Lemma 0.2.3.

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Lemma 1.1.3. If the set CS(X, 1
n
M) contains the points Pi and Q, then M = | −KX |.
Proof. Let Gi be the exceptional divisor of βi. Then, MYi ∼Q −nKYi by Lemma 0.2.6, which
implies that every member of the pencil MYi is contracted to a curve by the morphism ηi.
In particular, the base locus of MYi does not contain curves that are not contracted by ηi.
Therefore, the set CS(Yi,
1
n
MYi) contains the singular point Oi of the surface Gi
∼= P(1, 1, 2)
due to Theorem 0.2.4 and Lemma 0.2.7.
Let πi : Wi → Yi be the Kawamata blow up at the point Oi with weights (1, 1, 1) and D be
a general surface of the pencil | − KX |. The base locus of the pencil | − KWi | consists of the
irreducible curve CWi . The surface DWi is normal and C
2
Wi
= −12 on the surface DWi , which
implies that MWi = | −KWi | by Theorem 0.2.9. 
Lemma 1.1.4. The log pair (U0,
1
n
MU0) is terminal in the outside of the singular point O of
the exceptional divisor of the birational morphism β0.
Proof. Let E0 be the exceptional divisor of the birational morphism β0. Suppose that the log pair
(U0,
1
n
MU0) is not terminal in the outside of the singular point O. Then, the set CS(U0,
1
n
MU0)
consists of the point O and an irreducible curve L ⊂ E0 ∼= P(1, 1, 2) such that L ∈ |OP(1, 1, 2)(1)|.
The threefold X can be given by the equation
w2z + wf5
(
x, y, z, t
)
+ f8
(
x, y, z, t
)
= 0,
where fi is a quasihomogeneous polynomial of degree i. Moreover, we may assume that the
curve L is cut out on the surface E0 by the surface SU0.
Let P be the pencil on X cut out on the threefold X by the pencil λx2 + µz = 0, where
(λ : µ) ∈ P1. Then, the base locus of P consists of the irreducible curve C¯ cut by the equations
x = z = 0.
The base locus of the linear system PU0 consists of the irreducible curves L and C¯U0. A
general surface D in PU0 is normal. Moreover, we have
MU0
∣∣∣
D
≡ −nKU0
∣∣∣
D
≡ nSU0
∣∣∣
D
≡ n
(
L+ C¯U0
)
by Lemma 0.2.6. On the other hand, we have SU0 ·D = L+ C¯U0 and E0 ·D = 2L, which implies
that C¯2U0 = −
5
4 on the surface D. The latter together with the equality multL(MU0) = n
easily implies that MU0 = PU0 due to Theorem 0.2.9. We obtain n = 2, but D is normal and
multL(D) 6= 2, which is a contradiction. 
Proposition 1.1.5. The linear system | −KX | is the only Halphen pencil on X.
Proof. By the previous arguments, we have only to consider the case when
CS
(
X,
1
n
M
)
=
{
Q
}
Then, MY0 ∼Q −nKY0, which implies that every member of the pencil MY0 is contracted to
a curve by the morphism η0. In particular, the base locus of the pencil MY0 does not contain
any curves by Lemma 1.1.4. Thus, the singularities of the log pair (Y0,
1
n
MY0) are terminal by
Lemma 0.2.7, which is impossible by Theorem 0.2.4. 
1.2. Cases ג = 9, 11, and 30.
We first consider the case ג = 9. The variety X is a general hypersurface of degree 9 in
P(1, 1, 2, 3, 3) with −K3X =
1
2 . The singularities of the hypersurface X consist of one point O
that is a quotient singularity of type 12 (1, 1, 1) and three points P1, P2 and P3 that are quotient
singularities of type 13 (1, 1, 2).
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We have the following commutative diagram:
W
α
~~ ~
~~
~~
~~ η
$$I
II
II
II
II
X
ψ
//_______ P(1, 1, 2),
where
• ψ is the natural projection,
• α is the composition of the Kawamata blow ups at the points P1, P2, P3 with weights
(1, 1, 2).
• η is an elliptic fibration.
There is another elliptic fibration as follows:
V
pi
 


 η0
$$I
II
II
II
II
X χ
//_______ P(1, 1, 3),
where
• π is the Kawamata blow up at the point O with weights (1, 1, 1),
• η0 is an elliptic fibration.
It follows from Lemma 0.3.3 that the set CS(X, 1
n
M) does not contain smooth points of
the hypersurface X. Moreover, if it contains a curve then we obtain M = | − KX | from
Corollary 0.3.8. Therefore, we may assume that
∅ 6= CS
(
X,
1
n
M
)
⊂
{
P1, P2, P3, O
}
.
Lemma 1.2.1. The set CS(X, 1
n
M) does not consist of the point O.
Proof. Suppose that the set CS(X, 1
n
M) consists of the point O. Then, MV ∼Q −nKV by
Lemma 0.2.6, which implies that every member in the pencil MV is contracted to a curve by
the morphism η0. In particular, the set CS(V,
1
n
MV ) does not contain curves. On the other
hand, the set CS(V, 1
n
MV ) is not empty by Theorem 0.2.4. Hence, the set CS(V,
1
n
MV ) contains
a point of the exceptional divisor of π, which is impossible by Lemma 0.2.7. 
Note that the base locus of | −KX | consists of the irreducible curve C cut by x = y = 0.
Lemma 1.2.2. If the set CS(X, 1
n
M) contains the points O and Pi, then M = | −KX |.
Proof. Let βi : Wi → V be the Kawamata blow up with weights (1, 1, 3) at the point whose
image to X is the point Pi. Then, | − KWi | is the proper transform of the pencil | − KX |
and the base locus of | − KWi | consists of the irreducible curve CWi . One can easily see that
−KWi ·CWi < 0. On the other hand, we have MWi ∼Q −nKWi by Lemma 0.2.6, which implies
that MWi = | −KWi | by Theorem 0.2.9. 
Therefore, we may further assume that
∅ 6= CS
(
X,
1
n
M
)
⊂
{
P1, P2, P3
}
.
Let αi : Ui → X be the Kawamata blow up at the point Pi and Fi be the exceptional divisor
of αi. The exceptional divisor Fi contains a singular point Qi that is a quotient singular point
of the threefold Ui of type
1
2 (1, 1, 1).
Lemma 1.2.3. If the set CS(Ui,
1
n
MUi) contains the point Qi, then M = | −KX |.
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Proof. Let βi : Yi → Ui be the Kawamata blow up at the point Qi. Then, | −KYi | is the proper
transform of the pencil | −KX | and the base locus of | −KVi | consists of the irreducible curve
CYi . Also, we have −KYi · C < 0. On the other hand, MYi ∼Q −nKYi by Lemma 0.2.6, which
implies that MYi = | −KYi | by Theorem 0.2.9. Hence, we obtain M = | −KX |. 
Thus, it follows from Lemma 0.2.7 that we may assume that the set CS(Ui,
1
n
MUi) does not
contain subvarieties of Fi in the case when the set CS(X,
1
n
M) contains the point Pi.
Lemma 1.2.4. The set CS(X, 1
n
M) does not consist of the point Pi.
Proof. Suppose that the set CS(X, 1
n
M) consists of the point Pi. Then, MUi ∼Q −nKUi by
Lemma 0.2.6, which implies that the set CS(Ui,
1
n
MUi) is not empty by Theorem 0.2.4, because
the divisor −KUi is nef and big. Therefore, the set CS(Ui,
1
n
MUi) must contain a subvariety of
Gi, which is impossible by our assumption. 
Proposition 1.2.5. If ג = 9, then the linear system | −KX | is the only Halphen pencil on X.
Proof. By the proof of Lemma 1.2.4, we may assume that CS(X, 1
n
M) = {P1, P2, P3}, which
implies that MW ∼Q −nKW by Lemma 0.2.6. Therefore, the set CS(W,
1
n
MW ) must contain
a subvariety of an exceptional divisor of α by Theorem 0.2.4, which is impossible, because
we assumed that the set CS(Ui,
1
n
MUi) does not contain subvarieties of Fi. The obtained
contradiction concludes the proof. 
For the case ג = 30, let X be a general hypersurface of degree 16 in P(1, 1, 3, 4, 8) with
−K3X =
1
6 . The singularities of X consist of one point O that is a quotient singularity of type
1
3(1, 1, 2) and two points P1, P2 that are quotient singularities of type
1
4(1, 1, 3).
We have the following commutative diagram:
W
α
~~ ~
~~
~~
~~ η
$$I
II
II
II
II
X
ψ
//_______ P(1, 1, 3),
where
• ψ is the natural projection,
• α is the composition of the Kawamata blow ups at the points P1 and P2 with weights
(1, 1, 3).
• η is an elliptic fibration.
There is another elliptic fibration as follows:
V
pi
 


 η0
$$I
II
II
II
II
X χ
//_______ P(1, 1, 4),
where
• π is the Kawamata blow up at the point O with weights (1, 1, 2),
• η0 is an elliptic fibration.
Proposition 1.2.6. If ג = 30, then the linear system | −KX | is the only Halphen pencil on X.
Proof. The proof is the same as the case ג = 9. 
In the case ג = 11, the threefold X is a general hypersurface of degree 10 in P(1, 1, 2, 2, 5)
with −K3X =
1
2 . Its singularities consist of five points P1, · · · , P5 that are quotient singularities
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of type 12(1, 1, 1). For each singular point Pi, we have an elliptic fibration as follows:
Ui
pii
 


 ηi
$$I
II
II
II
II
X
ξi
//_______ P(1, 1, 2),
where
• πi is the Kawamata blow up at the point Pi with weights (1, 1, 1),
• ηi is an elliptic fibration.
Proposition 1.2.7. If ג = 11, the linear system | −KX | is a unique Halphen pencil on X.
Proof. If the set CS(X, 1
n
M) contains a curve, then we obtainM = |−KX | from Corollary 0.3.8.
Thus, we may assume that
CS
(
X,
1
n
M
)
⊂
{
P1, P2, P3, P4, P5
}
by Lemma 0.3.3. Furthermore, it cannot consist of a single point by Lemmas 0.2.3 and 0.2.7.
Therefore, it contains at least two, say Pi and Pj , of the five singular points. Let π : U → Ui
be the Kawamata blow up at the singular point whose image to X is the point Pj. Then, the
pencil | −KU | is the proper transform of the pencil | −KX | and its base locus consists of the
irreducible curve CU . Because −KU ·CU < 0 andMU ∼Q −nKU , Theorem 0.2.9 completes the
proof. 
1.3. Case ג = 12, hypersurface of degree 10 in P(1, 1, 2, 3, 4).
The threefold X is a general hypersurface of degree 10 in P(1, 1, 2, 3, 4) with −K3X =
5
12 . The
singularities of the hypersurface X consist of two singular points that are quotient singularities
of type 12(1, 1, 1), one point P that is a quotient singularity of type
1
3(1, 1, 2), and one point Q
that is a quotient singularity of type 14(1, 1, 3).
We have the following commutative diagram:
Y
γO
||yy
yy
yy
yy γP
""E
EE
EE
EE
E
η
,,YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
UPQ
βQ
}}zz
zz
zz
zz βP
!!D
DD
DD
DD
D
UQO
βO}}zz
zz
zz
zz
P(1, 1, 2),
UP
αP
""E
EE
EE
EE
E
UQ
αQ
||yy
yy
yy
yy
X
ψ
44iiiiiiiiiiiiiiiiiiiiiii
where
• ψ is the natural projection,
• αP is the Kawamata blow up at the point P with weights (1, 1, 2),
• αQ is the Kawamata blow up at the point Q with weights (1, 1, 3),
• βQ is the Kawamata blow up with weights (1, 1, 3) at the point whose image by the
birational morphism αP is the point Q,
• βP is the Kawamata blow up with weights (1, 1, 2) at the point whose image by the
birational morphism αQ is the point P ,
• βO is the Kawamata blow up with weights (1, 1, 2) at the singular point O of the variety
UQ that is a quotient singularity of type
1
3 (1, 1, 2) contained in the exceptional divisor
of the birational morphism αQ,
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• γP is the Kawamata blow up with weights (1, 1, 2) at the point whose image by the
birational morphism αQ ◦ βO is the point P ,
• γO is the Kawamata blow up with weights (1, 1, 2) at the singular point of the variety
UPQ that is a quotient singularity of type
1
3 (1, 1, 2) contained in the exceptional divisor
of the birational morphism βQ,
• η is an elliptic fibration.
The hypersurface X can be given by the equation
w2z + f6(x, y, z, t)w + f10(x, y, z, t) = 0,
where fi is a quasihomogeneous polynomial of degree i. Moreover, there is a commutative
diagram
UQ
pi
vvmmm
mmm
mmm
mmm
mmm
m
αQ // X
ψ
!!B
B
B
B
B
B
B
B
B
B
χ
}}{
{
{
{
{
{
{
{
{
{
W
ω ((QQ
QQQ
QQQ
QQQ
QQQ
P(1, 1, 2, 3)
ξ
//_____________ P(1, 1, 2),
where
• ξ and χ are the natural projections,
• π is a birational morphism,
• ω is a double cover of P(1, 1, 2, 3) ramified along a surface R of degree 12.
The surface R is given by the equation
f6(x, y, z, t)
2 − 4zf10(x, y, z, t) = 0 ⊂ P(1, 1, 2, 3) ∼= Proj
(
C[x, y, z, t]
)
,
which implies that the surface R has exactly 20 ordinary double points given by the equations
z = f6 = f10 = 0. Thus, the morphism π contracts 20 smooth rational curves C1, · · · , C20
to isolated ordinary double points of the variety W that dominate the singular points of R in
P(1, 1, 2, 3).
Proposition 1.3.1. The linear system | −KX | is a unique Halphen pencil on X.
Suppose that M 6= | −KX |. Let us show that this assumption leads us to a contradiction.
It follows from Corollary 0.3.8 and Lemmas 0.3.3, 0.3.11 that
CS
(
X,
1
n
M
)
⊂
{
P,Q
}
.
Lemma 1.3.2. The set CS(UQ,
1
n
MUQ) cannot contain a curve.
Proof. Suppose that the set CS(UQ,
1
n
MUQ) contains an irreducible curve Z. Let G be the
exceptional divisor of the birational morphism αQ. Then, G ∼= P(1, 1, 3) and Z ⊂ G. Moreover,
it follows from Lemma 0.2.7 that Z is a curve in the linear system |OP(1,1,3)(1)| on the surface
G.
We consider the surface Sz onX. Let Z ′ be the curve SzUQ∩G. Then, the surface S
z
UQ
contains
every curve Ci, but not the curve Z, and its image S
z
W by the morphism π is isomorphic to
P(1, 1, 3). The curve Z ′ is smooth and αQ|Z′ is a double cover.
Because the hypersurface X is general, the surface SzUQ is smooth along the curves Ci, the
morphism π|Sz
UQ
contracts the curve Ci to a smooth point of S
z
W , and either the intersection
Z ∩ Z ′ consists of two points or the point Z ∩ Z ′ is not contained in ∪20i=1Ci.
For general surfaces MUQ , M
′
UQ
in MUQ and a general surface D in | − 6KUQ |, we have
2n2 = D ·MUQ ·M
′
UQ
≥ 2multZ(MUQ ·M
′
UQ
) ≥ 2multZ(MUQ)multZ(M
′
UQ
) ≥ 2n2,
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which immediately implies that the support of the cycle MUQ ·M
′
UQ
is contained in the union
of the curve L and ∪20i=1Ci. Hence, we have
MUQ
∣∣∣
Sz
UQ
= D +
20∑
i=1
miCi,
where mi is a natural number and D is a pencil without fixed components.
Let P ′ be a point of Z ∩ Z ′ and D1, D2 be general curves in D. Then,
multP ′(D1) = multP ′(D2) ≥
{
n in the case when P ′ 6∈ ∪20i=1Ci,
n−mi in the case when P
′ ∈ Ci,
which implies that
n2
3
−
20∑
i=1
m2i = D1 ·D2 ≥
∑
P ′∈Z∩Z′
multP ′(D1)multP ′(D2).
However, it is impossible because m2i + (n−mi)
2 ≥ n
2
4 . 
The exceptional divisor EP of αP contains a singular point P1 of UP that is a quotient
singularity of type 12 (1, 1, 1).
Lemma 1.3.3. The set CS(UP ,
1
n
MUP ) cannot contain the singular point P1.
Proof. Let σP : VP → UP be the Kawamata blow up at the singular point P1 and P be the proper
transform of the pencil | −KX | via the birational morphism αP ◦ σP . Then, MVP ∼Q −nKVP
by Lemma 0.2.6 and
P ∼Q −KVP ∼Q (αP ◦ σP )
∗(−KX)−
1
3
σ∗P (EP )−
1
2
FP ,
where FP is the exceptional divisor of σP . Also, it has a unique base curve CVP . On a general
surface SVP ∈ P, the self-intersection number C
2
VP
= −K3VP is negative. Also we have
MVP
∣∣∣
SVP
≡ −nKVP
∣∣∣
SVP
≡ nCVP ,
which implies that M is the pencil | − KX | by Theorem 0.2.9. However, we assumed that
M 6= | −KX |. 
Therefore, the set CS(UP ,
1
n
MUP ) must consist of the point Q¯ whose image to X is the point
Q because it is not empty by Theorem 0.2.4 and it cannot contain a curve by Lemma 0.2.3.
Meanwhile, the exceptional divisor of βO contains a singular point O1 of UQO that is a quotient
singularity of type 12 (1, 1, 1).
Lemma 1.3.4. The set CS(UQO,
1
n
MUQO) cannot contain the point O1.
Proof. Let σO : VO → UQO be the Kawamata blow up at the point O1. Then, the pencil
| − KVO | is the proper transform the pencil | − KX |. Its base locus consists of the irreducible
curve CVO . Because MVO ∼Q −nKVO and −KVO ·CVO < 0, we obtain from Theorem 0.2.9 that
M = | −KX |, which contradicts our assumption. 
By the previous lemmas, we can see CS(X, 1
n
M) = {P,Q}. Furthermore, the set
CS(UPQ,
1
n
MUPQ) consists of the singular point of UPQ contained in the exceptional divisor
βQ. Then, the set CS(Y,
1
n
MY ) must contain the singular point contained in the exceptional
divisor γO. In such a case, Lemma 1.3.4 shows a contradiction M = | −KX |.
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1.4. Case ג = 13, hypersurface of degree 11 in P(1, 1, 2, 3, 5).
The threefold X is a general hypersurface of degree 11 in P(1, 1, 2, 3, 5) with −K3X =
11
30 . It
has three singular points. One is a quotient singularity of type 12(1, 1, 1), another is a quotient
singular point P of type 13(1, 1, 2), and the other is a quotient singular point Q of type
1
5(1, 2, 3).
We have the following commutative diagram:
Y
γO
||yy
yy
yy
yy γP
""E
EE
EE
EE
E
η
,,YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
UPQ
βQ
}}zz
zz
zz
zz βP
!!D
DD
DD
DD
D
UQO
βO}}zz
zz
zz
zz
P(1, 1, 2),
UP
αP
""E
EE
EE
EE
E
UQ
αQ
||yy
yy
yy
yy
X
ψ
44iiiiiiiiiiiiiiiiiiiiiii
where
• ψ is the natural projection,
• αP is the Kawamata blow up at the point P with weights (1, 1, 2),
• αQ is the Kawamata blow up at the point Q with weights (1, 2, 3),
• βQ is the Kawamata blow up with weights (1, 2, 3) at the point whose image by the
birational morphism αP is the point Q,
• βP is the Kawamata blow up with weights (1, 1, 2) at the point whose image by the
birational morphism αQ is the point P ,
• βO is the Kawamata blow up with weights (1, 2, 1) at the singular point O of the variety
UQ that is a quotient singularity of type
1
3 (1, 2, 1) contained in the exceptional divisor
of the birational morphism αQ,
• γP is the Kawamata blow up with weights (1, 1, 2) at the point whose image by the
birational morphism αQ ◦ βO is the point P ,
• γO is the Kawamata blow up with weights (1, 2, 1) at the singular point of the variety
UPQ that is a quotient singularity of type
1
3 (1, 2, 1) contained in the exceptional divisor
of the birational morphism βQ,
• η is an elliptic fibration.
Note that the base locus of the pencil | −KX | consists of the irreducible curve C defined by
x = y = 0.
It follows from Corollary 0.3.8 and Lemmas 0.3.3, 0.3.11 we may assume that CS(X, 1
n
M) ⊂
{P,Q}.
Lemma 1.4.1. If CS(X, 1
n
M) = {P}, then M = | −KX |.
Proof. It follows from Theorem 0.2.4 that the log pair (UP ,MUP ) is not terminal at the singular
point P1 contained in the exceptional divisor of αP .
Let β1 :WP → UP be the Kawamata blow up at the singular point P1 with weights (1, 1, 1).
Then, the pencil | −KWP | is the proper transform of | −KX |. It has a unique irreducible base
curve CWP . We have −KWP · CWP = −K
3
WP
= − 310 and MWP ∼Q −nKWP . Therefore, we
obtain M = | −KX | from Theorem 0.2.9. 
The exceptional divisor E ∼= P(1, 2, 3) of the birational morphism αQ contains two singular
points O and O2 of types
1
3(1, 2, 1) and
1
2 (1, 1, 1), respectively. We denote the unique irreducible
curve in |OP(1,2,3)(1)| on E by L.
Lemma 1.4.2. If the set CS(UQ,
1
n
MUQ) contains the point O2, then M = | −KX |.
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Proof. Let β2 :WQ → UQ be the Kawamata blow up at the point O2 with weights (1, 1, 1). The
pencil | −KWQ | is the proper transform of | −KX |. It has exactly two irreducible base curves
CWQ and LWQ . On a general surface D in the pencil | −KWQ |, we have
L2WQ = −
4
3
, C2WQ = −
5
6
, LWQ · CWQ = 1.
The surface D is normal. The curves CWQ and LWQ form a negative-definite intersection form
on D. On the other hand, MWQ |D ≡ nCWQ + nLWQ by Lemma 0.2.6. Therefore, we obtain
M = | −KX | by Theorem 0.2.9. 
Lemma 1.4.3. If the set CS(UQO,
1
n
MUQO) contains the singular point O3 contained in the
exceptional of βO, then M = | −KX |.
Proof. Let γ1 : WQO → UQO be the Kawamata blow up at the point O3 with weights (1, 1, 1).
Then, the pencil | − KWQO | is the proper transform of the pencil | − KX |. It has exactly two
irreducible base curves CWQO and LWQO . On a general surface D in | −KWQO |, we have
L2WQO = −
3
2
, C2WQO = −
5
6
, LWQO · CWQO = 1.
The surface D is normal. On the other hand, MWQO |D ≡ nCWQO + nLWQO by Lemma 0.2.6.
Since the curves CWQO and LWQO form a negative-definite intersection form on the normal
surface D, it follows from Theorem 0.2.9 that M = | −KX |. 
Proposition 1.4.4. If ג = 13, then M = | −KX |.
Proof. Due to the previous lemmas, we may assume that
CS
(
X,
1
n
M
)
=
{
P,Q
}
.
Following the weighted blow ups Y → UQO → UQ → X and using Lemmas 1.4.2 and 1.4.3,
we can furthermore assume that the set CS(Y, 1
n
MY ) contains the singular point contained the
exceptional divisor of the birational morphism γP . The statement then follows from the proof
Lemma 1.4.1. 
1.5. Cases ג = 15, 17, and 41.
We are to prove the following:
Proposition 1.5.1. If ג = 15, 17, or 41, then the linear system | −KX | is a unique Halphen
pencil on X.
We consider the case of ג = 15. Let X be the hypersurface given by a general quasihomo-
geneous equation of degree 12 in P(1, 1, 2, 3, 6) with −K3X =
1
3 . Then, the singularities of X
consist of two singular points P and Q that are quotient singularities of type 13(1, 1, 2) and two
points of type 12 (1, 1, 1). We have a commutative diagram
V
σQ
~~}}
}}
}}
}} σP
  A
AA
AA
AA
A
η
--ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZ
YP
piP   A
AA
AA
AA
A
YQ
piQ~~}}
}}
}}
}}
P(1, 1, 2),
X
ψ
22ddddddddddddddddddddddd
where
• ψ is the natural projection,
• πP is the Kawamata blow up at the point P with weights (1, 1, 2),
• πQ is the Kawamata blow up at Q with weights (1, 1, 2),
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• σQ is the Kawamata blow up with weights (1, 1, 2) at the point Q1 whose image by the
birational morphism πP is the point Q,
• σP is the Kawamata blow up with weights (1, 1, 2) at the point P1 whose image by the
birational morphism πQ is the point P ,
• η is an elliptic fibration.
The set CS(X, 1
n
M) is nonempty by Theorem 0.2.4. If it contains either a singular point of
type 12(1, 1, 1) on X or a curve, then the identity M = | −KX | follows from Lemma 0.3.11 and
Corollary 0.3.8, respectively. Furthermore, we may assume that
CS
(
X,
1
n
M
)
⊂
{
P,Q
}
due to Lemma 0.3.3. Suppose that the set CS(X, 1
n
M) contains the point P . The exceptional
divisor EP of πP contains a singular point O of type
1
2(1, 1, 1).
Lemma 1.5.2. If the set CS(YP ,
1
n
MYP ) contains the singular point O, then M = | −KX |.
Proof. Let α : W → YP be the Kawamata blow up at the point O with weights (1, 1, 1). The
linear system | −KW | is the proper transform of the linear system | −KX |. It has a single base
curve CW . On a general surface DW in | −KW |, we have C
2
W = −
1
3 . Note that the surface DW
is normal. Meanwhile, we have
MW
∣∣∣
DW
≡ −nKW
∣∣∣
DW
≡ nCW .
Therefore, it follows from Theorem 0.2.9 that the pencil M coincides with | −KX |. 
Therefore, we may assume that the set CS(YP ,
1
n
MYP ) consists of the single point Q1. Then,
we may assume that the set CS(V, 1
n
MV ) contains the singular point of type
1
2(1, 1, 1) that is
contained in the exceptional divisor of σQ. We can then show M = | −KX | as in the proof of
Lemma 1.5.2.
With the exactly same way as above, we can show that M = | −KX | if the set CS(X,
1
n
M)
contains the point Q.
Now, we consider the case of ג = 41. Let X be the hypersurface given by a general quasiho-
mogeneous equation of degree 20 in P(1, 1, 4, 5, 10) with −K3X =
1
10 . Then, it has two singular
points P and Q that are quotient singularities of type 15(1, 1, 4) and two singular points of type
1
2(1, 1, 1).
We have a commutative diagram
V
σQ
~~}}
}}
}}
}} σP
  A
AA
AA
AA
A
η
--ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZ
YP
piP   A
AA
AA
AA
A
YQ
piQ~~}}
}}
}}
}}
P(1, 1, 4),
X
ψ
22ddddddddddddddddddddddd
where
• ψ is the natural projection,
• πP is the Kawamata blow up at the point P with weights (1, 1, 4),
• πQ is the Kawamata blow up at Q with weights (1, 1, 4),
• σQ is the Kawamata blow up with weights (1, 1, 4) at the point Q1 whose image by the
birational morphism πP is the point Q,
• σP is the Kawamata blow up with weights (1, 1, 4) at the point P1 whose image by the
birational morphism πQ is the point P ,
• η is an elliptic fibration.
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Using the exactly same method as in the case ג = 15, one can show that M = | −KX |.
For the case ג = 17, let X be the hypersurface given by a general quasihomogeneous equation
of degree 12 in P(1, 1, 3, 4, 4) with −K3X =
1
4 . Then, it has three singular points P1, P2, and P3
that are quotient singularities of type 14(1, 1, 3).
In this case, we have the following commutative diagram:
Y
pi
 


 η
$$I
II
II
II
II
X
ψ
//_______ P(1, 1, 3),
where
• ψ is the natural projection,
• π is the Kawamata blow up at the points P1, P2, and P3 with weights (1, 1, 3),
• η is and elliptic fibration.
Even though three singular points are involved in this case, the same method as in the previous
cases can be applied to obtain M = | −KX |.
1.6. Case ג = 16, hypersurface of degree 12 in P(1, 1, 2, 4, 5).
The threefold X is a general hypersurface of degree 12 in P(1, 1, 2, 4, 5) with −K3X =
3
10 . Its
singularities consist of three quotient singularities of type 12 (1, 1, 1) and one point O that is a
quotient singularity of type 15(1, 1, 4).
There is a commutative diagram
U
α

W
βoo Y
γoo
η

X
ψ
//_____________ P(1, 1, 2)
where
• ψ is the natural projection,
• α is the Kawamata blow up at the point O with weights (1, 1, 4),
• β is the Kawamata blow up with weights (1, 1, 3) at the singular point of the variety U
that is contained in the exceptional divisor of α,
• γ is the Kawamata blow up with weights (1, 1, 2) at the singular point of W that is
contained in the exceptional divisor of β,
• η is an elliptic fibration.
The hypersurface X can be given by the equation
w2z + f7(x, y, z, t)w + f12(x, y, z, t) = 0,
where fi is a quasihomogeneous polynomial of degree i. Moreover, there is commutative diagram
U
pi
vvlll
lll
lll
lll
lll
ll
α // X
ψ
!!C
C
C
C
C
C
C
C
C
C
χ
}}z
z
z
z
z
z
z
z
z
z
V
ω ((QQ
QQQ
QQQ
QQQ
QQQ
P(1, 1, 2, 4)
ξ
//_____________ P(1, 1, 2),
where
• ξ and χ are the natural projections,
• π is a birational morphism,
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• ω is a double cover of P(1, 1, 2, 4) ramified along a surface R of degree 12.
The surface R is given by the equation
f7(x, y, z, t)
2 − 4zf12(x, y, z, t) = 0 ⊂ P(1, 1, 2, 4) ∼= Proj
(
C[x, y, z, t]
)
,
which implies that R has 21 isolated ordinary double points, given by the equations z = f7 =
f12 = 0. The morphism π contracts 21 smooth rational curves C1, C2, · · · , C21 to isolated
ordinary double points of V which dominate the singular points of R.
Proposition 1.6.1. The linear system | −KX | is a unique Halphen pencil on X.
To prove Proposition 1.6.1, due to Corollary 0.3.8 and Lemmas 0.3.3 and 0.3.11, we may
assume that
CS
(
X,
1
n
M
)
=
{
O
}
.
Let E be the exceptional divisor of the birational morphism α. It contains one singular point
P of U that is a quotient singularity of type 14(1, 1, 3). The surface E is isomorphic to P(1, 1, 4).
The set CS(U, 1
n
MU ) contains the point P by Theorem 0.2.4 and Lemma 0.2.7. Furthermore,
the following shows it consists of the point P .
Lemma 1.6.2. The set CS(U, 1
n
MU ) cannot contain a curve.
Proof. Suppose that the set CS(U, 1
n
MU ) contains a curve Z. Then, Z is contained in the
surface E. Furthermore, it follows from Lemma 0.2.7 that Z is a curve in the linear system
|OP(1,1,4)(1)|. Therefore, for a general surface M in M, we have
Supp
(
MU ·E
)
= Z
because MU |E ∼Q |OP(1,1,4)(n)| and multZ(MU ) ≥ n.
Let M ′U be a general surface in MU and D be a general surface in | − 4KU |. Then,
n2 = D ·MU ·M
′
U ≥ multZ(MU ·M
′
U ) ≥ multZ(MU )multZ(M
′
U ) ≥ n
2,
which implies that multL(MU ·M
′
U ) = n
2 and
Supp
(
MU ·M
′
U
)
⊂ Z ∪
21⋃
i=1
Ci.
We consider the surface Sz. The image SzV of S
z
U to V is isomorphic to P(1, 1, 4). The surface
SzU does not contain the curve Z due to the generality in the choice of X, but it contains every
curve Ci. Moreover, the surface S
z
U is smooth along the curves Ci and the morphism π|SzU
contracts the curve Ci to a smooth point of S
z
V . Hence, we have
MU
∣∣∣
Sz
U
= D +
21∑
i=1
miCi,
where mi is a natural number and D is a pencil without fixed components. Therefore, the
inequality mi > 0 implies that Ci ∩ Z 6= ∅ and there is a point P
′ of the intersection Z ∩ SzU
that is different from the singular point P . We may assume that m1 > 0. Let D1 and D2 be
general curves in D. Then,
multP ′(D1) = multP ′(D2) ≥
{
n in the case when P ′ 6∈ ∪21i=1Ci,
n−mi in the case when P
′ ∈ Ci,
and the curves D1 and D2 pass through the point P because the point P is a base point of the
pencil MU . Therefore, we have
n2
4
−
21∑
i=1
m2i = D1 ·D2 > multP (D1)multP (D2) ≥ (n−m1)
2 ≥
n2
4
−m21,
which is a contradiction. 
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Let F be the exceptional divisor of the birational morphism β. It contains the singular point
Q of W that is a quotient singularity of type 13(1, 1, 2). The set CS(W,
1
n
MW ) consists of the
singular point Q by Theorem 0.2.4, Lemmas 0.2.7 and 0.2.3.
Let G be the exceptional divisor of γ and Q1 be the unique singular point of G. The set
CS(Y, 1
n
MY ) must consist of the point Q1 by Theorem 0.2.4 and Lemma 0.2.7 because every
member in MY is contracted to a curve by the morphism η.
Let σ : V1 → Y be the Kawamata blow up at the point Q1. Then, MV1 ∼Q −nKV1 by
Lemma 0.2.6, the linear system | −KV1 | is the proper transform of the pencil | −KX |, and the
base locus of the pencil |−KV1 | consist of the curve CV1. Therefore, the inequality −KV1 ·CV1 < 0
implies M = | −KX | by Theorem 0.2.9.
1.7. Cases ג = 20 and 31.
First, we consider the case ג = 20. The threefold X is a general hypersurface of degree 13 in
P(1, 1, 3, 4, 5) with −K3X =
13
60 . It has three singular points. One is a quotient singularity P of
type 14(1, 1, 3), another is a quotient singularity Q of type
1
5(1, 1, 4), and the other is a quotient
singularity Q′ of type 13(1, 1, 2).
There is a commutative diagram
V
γO
||yy
yy
yy
yy γP
""E
EE
EE
EE
E
η
,,YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
UPQ
βQ
}}zz
zz
zz
zz βP
!!D
DD
DD
DD
D
UQO
βO}}zz
zz
zz
zz
P(1, 1, 3),
UP
αP
""E
EE
EE
EE
E
UQ
αQ
||yy
yy
yy
yy
X
ψ
44iiiiiiiiiiiiiiiiiiiiiii
where
• ψ is the natural projection,
• αP is the Kawamata blow up at the point P with weights (1, 1, 3),
• αQ is the Kawamata blow up at the point Q with weights (1, 1, 4),
• βQ is the Kawamata blow up with weights (1, 1, 4) at the point whose image to X is the
point Q.
• βP is the Kawamata blow up with weights (1, 1, 3) at the point whose image to X is the
point P
• βO is the Kawamata blow up with weights (1, 1, 3) at the singular pointO of UQ contained
in the exceptional divisor of αQ,
• γP is the Kawamata blow up with weights (1, 1, 3) at the point whose image to X is the
point P
• γO is the Kawamata blow up with weights (1, 1, 3) at the singular point of UPQ contained
in the exceptional divisor of βQ,
• η is an elliptic fibration.
There is a rational map ξ : X 99K P(1, 1, 4) that gives us another commutative diagram
Y
γQ
}}||
||
||
|| γQ′
  A
AA
AA
AA
A
η0
--ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZ
UQ′
αQ′ !!B
BB
BB
BB
B
UQ
αQ~~}}
}}
}}
}}
P(1, 1, 4),
X
ξ
11ddddddddddddddddddddddd
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where
• αQ′ is the Kawamata blow up at the point Q
′ with weights (1, 1, 2),
• αQ is the Kawamata blow up at the point Q with weights (1, 1, 4),
• γQ is the Kawamata blow up with weights (1, 1, 4) at the point whose image to X is the
point Q,
• γQ′ is the Kawamata blow up with weights (1, 1, 2) at the point whose image to X is the
point Q′,
• η0 is an elliptic fibration.
It follows from Lemma 0.3.3 that the set CS(X, 1
n
M) does not contain smooth points of the
hypersurface X. Moreover, Corollary 0.3.8 implies that M = | −KX | in the case when the set
CS(X, 1
n
M) contains a curve. We assume that the set CS(X, 1
n
M) does not contain a curve,
which implies that M 6= | −KX |. Then, CS(X,
1
n
M) ⊆ {P,Q,Q′}.
Lemma 1.7.1. The set CS(X, 1
n
M) does not contain both the points Q and Q′.
Proof. Suppose that the set CS(X, 1
n
M) contains both the points Q and Q′. Then, MY ∼Q
−nKY , which implies that every member in the pencil MY is contracted to a curve by the
elliptic fibration η0.
Let P¯1, P¯2, P¯3 be the singular points of Y whose image to X are the points P1, P2, P3,
respectively. Then,
CS
(
Y,
1
n
MY
)
∩
{
P¯1, P¯2, P¯3
}
6= ∅
by Theorem 0.2.4 and Lemma 0.2.7.
Let πQ : WQ → Y be the Kawamata blow up of the point P¯i that is contained in the set
CS(Y, 1
n
MY ) and D be a general surface in | −KWQ |. Then, | −KWQ | is the proper transform
of the pencil | −KX | and the base locus of the pencil | −KWQ | consists of the irreducible curve
CWQ . We can easily check D · CWQ < 0. Hence, we obtain M = | − KX | by Theorem 0.2.9
because MWQ ∼Q nD by Lemma 0.2.6. But it is impossible by our assumption. 
Lemma 1.7.2. The set CS(X, 1
n
M) does not contain both the points P and Q′.
Proof. Suppose that the set CS(X, 1
n
M) contains both the points P and Q′. Let πP :WP → UP
be the Kawamata blow up at the point whose image to X is the point Q′. Then, | −KWP | is
the proper transform of the pencil | −KX |, the base locus of the pencil | −KWP | consists of the
irreducible curve CWP , and D · CWP = −
1
30 . Hence, M = | − KX | by Theorem 0.2.9 because
MWP ∼Q nD by Lemma 0.2.6. But it is impossible by our assumption. 
Lemma 1.7.3. The set CS(X, 1
n
M) cannot consist of a single point.
Proof. Suppose that the set CS(X, 1
n
M) consists of the point P . Then, MUP ∼Q −nKUP
by Lemma 0.2.6. Hence, it follows from Theorem 0.2.4, Lemmas 0.2.7 and 0.2.3 that the set
CS(UP ,
1
n
MUP ) consists of the singular point P1 of UP contained in the exceptional divisor of
αP .
Let σP : VP → UP be the Kawamata blow up at the singular point P1. Then,MVP ∼Q −nKVP
by Lemma 0.2.6. Let D be a general surface of the pencil | −KVP |. The proper transform CVP
is the unique base curve of the pencil |−KVP | and D ·CVP < 0. Hence, we haveM = |−KX | by
Theorem 0.2.9 because MVP ∼Q nD by Lemma 0.2.6. But it is impossible by our assumption.
In the exactly same way, we can show that the set CS(X, 1
n
M) cannot consist of the point
Q′.
Suppose that the set CS(X, 1
n
M) consists of the point Q. Then, MUQ ∼Q −nKUQ
by Lemma 0.2.6. It follows from Theorem 0.2.4, Lemmas 0.2.7, and 0.2.3 that the set
CS(UQ,
1
n
MUQ) consists of the singular point O. The divisor −KUQO is nef and big, and hence
it follows from Theorem 0.2.4 and Lemma 0.2.7 that the set CS(UQO,
1
n
MUQO) contains the
singular point O1 of the variety UQO contained in the exceptional divisor of the βO.
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Let σO : VO → UQO be the Kawamata blow up at the singular point O1. Then, MVO ∼Q
−nKVO by Lemma 0.2.6. Let H be a general surface of the pencil |−KVO |. The proper transform
CVO is the unique base curve of the pencil | −KVO | and H ·CVO = −
1
24 , which is impossible by
Theorem 0.2.9 because M 6= | −KX |. 
Consequently, we see that CS(X, 1
n
M) = {P,Q}. Then,MUPQ ∼Q −nKUPQ by Lemma 0.2.6
and it follows from Theorem 0.2.4 and Lemma 0.2.7 that the set CS(UPQ,
1
n
MPQ) contains either
the singular point Q2 of the variety UPQ contained in the exceptional divisor of the birational
morphism βQ or the singular point P2 of the variety UPQ contained in the exceptional divisor
of βP .
Lemma 1.7.4. The set CS(UPQ,
1
n
MUPQ) does not contain the point P2.
Proof. Note that the point P2 is a quotient singularity of type
1
3(1, 1, 2) on UPQ.
Suppose that the set CS(UPQ,
1
n
MUPQ) contains the point P2. Let π : VPQ → UPQ be the
Kawamata blow up at the point P2 and D be a general surface of the pencil | −KVPQ |.
Then, the proper transform CVPQ is the unique base curve of the pencil | −KVPQ |. Because
MVPQ ∼Q −nKW by Lemma 0.2.6 and D · CVPQ = −
1
24 , it follows from Theorem 0.2.9 that
M = | −KX |. But it is impossible by our assumption. 
Therefore, it follows from Lemma 0.2.3 that the set CS(UPQ,
1
n
MUPQ) consists of the singular
point Q2. In particular, we have MV ∼Q −nKV , which implies that each surface in the pencil
MV is contracted to a curve by the elliptic fibration η0.
Let Q3 be the singular point of V that is contained in the exceptional divisor of γO. It is
a quotient singularity of type 13(1, 1, 2). Theorem 0.2.4 and Lemma 0.2.7 imply that the set
CS(V, 1
n
MV ) contains the point Q3.
Let π : W → V be the Kawamata blow up at the point Q3 and D be a general surface in
| − KW |. Then, | − KW | is the proper transform of the pencil | − KX | and the base locus of
the pencil | −KW | consists of the irreducible curve CW . Then,M = | −KX | by Theorem 0.2.9
since MW ∼Q nD by Lemma 0.2.6 and D · CW < 0. The obtained contradiction concludes the
following:
Proposition 1.7.5. If ג = 20, then the linear system | −KX | is the only Halphen pencil on X.
From now, we consider the case ג = 31. The threefold X is a hypersurface of degree 16 in
P(1, 1, 4, 5, 6) with −K3X =
2
15 . The singularities of X consist of one quotient singularity of type
1
2(1, 1, 1), one singular point P that is a quotient singularity of type
1
5(1, 1, 4), and one singular
point Q that is a quotient singularity of type 16(1, 1, 5).
There is a commutative diagram
V
γO
||yy
yy
yy
yy γP
""E
EE
EE
EE
E
η
,,YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
UPQ
βQ
}}zz
zz
zz
zz βP
!!D
DD
DD
DD
D
UQO
βO}}zz
zz
zz
zz
P(1, 1, 4),
UP
αP
""E
EE
EE
EE
E
UQ
αQ
||yy
yy
yy
yy
X
ψ
44iiiiiiiiiiiiiiiiiiiiiii
where
• ψ is the natural projection,
• αP is the Kawamata blow up at the point P with weights (1, 1, 4),
• αQ is the Kawamata blow up at the point Q with weights (1, 1, 5),
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• βQ is the Kawamata blow up with weights (1, 1, 5) at the point whose image to X is the
point Q.
• βP is the Kawamata blow up with weights (1, 1, 4) at the point whose image to X is the
point P
• βO is the Kawamata blow up with weights (1, 1, 4) at the singular pointO of UQ contained
in the exceptional divisor of αQ,
• γP is the Kawamata blow up with weights (1, 1, 4) at the point whose image to X is the
point P
• γO is the Kawamata blow up with weights (1, 1, 4) at the singular point of UPQ contained
in the exceptional divisor of βQ,
• η is an elliptic fibration.
The hypersurface X can be given by the equation
t2w + tf11(x, y, z, w) + f16(x, y, z, w) = 0,
where fi(x, y, z, w) is a general quasihomogeneous polynomial of degree i. Consider the linear
system on X defined by the equations
µw +
6∑
i=0
λix
iy6−i = 0,
where (µ : λ0 : λ1 : λ2 : λ3 : λ4 : λ5 : λ6) ∈ P
7. It gives us a dominant rational map
ξ : X 99K P(1, 1, 6) defined in the outside of the point P . The normalization of a general fiber
is an elliptic curve. Therefore, we have another elliptic fibration as follows:
UP
αP

Y
βoo
η0

X
ξ
//______ P(1, 1, 6),
where
• αP is the Kawamata blow up at the point P with weights (1, 1, 4),
• β is the Kawamata blow up with weights (1, 1, 3) at the singular point of the variety UP
that is a quotient singularity of type 14(1, 1, 3),
• η0 is an elliptic fibration.
Proposition 1.7.6. If ג = 31, then the linear system | −KX | is the only Halphen pencil on X.
If the set CS(X, 1
n
M) contains either the singular point of type 12 (1, 1, 1) or a curve, we
obtain the identity M = | − KX | from Lemma 0.3.11 and Corollary 0.3.8. Therefore, due to
Lemma 0.3.3, we may assume that CS(X, 1
n
M) ⊆ {P,Q}.
The proof of Proposition 1.7.6 is similar to that of Proposition 1.7.5. In the case ג = 31, we
do not need Lemmas 1.7.1 and 1.7.2. The only different part is Lemma 1.7.3. However, it works
for the point Q in the case ג = 31 as well. Thus, the following lemma will complete the proof.
Lemma 1.7.7. If the set CS(X, 1
n
M) consists of the point P , then M = | −KX |.
Proof. Suppose that the set CS(X, 1
n
M) consists of the point P . Then, the set CS(UP ,
1
n
MUP )
consists of the singular point P1 of UP contained in the exceptional divisor of αP because of
Lemmas 0.2.3 and 0.2.7. Furthermore, the set CS(Y, 1
n
MY ) must contain the singular point
contained in the exceptional divisor of β by Theorem 0.2.4. Consider the Kawamata blow up at
this point and apply the same method for Lemma 1.7.3 to get M = | −KX |. 
32 IVAN CHELTSOV AND JIHUN PARK
1.8. Cases ג = 21, 35, and 71.
Suppose that ג ∈ {21, 35, 71}. Then, the threefold X ⊂ P(1, a1, a2, a3, a4) always contains the
point O = (0 : 0 : 0 : 1 : 0). It is a singular point of X that is a quotient singularity of type
1
a3
(1, 1, a4 − a3).
We also have a commutative diagram as follows:
U
α

W
βoo
η

X
ψ
//______ P(1, 1, a2),
where
• α is the Kawamata blow up at the point O with weights (1, 1, a4 − a3),
• β is the Kawamata blow up with weights (1, 1, a4 − a3 − 1) at the point P of U that is
a quotient singularity of type 1
a4−a3
(1, 1, a4 − a3 − 1),
• η is an elliptic fibration.
By Lemma 0.3.11, if the set CS(X, 1
n
M) contains a singular point of X different from the
singular point O, then the identity M = | −KX | holds. Moreover, if it contains a curve, then
Corollary 0.3.8 implies M = | −KX |. Therefore, we may assume that
CS
(
X,
1
n
M
)
=
{
O
}
.
due to Theorem 0.2.4 and Lemma 0.3.3
The exceptional divisor E ∼= P(1, 1, a4 − a3) of α contains one singular point P that is a
quotient singularity of type 1
a4−a3
(1, 1, a4 − a3 − 1).
Lemma 1.8.1. The set CS(U, 1
n
MU ) cannot contain a curve.
Proof. Suppose that the set CS(U, 1
n
MU ) contains a curve Z. Then, Lemma 0.2.7 implies that
Z ∈ |OP(1,1,a4−a3)(1)|, which contradicts Lemma 0.2.3. 
Proposition 1.8.2. The linear system | −KX | is a unique Halphen pencil on X.
Proof. It follows from Corollary 0.3.7 and Lemmas 0.3.3, 0.3.11 that we may assume that
CS(X, 1
n
M) = {O}. By Lemma 1.8.1, the set CS(U, 1
n
MU ) = {P}.
The exceptional divisor F of β contains one singular point Q that is a quotient singularity of
type 1
a4−2a3
(1, 1, a4 − a3 − 2). Because the set CS(W,
1
n
MW ) is not empty by Theorem 0.2.4, it
must contain the point Q.
Let π : Y →W be the Kawamata blow up at the point Q with weights (1, 1, a4−a3−2). Easy
calculations show that the linear system | −KY | is the proper transform of the pencil | −KX |
and the base locus of the pencil | −KY | consists of the irreducible curve CY whose image to X
is the base curve of the pencil | −KX |. Also, we can easily get
−KY · CY = −K
3
Y = −
1
(a4 − a3 − 1)(a4 − a3 − 2)
< 0.
The divisor (−KX)
3(−KY ) + (−KY )
3(α ◦ β ◦ π)∗(−KX) is nef and big. For a general surface
M in MY and a general surface D in | −KY |,(
(−KX)
3(−KY ) + (−KY )
3(α ◦ β ◦ π)∗(−KX)
)
·D ·M = 0,
which implies that MY = | −KY | by Theorem 0.2.9. Therefore, we obtain the identity M =
| −KX |. 
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1.9. Cases ג = 24 and 46.
We first consider the case ג = 46. The threefold X is a general hypersurface of degree 21 in
P(1, 1, 3, 7, 10) with −K3X =
1
10 . It has only one singular point P that is a quotient singularity
of type 110 (1, 3, 7).
There is a commutative diagram
U
α

W
βoo Y
γoo
η

X
ψ
//_____________ P(1, 1, 3),
where
• ψ is the natural projection,
• α is the Kawamata blow up at the point P with weights (1, 3, 7),
• β is the Kawamata blow up with weights (1, 3, 4) at the singular point of U that is a
quotient singularity of type 17(1, 3, 4),
• γ is the Kawamata blow up with weights (1, 3, 1) at the singular point of the variety W
that is a quotient singularity of type 14(1, 3, 1),
• η is an elliptic fibration.
The linear system | −KX | is a Halphen pencil. Furthermore, we can obtain
Proposition 1.9.1. The linear system | −KX | is the only Halphen pencil on X.
Proof. Suppose that we have a Halphen pencil M different from | −KX |. We are to show that
this assumption leads us to a contradiction.
Due to Lemma 0.3.3 and Corollary 0.3.8, we may assume that CS(X, 1
n
M) = {P}. Hence,
we have MU ∼Q −nKU by Lemma 0.2.6.
The exceptional divisor E ∼= P(1, 3, 7) of α contains two singular points P1 and P2 of U that are
quotient singularities of types 13(1, 1, 2) and
1
7(1, 3, 4), respectively. The proof of Lemma 1.12.1
shows that the set CS(U, 1
n
MU ) does not contain the point P1 because M 6= | −KX |. Hence,
Lemma 0.2.7 implies that the set CS(U, 1
n
MU ) consists of the singular point P2. Therefore, we
have MW ∼Q −nKW by Lemma 0.2.6, which implies that the set CS(W,
1
n
MW ) is not empty.
The exceptional divisor F ∼= P(1, 3, 4) of β contains two singular points Q1 and Q2 of W that
are quotient singularities of types 13(1, 2, 1) and
1
4(1, 3, 1), respectively. It again follows from
Lemma 0.2.7 that either the set CS(W, 1
n
MW ) contains the point Q1 or the set CS(W,
1
n
MW )
consists of the point Q2.
For the convenience, let L be the unique curve contained in |OP(1,3,7)(1)| on the surface E
and L¯ be the unique curve contained in |OP(1,3,4)(1)| on the surface F .
Let σ : V1 → W be the Kawamata blow up at the point Q1. The pencil | − KV1 | is the
proper transform of the pencil |−KX | and the base locus of the pencil |−KV1 | consists of three
irreducible curves CV1, LV1 and L¯V1.
A general surface DV1 in | − KV1 | is normal. Moreover, the intersection form of the curves
CV1 , LV1 and L¯V1 is negatively definite on the surface DV1 . Hence, the set CS(W,
1
n
MW ) does
not contain the point Q1 by Lemma 0.2.6 and Theorem 0.2.9 becauseMV 6= | −KV |. Thus, we
see that the set CS(W, 1
n
MW ) must consist of the point Q2, which implies thatMY ∼Q −nKY
by Lemma 0.2.6. In particular, each member in the pencil MY is contracted to a curve by the
elliptic fibration η. Theorem 0.2.4 and Lemma 0.2.7 imply that the set CS(Y, 1
n
MY ) contains
the singular point Q of Y contained in the exceptional divisor of the birational morphism γ.
Let π : V2 → W be the Kawamata blow up at the point Q and DV2 be a general surface in
| −KV2 |. Then, DV2 is normal, the pencil | −KV2 | is the proper transform of the pencil | −KX |,
and the base locus of the pencil | −KV2 | consists of three irreducible curves CV2 , LV2, and L¯V2.
The intersection form of the curves CV2 , LV2, and L¯V2 is negative-definite on the surface DV2
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because the curves CV2 , LV2 , and L¯V2 are components of a single fiber of the elliptic fibration
η ◦ π|DV2 : DV2 → P
1 that consists of four components. On the other hand, we have
MV2
∣∣∣
DV2
≡ n(CV2 + LV2 + L¯V2)
by Lemma 0.2.6. Thus, we obtain the identity MV2 = | −KV2 | from Theorem 0.2.9, which is a
contradiction to our assumption. 
From now, we consider the case ג = 24. The variety X is a general hypersurface of degree
15 in P(1, 1, 2, 5, 7) with −K3X =
3
14 . Its singularities consist of one point that is a quotient
singularity of type 12 (1, 1, 1) and one point P that is a quotient singularity of type
1
7(1, 2, 5).
There is a commutative diagram
U
α

W
βoo Y
γoo
η

X
ψ
//_____________ P(1, 1, 2),
where
• ψ is the natural projection,
• α is the Kawamata blow up at the point P with weights (1, 2, 5),
• β is the Kawamata blow up with weights (1, 2, 3) at the singular point of U that is a
quotient singularity of type 15(1, 2, 3),
• γ is the Kawamata blow up with weights (1, 2, 1) at the singular point of the variety W
that is a quotient singularity of type 13(1, 2, 1),
• η is an elliptic fibration.
If the set CS(X, 1
n
M) contains a curve, then we obtain the identity M = | − KX | from
Corollary 0.3.8. Therefore, due to Lemmas 0.3.3 and 0.3.11, we may assume that CS(X, 1
n
M) =
{P}.
Proposition 1.9.2. The linear system | −KX | is the only Halphen pencil on X.
Proof. The proof is the same as that of Proposition 1.9.1. 
1.10. Case ג = 25, hypersurface of degree 15 in P(1, 1, 3, 4, 7).
The threefold X is a general hypersurface of degree 15 in P(1, 1, 3, 4, 7) with −K3X =
5
28 . It
has two singular points. One is a quotient singularity P of type 14(1, 1, 3) and the other is a
quotient singularity Q of type 17(1, 3, 4).
There is a commutative diagram
Y
γO
||yy
yy
yy
yy γP
""E
EE
EE
EE
E
η
,,YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
UPQ
βQ
}}zz
zz
zz
zz βP
!!D
DD
DD
DD
D
UQO
βO}}zz
zz
zz
zz
P(1, 1, 3),
UP
αP
""E
EE
EE
EE
E
UQ
αQ
||yy
yy
yy
yy
X
ψ
44iiiiiiiiiiiiiiiiiiiiiii
where
• ψ is the natural projection,
• αP is the Kawamata blow up at the point P with weights (1, 1, 3),
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• αQ is the Kawamata blow up at the point Q with weights (1, 3, 4),
• βQ is the Kawamata blow up with weights (1, 3, 4) at the point whose image to X is the
point Q,
• βP is the Kawamata blow up with weights (1, 1, 3) at the point whose image to X is the
point P ,
• βO is the Kawamata blow up with weights (1, 3, 1) at the singular point O of type
1
4(1, 3, 1) contained in the exceptional divisor of the birational morphism αQ,
• γP is the Kawamata blow up with weights (1, 1, 3) at the point whose image to X is the
point P ,
• γO is the Kawamata blow up with weights (1, 3, 1) at the singular point of type
1
4 (1, 3, 1)
contained in the exceptional divisor of the birational morphism βQ,
• η is an elliptic fibration.
Proposition 1.10.1. The linear system | −KX | is a unique Halphen pencil on X.
In what follows, we prove Proposition 1.10.1. For the convenience, let D be a general surface
in | −KX |.
It follows from [7] that | −KX | is invariant under the action of the group Bir(X). Therefore,
we may assume that the log pair (X, 1
n
M) is canonical. In fact, we can assume that
∅ 6= CS
(
X,
1
n
M
)
⊆
{
P,Q
}
by Lemma 0.3.3 and Corollary 0.3.8.
Lemma 1.10.2. If the point Q is not contained in CS(X, 1
n
M), then M = | −KX |.
Proof. The set CS(UP ,
1
n
MUP ) is not empty by Theorem 0.2.4 because MUP ∼Q −nKUP by
Lemma 0.2.6. Let P1 be the singular point of the variety UP contained in the exceptional divisor
of the birational morphism αP . It is a quotient singularity of type
1
3(1, 1, 2). Lemma 0.2.7 implies
that the set CS(UP ,
1
n
MUP ) contains the point P1.
Let πP :WP → UP be the Kawamata blow up at the point P1 with weights (1, 1, 2). We can
easily check that |−KWP | is the proper transform of the pencil |−KX | and the base locus of the
pencil | −KW | consists of the irreducible curve CWP . We can also see DWP · CWP = −K
3
WP
=
− 114 < 0. Hence, Theorem 0.2.9 implies the identity M = | −KX | because MWP ∼Q nDWP by
Lemma 0.2.6. 
The exceptional divisor E ∼= P(1, 3, 4) of the birational morphism αQ contains two singular
points O and Q1 that are quotient singularities of types
1
4(1, 3, 1) and
1
3 (1, 2, 1). Let L be the
unique curve of the linear system |OP(1, 3, 4)(1)| on the surface E.
Due to Lemma 1.10.2, we may assume that the set CS(X, 1
n
M) contains the singular point
Q. The proof of Lemma 1.10.2 also shows that the set CS(UQ,
1
n
MUQ) cannot consist of the
single point P¯ whose image to X is the point P . It implies
CS
(
UQ,
1
n
MUQ
)
∩
{
O,Q1
}
6= ∅
by Theorem 0.2.4 and Lemma 0.2.7.
Lemma 1.10.3. If the set CS(UQ,
1
n
MUQ) contains both the point O and the point Q1, then
M = | −KX |.
Proof. Let γQ :WQ → UQO be the Kawamata blow up with weights (1, 2, 1) at the point whose
image to UQ is the point Q1.
The proper transform DWQ is irreducible and normal. The base locus of the pencil | −KWQ |
consists of the irreducible curves CWQ and LWQ. On the other hand, we have
MWQ
∣∣∣
DWQ
≡ −nKWQ
∣∣∣
DWQ
≡ nCWQ + nLWQ ,
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but the intersection form of the curves LWQ and CWQ on the normal surface DWQ is negative-
definite. Then, Theorem 0.2.9 completes the proof. 
It follows from Lemma 0.2.7 that we may assume the following possibilities:
• CS(UQ,
1
n
MUQ) = {P¯ , O};
• CS(UQ,
1
n
MUQ) = {O};
• CS(UQ,
1
n
MUQ) = {P¯ ,Q1};
• CS(UQ,
1
n
MUQ) = {Q1}.
The exceptional divisor F ∼= P(1, 3, 1) of βO contains one singular point Q2 that is a quotient
singularity of type 13 (1, 2, 1).
Lemma 1.10.4. If CS(UQ,
1
n
MUQ) = {O}, then M = | −KX |.
Proof. The set CS(UQO,
1
n
MUQO) contains the singular point Q2 by Theorem 0.2.4 and
Lemma 0.2.7.
Let γ : W → UQO be the Kawamata blow up at the point Q2 with weights (1, 2, 1). Then,
MW ∼Q −nKW by Lemma 0.2.6 and the base locus of the pencil | − KW | consists of the
curves CW and LW . The proper transform DW is irreducible and normal, the equivalence
MW
∣∣∣
DW
≡ nCW + nLW holds, but the equalities
C2W = −
7
12
, L2W = −
5
6
, CW · LW =
2
3
hold on the surface DW . So, the intersection form of the curves CW and LW on the normal
surface DW is negative-definite, which implies M = | −KX | by Theorem 0.2.9. 
Lemma 1.10.5. If CS(UQ,
1
n
MUQ) = {P¯ , O}, then M = | −KX |.
Proof. We haveMY ∼Q −nKY , which implies that every surface of the pencilMY is contracted
to a curve by the morphism η. In particular, the set CS(Y, 1
n
MY ) does not contain curves because
the exceptional divisors of βO ◦ γP are sections of η.
Because of Theorem 0.2.4 and Lemmas 0.2.7, 1.10.4, we may assume that the set CS(Y, 1
n
MY )
contains the singular point P2 of Y contained in the exceptional divisor γP . Let σP : YP → Y
be the Kawamata blow up at the point P2 with weights (1, 2, 1). Then, MYP ∼Q −nKYP but
the base locus of the pencil | −KYP | consists of the irreducible curves CYP and LYP .
The proper transform DYP is normal and MYP |DYP ≡ nCYP + nLYP . The intersection form
of the curves CYP and LYP on the normal surface DYP is negative-definite because the curves
are contained in a fiber of η ◦ σP |DYP that consists of three irreducible components. Therefore,
we obtain the identity M = | −KX | from Theorem 0.2.9. 
Thus, to conclude the proof of Proposition 1.12.2, we may assume the following possibilities:
• CS(UQ,
1
n
MUQ) = {P¯ ,Q1};
• CS(UQ,
1
n
MUQ) = {Q1}.
The hypersurface X can be given by the equation
w2y + wt2 + wtf4(x, y, z) + wf8(x, y, z) + tf11(x, y, z) + f15(x, y, z) = 0,
where fi is a general quasihomogeneous polynomial of degree i.
Lemma 1.10.6. The case CS(UQ,
1
n
MUQ) = {Q1} never happens.
Proof. Suppose that CS(UQ,
1
n
MUQ) = {Q1}. Let π : V → UQ be the Kawamata blow up at
the point Q1 with weights (1, 2, 1).
Let G be the exceptional divisor of the birational morphism π. The proof of Lemma 1.10.4
implies that the set CS(V, 1
n
MV ) does not contain the singular point of V contained in the
exceptional divisor G. So, the log pair (V, 1
n
MV ) is terminal by Lemma 0.2.7 and Corollary 0.3.4.
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We have 

(αQ ◦ π)
∗
(
−KX
)
∼Q SV +
3
7
G+
1
7
EV ,
(αQ ◦ π)
∗
(
−KX
)
∼Q S
y
V +
10
7
G+
8
7
EV ,
(αQ ◦ π)
∗
(
− 3KX
)
∼Q S
z
V +
2
7
G+
3
7
EV ,
(αQ ◦ π)
∗
(
− 4KX
)
∼Q S
t
V +
5
7
G+
4
7
EV ,
(αQ ◦ π)
∗
(
− 7KX
)
∼Q S
w
V .
The equivalences imply 

(αQ ◦ π)
∗
(y
x
)
∈ |SV |,
(αQ ◦ π)
∗
(yz
x4
)
∈ |4SV |,
(αQ ◦ π)
∗
( yt
x5
)
∈ |5SV |,
(αQ ◦ π)
∗
(y3w
x10
)
∈ |10SV |,
and hence the complete linear system | − 20KV | induces a birational map χ1 : V 99K X
′ such
that X ′ is a hypersurface in P(1, 1, 4, 5, 10), which implies that the divisor −KV is big.
The base locus of the pencil | −KV | consists of the irreducible curves CV and LV . It follows
from [21] that there is a composition of antiflips ζ : V 99K V ′ such that ζ is regular in the outside
of CV ∪ LV and the anticanonical divisor −KV ′ is nef and big. The singularities of the log pair
(V ′, 1
n
MV ′) are terminal because the rational map ζ is a log flop with respect to the log pair
(V, 1
n
MV ), which contradicts Theorem 0.2.4. 
Now, we suppose CS(UQ,
1
n
MUQ) = {P¯ ,Q1}. Let σ : U → UPQ be the Kawamata blow up
with weights (1, 2, 1) at the point Q¯1 whose image to UQ is the point Q1. Let E¯ and E˜ be the
exceptional divisors of αP and σ, respectively. Then,

SU ∼Q (αP ◦ βQ ◦ σ)
∗
(
−KX
)
−
3
7
E˜ −
1
7
EU −
1
4
E¯U ∼Q −KW ,
S
y
U ∼Q (αP ◦ βQ ◦ σ)
∗
(
−KX
)
−
10
7
E˜ −
8
7
EU −
1
4
E¯U ,
SzU ∼Q (αP ◦ βQ ◦ σ)
∗
(
− 3KX
)
−
2
7
E˜ −
3
7
EU −
3
4
E¯U ,
StU ∼Q (αP ◦ βQ ◦ σ)
∗
(
− 4KX
)
−
5
7
E˜ −
4
7
EU ,
SwU ∼Q (αP ◦ βQ ◦ σ)
∗
(
− 7KX
)
−
11
4
E¯U .
The equivalences imply that the pull-backs of rational functions
y
x
,
yz
x
,
y3w
x10
,
y4tw
x15
are contained in the linear system |aSU |, where a = 1, 4, 10, and 15, respectively. Therefore,
the linear system | − 60KU | induces a birational map χ2 : U 99K X
′′ such that the variety X ′′
is a hypersurface of degree 30 in P(1, 1, 4, 10, 15), which implies that the anticanonical divisor
−KU is big. However, the proof of Lemma 1.10.4 shows that the singularities of (U,
1
n
MU ) are
terminal. Then, we can obtain a contradiction in the same way as in the proof of Lemma 1.10.6.
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1.11. Case ג = 26, hypersurface of degree 15 in P(1, 1, 3, 5, 6).
The threefold X is a general hypersurface of degree 15 in P(1, 1, 3, 5, 6) with −K3X =
1
6 . The
singularities of the hypersurfaceX consist of two points P1 and P2 that are quotient singularities
of type 13(1, 1, 2) and one point Q that is a quotient singularity of type
1
6 (1, 1, 5).
For each of the singular points P1 and P2, we have a commutative diagram
Ui
σi
 


 ηi
$$I
II
II
II
II
X
ξi
//_______ P(1, 1, 6),
where
• ξi is a projection,
• σi is the Kawamata blow up at the point Pi with weights (1, 1, 2),
• ηi is an elliptic fibration.
Note that the threefold X has a unique birational automorphism which is not biregular. It is a
quadratic involution that is defined in the outside of the point Q. Moreover, it interchanges the
points P1 and P2. The linear system that induces the rational map ξ1 is transformed into the
linear system that induces the rational map ξ2 by the quadratic involution and vice versa.
We have another elliptic fibration
U
α

W
βoo Y
γoo
η

X
ψ
//_____________ P(1, 1, 3)
where
• ψ is the natural projection,
• α is the Kawamata blow up at the point Q with weights (1, 1, 5),
• β is the Kawamata blow up with weights (1, 1, 4) at the singular point Q1 of the variety
U contained in the exceptional divisor of α,
• γ is the Kawamata blow up with weights (1, 1, 3) at the singular point Q2 contained in
the exceptional divisor of the birational morphism β,
• η is an elliptic fibration.
It follows from [7] that the pencil | −KX | is invariant under the action of the group Bir(X).
Hence, we may assume that the log pair (X, 1
n
M) is canonical. In fact, we can assume that
∅ 6= CS
(
X,
1
n
M
)
⊆
{
P1, P2, Q
}
,
due to Lemma 0.3.3 and Corollary 0.3.8.
Lemma 1.11.1. If the set CS(X, 1
n
M) contains either the point P1 or the point P2, then M =
| −KX |.
Proof. Suppose that the set CS(X, 1
n
M) contains the point P1. Because MU1 ∼Q −nKU1 by
Lemma 0.2.6, each surface in the pencil MU1 is contracted to a curve by the morphism η1 and
hence the set CS(U1,
1
n
MU1) does not contain curves.
Let P¯2 and Q¯ be the points on U1 whose images to X are the points P2 and Q, respectively,
and O be the singular point of U1 contained in the exceptional divisor of σ1. Then,
CS
(
U1,
1
n
B
)
∩
{
P¯2, Q¯, O
}
6= ∅
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by Theorem 0.2.4 and Lemma 0.2.7. We consider only the case when the set CS(U1,
1
n
MU1)
contains the point O because the other cases are similar. Suppose that the set CS(U1,
1
n
MU1)
contains the point O.
Let π : V → U1 be the Kawamata blow up at the point O with weights (1, 1, 1). Then, the
base locus of the pencil |−KV | consists of the curve CV . Let DV be a general surface in |−KV |.
Then, DV is normal and C
2
V = −
1
2 on the surface DV , which implies that M = | − KX | by
Lemma 0.2.6 and Theorem 0.2.9. 
Therefore, we may assume that the set CS(X, 1
n
M) consists of the point Q.
The exceptional divisor E of the birational morphism α contains a singular point Q1 that is
a quotient singularity of type 15(1, 1, 4). The set CS(U,
1
n
MU ) is not empty by Theorem 0.2.4.
Lemma 1.11.2. The set CS(U, 1
n
MU ) consists of the point Q1.
Proof. Suppose that the set CS(U, 1
n
MU ) contains a subvariety Z ⊂ U that is different from the
singular point Q1. Then, the subvariety Z is a curve with −KU ·Z =
1
5 by Lemma 0.2.7, which
is impossible by Lemma 0.2.3 because −K3U =
2
15 . 
Let G be the exceptional divisor of the birational morphism γ and Q3 be the singular point
of G. Then, Theorem 0.2.4, Lemmas 0.2.6, and 0.2.7 imply that MY ∼Q −nKY . Each member
in the pencil MY is contracted to a curve by the morphism η and CS(Y,
1
n
MY ) 6= ∅.
Lemma 1.11.3. The set CS(Y, 1
n
H) consists of the point Q3.
Proof. Suppose that the set CS(Y, 1
n
MY ) contains a subvariety Z of the variety Y that is different
from the point Q3. Let F be the exceptional divisor of the birational morphism β. The base
locus of the pencil MY does not contain curves contained in F since F is a section of η. Then,
Z is an irreducible curve such that the curve γ(Z) is a ruling of the cone F by Lemma 0.2.7.
Thus, we have −KW · γ(C) =
1
4 , which is impossible by Lemma 0.2.3. 
Let γ1 : Y1 → Y be the Kawamata blow up at the point Q3 with weights (1, 1, 2). Then,
the base locus of the pencil | −KY1 | consists of the curve CY1. Let DY1 be a general surface in
|−KY1|. Then, DY1 is normal and C
2
Y1
= −16 on the surfaceDY1 , which implies thatM = |−KX |
by Lemma 0.2.6 and Theorem 0.2.9.
Therefore, we have obtained
Proposition 1.11.4. The linear system | −KX | is the only Halphen pencil on X.
1.12. Cases ג = 29, 50, and 67.
Suppose that ג ∈ {29, 50, 67}. Then, the threefold X ⊂ P(1, 1, a2, a3, a4) always contains the
point O = (0 : 0 : 0 : 1 : 0). It is a singular point of X that is a quotient singularity of type
1
a3
(1, a2, a3 − a2).
We also have a commutative diagram as follows:
U
α

W
βoo
η

X
ψ
//______ P(1, 1, a2),
where
• ψ is the natural projection,
• α is the Kawamata blow up at the point O with weights (1, a2, a3 − a2),
• β is the Kawamata blow up with weights (1, a2, 1) at the point P of U that is a quotient
singularity of type 1
a3−a2
(1, a2, 1),
• η is an elliptic fibration.
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The exceptional divisor E of the birational morphism α contains two singular points P and
Q that are quotient singularity of types 1
a3−a2
(1, a2, 1) and
1
a2
(1, a2 − 1, 1), respectively. The
base locus of | − KX | consists of the irreducible curve C defined by x = y = 0. The base
curve of | − KU | consists of the proper transform CU and the unique irreducible curve L in
|OP(1,a2,a3−a2)(1)| on the surface E.
Lemma 1.12.1. If the set CS(U, 1
n
MU ) contains the point Q, then M = | −KX |.
Proof. Let π : Y → U be the Kawamata blow up at the point Q with weights (1, a2 − 1, 1)
and GQ be its exceptional divisor. Then, the base locus of the pencil | − KY | consists of the
irreducible curves CY and LY . Let D be a general surface in | −KX |. We then have

DY ∼Q
(
α ◦ π
)∗(
−KX
)
−
1
a3
π∗
(
E
)
−
1
a2
GQ,
SY ∼Q
(
α ◦ π
)∗(
−KX
)
−
1
a3
π∗
(
E
)
−
1
a2
GQ,
EY ∼Q π
∗
(
E
)
−
1
a2
GQ
and we also have SY ·DY = CY + LY and EY ·DY = LY . It then follows that

DY · LY = EY ·D
2
Y = EY ·K
2
Y = −
a3 + 1
a2(a3 − a2)(a2 − 1)
< 0,
DY · CY = (−KY )
3 −DY · LY
=
a4
a2a3
−
1
a2a3(a3 − a2)
−
1
a2(a2 − 1)
+
a3 + 1
a2(a3 − a2)(a2 − 1)
≤ 0.
The divisors −KU and −KX are nef and big. Moreover,

−KU · L = E ·K
2
U = E ·K
2
U =
1
a2(a3 − a2)
,
−KU · CU = SU ·D
2
U +KU · L = −K
3
U +KU · L =
1
a2a3
(
a4 −
1 + a3
a3 − a2
)
,
−KX · C = −K
3
X =
a4
a2a3
.
One can easily check that
λ :=
DY · LY
KU · L
> 0, µ :=
(DY · CY )(KU · L)− (DY · LY )(KU · CU )
(KX · C)(KU · L)
≥ 0.
Then, B = π∗(−λKU )+(α◦π)
∗(−µKX)+DY is a nef and big divisor with B ·LY = B ·CY = 0.
Therefore, B ·DY ·MY = 0, where MY is a general surface in MY , and henceM = | −KX | by
Theorem 0.2.9. 
The exceptional divisor F of the birational morphism β contains one singular point P1 of the
threefold W that is a quotient singularity of type 1
a2
(1, a2 − 1, 1).
Proposition 1.12.2. The linear system | −KX | is the only Halphen pencil on X.
Proof. By Lemma 0.3.11, if the set CS(X, 1
n
M) contains a singular point of X different from
the singular point O, then the identity M = | − KX | holds. Moreover, if it contains a curve,
then Corollary 0.3.8 implies M = | −KX |. Therefore, we may assume that
CS
(
X,
1
n
M
)
=
{
O
}
.
due to Theorem 0.2.4 and Lemma 0.3.3.
Furthermore, Lemma 0.2.7 implies that either CS(U, 1
n
MU ) = {P} or Q ∈ CS(U,
1
n
MU ). The
latter case implies M = | −KX | by Lemma 1.12.1. Suppose that the set CS(U,
1
n
MU ) consists
of the point P . Then, the set CS(W, 1
n
MW ) contains the point P1. Let σ : V → W be the
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Kawamata blow up at the point P1. Then, the base locus of the pencil | −KV | consists of the
irreducible curves CV and LV . Applying the same method as in Lemma 1.12.1, we obtain the
identity M = | −KX |. 
1.13. Cases ג = 34, 53, 70, and 88.
Suppose ג ∈ {34, 53, 70, 88}. Then, the hypersurface X has a singular point P of type
1
a2+1
(1, 1, a2).
We also have a commutative diagram as follows:
Y
pi
xxqqq
qq
qq
qq
qq
qq
η
((QQ
QQQ
QQQ
QQQ
QQQ
X
ψ
//_____________ P(1, 1, a2)
where
• ψ is the natural projection,
• π is the Kawamata blow up at the point P with weights (1, 1, a2),
• η is an elliptic fibration.
We may assume that the set CS(X, 1
n
M) consists of the point P by Lemmas 0.3.3, 0.3.11 and
Corollary 0.3.8.
Proposition 1.13.1. If ג ∈ {34, 53, 70, 88}, then the linear system | − KX | a unique Halphen
pencil.
Proof. The singularities of the log pair (Y, 1
n
MY ) are not terminal by Theorem 0.2.4. The
base locus of the pencil MY does not contain curves that are not contained in a fiber of the
elliptic fibration η. Hence, it follows from Lemma 0.2.7 that the set CS(Y, 1
n
MY ) contains the
singular point Q contained in the exceptional divisor of π, which is a quotient singularity of type
1
a2
(1, 1, a2 − 1) on Y .
Let α : U → Y be the Kawamata blow up at the point P with weights (1, 1, a2 − 1). Then,
the pencil | −KU | is the proper transform of the pencil | −KX |. Its base locus consists of the
irreducible curve CU . Moreover, −KU · CU = −K
3
U < 0 and MU ≡ −nKU . We then obtain
M = | −KX | from Theorem 0.2.9. 
1.14. Case ג = 36, hypersurface of degree 18 in P(1, 1, 4, 6, 7).
Let X be the hypersurface given by a general quasihomogeneous equation of degree 18 in
P(1, 1, 4, 6, 7) with −K3X =
3
28 . Then, the singularities of X consist of two singular points P and
Q that are quotient singularities of types 17 (1, 1, 6) and
1
4(1, 1, 3), respectively, and one point of
type 12(1, 1, 1).
There is a commutative diagram
UP
αP

V
βoo Y
γoo
η

X
ψ
//_____________ P(1, 1, 4)
where
• ψ is the natural projection,
• αP is the weighted blow up at the point P with weights (1, 1, 6),
• β is the Kawamata blow up with weights (1, 1, 5) at the singular point O1 of the variety
UP contained in the exceptional divisor of the birational morphism αP ,
• γ is the Kawamata blow up with weights (1, 1, 4) at the singular point O2 of the variety
V contained in the exceptional divisor of the birational morphism β,
42 IVAN CHELTSOV AND JIHUN PARK
• η is an elliptic fibration.
The hypersurface X can be given by the quasihomogeneous equation of degree 18
z3t+ z2f10(x, y, t, w) + zf14(x, y, t, w) + f18(x, y, t, w) = 0,
where fi is a quasihomogeneous polynomial of degree i. Let ξ : X 99K P
7 be the rational map
given by the linear system of divisors cut on the hypersurface X by the equations
µt+
6∑
i=0
λix
iy6−i = 0
, where (µ : λ0 : · · · : λ6) ∈ P
7. Then, we obtain another commutative diagram
W
βQ
~~||
||
||
|| βP
  B
BB
BB
BB
B
η1
--ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZ
UP
αP   B
BB
BB
BB
B
UQ
αQ~~||
||
||
||
P(1, 1, 6),
X
ξ
11ddddddddddddddddddddddd
where
• αP is the Kawamata blow up at the singular point P with weights (1, 1, 6),
• αQ is the Kawamata blow up at the singular point Q with weights (1, 1, 3),
• βP is the Kawamata blow up with weights (1, 1, 6) at the point P1 whose image to X is
the point P ,
• βQ is the Kawamata blow up with weights (1, 1, 3) at the point Q1 whose image to X is
the point Q,
• η1 is an elliptic fibration.
If it contains either the singular point of type 12(1, 1, 1) or a curve, then Lemma 0.3.11 and
Corollary 0.3.8 imply M = | −KX |. Therefore, we may also assume that
∅ 6= CS
(
X,
1
n
M
)
⊂
{
P,Q
}
.
The exceptional divisor EQ of the birational morphism αQ contains a unique singular point
O that is a quotient singularity of type 13(1, 1, 2).
Lemma 1.14.1. If the set CS(UQ,
1
n
MUQ) contains the point O, then M = | −KX |.
Proof. Let βO : UO → UQ be the Kawamata blow up at the point O with weights (1, 1, 2). Then,
the proper transform DUO of the pencil |−KX | by the birational morphism αQ◦βO has a unique
base curve CUO . Because a general surface in DUO is normal and the self-intersection of CUO on
a general surface in DUO is negative, we obtain M = | −KX |. 
Lemma 1.14.2. If CS(UQ,
1
n
MUQ) = {P1}, then M = | −KX |.
Proof. The proper transformMW must contain the singular point in the exceptional divisor FP
of the birational morphism βP that is a quotient singularity of type
1
6(1, 1, 5). Let σ1 :W1 →W
be the Kawamata blow up at the singular point with weights (1, 1, 5). Then, the proper transform
DW1 of the pencil | − KX | has a unique base curve CW1 . Because a general surface in DW1 is
normal and the self-intersection of CW1 on a general surface in DW1 is negative, we obtain
M = | −KX |. 
Meanwhile, the exceptional divisor EP of the birational morphism αP contains one singular
point O1 of type
1
6 (1, 1, 5).
Lemma 1.14.3. The set CS(UP ,
1
n
MUP ) cannot contain a curve.
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Proof. Because −K3UP =
1
12 and EP · K
2
UP
= 16 , the statement immediately follows from
Lemma 0.2.3. 
Therefore, we may assume that
CS
(
U1,
1
n
MU1
)
=
{
O1
}
.
By the same method of Lemma 1.14.3, we may assume that CS(V, 1
n
MV ) = {O2}, and hence
the set CS(Y, 1
n
MY ) must contain the singular point contained in the exceptional divisor of γ
that is a quotient singularity of type 14(1, 1, 3). By considering Kawamata blow up at this point
with weights (1, 1, 3) and the proper transform of the pencil | − KX |, one can easily conclude
the following:
Proposition 1.14.4. The linear system | −KX | is a unique Halphen pencil on X.
1.15. Cases ג = 47, 54, and 62.
We first consider the case ג = 47 which is more complicated than the other. The threefold X
is a general hypersurface of degree 21 in P(1, 1, 5, 7, 8) with −K3X =
3
40 . The singularities of X
consist of one point P that is a quotient singularity of type 15(1, 2, 3) and one point Q that is a
quotient singularity of type 18(1, 1, 7).
We have the following commutative diagram:
U
α

W
βoo Y
γoo
η

X
ψ
//_____________ P(1, 1, 5),
where
• ψ is the natural projection,
• α is the Kawamata blow up at the point Q with weights (1, 1, 7),
• β is the Kawamata blow up with weights (1, 1, 6) at the singular point of U that is a
quotient singularity of type 17(1, 1, 6),
• γ is the Kawamata blow up with weights (1, 1, 5) at the singular point of W that is a
quotient singularity of type 16(1, 1, 5),
• η is an elliptic fibration.
The hypersurface X can be given by the equation
w2z +
2∑
i=0
wzig13−5i(x, y, t) +
3∑
i=0
zig21−5i(x, y, t) = 0,
where gi(x, y, t) is a quasihomogeneous polynomial of degree i. The base locus of the pencil
| −KX | consists of the irreducible curve C cut out on X by the equations x = y = 0. Let D be
a general surface in | −KX |. Then, D is smooth at a generic point of C. Note that
CS
(
X, | −KX |
)
=
{
P,Q,C
}
.
If the set CS(X, 1
n
M) contains a curve, then the identity M = | −KX | holds due to Corol-
lary 0.3.8. Furthermore, by Lemma 0.3.3, we may assume that
CS
(
X,
1
n
M
)
⊆
{
P,Q
}
.
Lemma 1.15.1. The set CS(X, 1
n
M) contains the point Q.
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Proof. Suppose that the set CS(X, 1
n
M) does not contain Q. Then, CS(X, 1
n
M) = {P}, and
hence M 6= | −KX |.
Let αP : UP → X be the Kawamata blow up at the point P . The exceptional divisor of
EP ∼= P(1, 2, 3) contains two singular points P1 and P2 of the threefold UP that are quotient
singularities of types 12(1, 1, 1) and
1
3(1, 2, 1), respectively. For the convenience, let L be the
unique curve in the linear system |OP(1, 2, 3)(1)| on the surface EP .
If the log pair (UP ,
1
n
MUP ) is not terminal, then it is not terminal either at the point P1 or
at the point P2. In such cases, the proof of Lemma 1.12.1 leads us to the identityM = | −KX |,
which contradicts our assumption. Therefore, the log pair must be terminal.
The base locus of the pencil | −KUP | consists of the curve CUP and the irreducible curve L.
The inequalities −KUP · CUP < 0 and −KUP · L > 0 implies that the curve CUP is the only
curve on the variety UP that has negative intersection with the divisor −KUP . It follows from
[21] that the antiflip ζ1 : UP 99K U
′
P along the curve CUP exists. The divisor −KU ′P is nef. The
log pair (U ′P ,
1
n
MU ′
P
) is terminal because the log pair (UP ,
1
n
MUP ) is so. On the other hand,
the pull-backs of the rational functions 1, y
x
, zy
x6
, ty
x8
and yw
x9
induce a birational map χ1 of UP
onto a hypersurface X ′ of degree 24 in P(1, 1, 6, 8, 9), which implies that −KUP is big. Hence,
the divisor −KU ′
P
is big as well, which contradicts Theorem 0.2.4. 
The exceptional divisor E of the birational morphism α contains the singular point Q1 of the
threefold U that is a quotient singularity of type 17 (1, 1, 6). Lemmas 0.2.3 and 0.2.7 show that
the set CS(U, 1
n
MU ) does not contain any other subvariety of the surface E than the point Q1.
The pencil |−KU | is the proper transform of the pencil |−KX | and the base locus of |−KU |
consists of the curve CU .
Lemma 1.15.2. The set CS(U, 1
n
MU ) contains the point Q1.
Proof. Suppose that it does not contain the point Q1. Then, it follows from Theorem 0.2.4 and
Lemma 0.2.7 that the set CS(U, 1
n
MU ) consists of the point P¯ whose image to X is the point
P because the divisor −KU is nef and big.
Let βP : WP → U be the Kawamata blow up at the point P¯ with weights (1, 2, 3) and
FP ∼= P(1, 2, 3) be its exceptional divisor. The proof of Lemma 1.15.1 implies that the log pair
(WP ,
1
n
MWP ) is terminal.
The base locus of the pencil | −KWP | consists of the irreducible curve CWP and the unique
irreducible curve L¯ of the linear system |OP(1, 2, 3)(1)| on the surface FP . Hence, there is an
antiflip ζ2 : WP 99K W
′
P along the curve CWP , the divisor −KW ′P is nef, and the log pair
(W ′P ,
1
n
MW ′
P
) is terminal.
The pull-backs of the rational functions 1, y
x
, zy
x6
, ty
x8
and wzy
2
x15
induce a birational map χ2 :
WP 99K X
′′ such that X ′′ is a hypersurface of degree 30 in P(1, 1, 6, 8, 15). We have

SWP ∼Q (α ◦ βP )
∗(−KX)−
1
8
EWP −
1
5
FP ,
S
y
WP
∼Q (α ◦ βP )
∗(−KX)−
1
8
EWP −
6
5
FP ,
SzWP ∼Q (α ◦ βP )
∗(−5KX )−
13
8
EWP ,
StWP ∼Q (α ◦ βP )
∗(−7KX )−
7
8
EWP −
2
5
FP ,
SwWP ∼Q (α ◦ βP )
∗(−8KX )−
3
5
FP ,
which implies that X ′′ is the anticanonical model of W ′P . In particular, the divisor −KW ′P is
big, which is impossible by Theorem 0.2.4. 
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The exceptional divisor F of the birational morphism β contains a singular point Q2 of W
that is a quotient singularity of type 16 (1, 1, 5). The divisor −KW is nef and big, and hence the
set CS(W, 1
n
MW ) is not empty by Theorem 0.2.4.
Lemma 1.15.3. The set CS(W, 1
n
MW ) contains the point Q2.
Proof. Suppose that it does not contain the point Q2. Then, it follows from Theorem 0.2.4,
Lemmas 0.2.3, and 0.2.7 that the set CS(W, 1
n
MW ) consists of the point P˜ whose image to X
is the point P .
Let π : YP →W be the Kawamata blow up at the point P˜ and GP be its exceptional divisor.
Then, the proof of Lemma 1.15.1 shows that the log pair (YP ,
1
n
MYP ) is terminal.
We have 

SYP ∼Q (α ◦ β ◦ π)
∗(−KX)−
1
8
EYP −
1
4
FYP −
1
5
GP ,
S
y
YP
∼Q (α ◦ β ◦ π)
∗(−KX)−
1
8
EYP −
1
4
FYP −
6
5
GP ,
SzYP ∼Q (α ◦ β ◦ π)
∗(−5KX)−
13
8
EYP −
9
4
FYP ,
StYP ∼Q (α ◦ β ◦ π)
∗(−7KX)−
7
8
EYP −
3
4
FYP −
2
5
GP ,
SwYP ∼Q (α ◦ β ◦ π)
∗(−8KX)−
3
5
GP ,
which implies that the anticanonical model of YP is a hypersurface of degree 42 in P(1, 1, 6, 14, 21)
with canonical singularities because the pull-backs of the rational functions y
x
, zy
x6
, tzy
2
x14
and wz
2y3
x21
are contained in the linear systems |SYP |, |6SYP |, |14SYP | and |21SYP |, respectively. In particular,
the divisor −KYP is big.
The base locus of the linear system |−42KYP | consists of the curve CYP and −KYP ·CYP < 0.
Therefore, the existence of the antiflip ζ3 : YP 99K Y
′
P along the curve CYP follows from [21].
The divisor −KY ′
P
is nef and big. However, this contradicts Theorem 0.2.4 because the log pair
(Y ′P ,
1
n
MY ′
P
) is terminal. 
The set CS(Y, 1
n
MY ) is not empty. If it contains the singular point Q3 contained in the
exceptional divisor of γ, then it easily follows from Theorem 0.2.9 thatM = | −KX |. If the set
CS(Y, 1
n
MY ) does not contain the point Q3, then Lemmas 0.2.3 and 0.2.7 imply that the set
CS(Y, 1
n
MY ) consists of the point Pˆ whose image to X is the point P .
Let σ : V → Y be the Kawamata blow up at the point Pˆ . Then, the proof of Lemma 1.15.1
shows that the log pair (V, 1
n
MV ) is terminal. The proof of Lemma 1.15.3 implies that the
anticanonical model of V is the surface P(1, 1, 6). On the other hand, there is an antiflip
ζ : V 99K V ′ along the curve CV , which implies that the linear system | − rKV ′ | induces
a surjective morphism V ′ → P(1, 1, 6). However, it contradicts Theorem 0.2.4 because the
singularities of the log pair (V ′, 1
n
MV ′) are terminal.
Consequently, we have shown
Proposition 1.15.4. If ג = 47, then the linear system | −KX | is the only Halphen pencil on
X.
Next, we consider the case ג = 54. The variety X is a general hypersurface of degree 24 in
P(1, 1, 6, 8, 9) with −K3X =
1
18 . The singularities of X consist of one point that is a quotient
singularity of type 12(1, 1, 1), one point that is a quotient singularity of type
1
3(1, 1, 2), and a
point Q that is a quotient singularity of type 19(1, 1, 8).
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There is a commutative diagram
U
α

W
βoo Y
γoo
η

X
ψ
//_____________ P(1, 1, 6),
where
• ψ is the natural projection,
• α is the Kawamata blow up at the point Q with weights (1, 1, 8),
• β is the Kawamata blow up with weights (1, 1, 7) at the singular point of U that is a
quotient singularity of type 18(1, 1, 7),
• γ is the Kawamata blow up with weights (1, 1, 6) at the singular point of W that is a
quotient singularity of type 17(1, 1, 6),
• η is and elliptic fibration.
If the set CS(X, 1
n
M) contains either one of the singular points of types 12(1, 1, 1) and
1
3 (1, 1, 2)
or a curve, then we obtain M = | − KX | from Lemma 0.3.11 and Corollary 0.3.8. Therefore,
due to Lemma 0.3.3, we may assume that
CS
(
X,
1
n
M
)
=
{
Q
}
.
Proposition 1.15.5. If ג = 54, then the linear system | −KX | is the only Halphen pencil on
X.
Proof. Unlike the case ג = 47, the set CS(X, 1
n
M) does not contain any other point than the
pointQ, which makes our situation far simpler than the case ג = 47. In this case, Lemmas 1.15.1,
1.15.2, 1.15.3 are automatically satisfied, so that the proof of Proposition 1.15.4 proves this
statement. 
From now, we consider the case ג = 62. The variety X is a general hypersurface of degree 26
in P(1, 1, 5, 7, 13) with −K3X =
2
35 . It has two singular points. One is a quotient singularity P
of type 15(1, 2, 3) and the other is a quotient singularity Q of type
1
7(1, 1, 6).
There is a commutative diagram
U
α

Y
βoo
η

X
ψ
//______ P(1, 1, 5),
where
• ψ is the natural projection,
• α is the Kawamata blow up at the point Q with weights (1, 1, 6),
• β is the Kawamata blow up with weights (1, 1, 5) at the singular point of the variety U
that is a quotient singularity of type 16(1, 1, 5),
• η is an elliptic fibration.
If the set CS(X, 1
n
M) contains a curve, then M = | −KX | by Corollary 0.3.8. Therefore, we
may assume that
CS
(
X,
1
n
M
)
⊂
{
P,Q
}
by Lemma 0.3.3.
Lemma 1.15.6. The set CS(X, 1
n
M) contains the point Q.
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Proof. Suppose that the set CS(X, 1
n
M) does not contain the point Q. Then, it must consist
of the point P . Let αP : UP → X be the Kawamata blow up at the point P and let GP be its
exceptional divisor. Then, the proof is the same as that of Lemma 1.15.1. From the equivalences

α∗P
(
−KX
)
∼Q SUP +
1
5
GP ,
α∗P
(
−KX
)
∼Q S
y
UP
+
6
5
GP ,
α∗P
(
− 5KX
)
∼Q S
z
UP
,
α∗P
(
− 7KX
)
∼Q S
t
UP
+
2
5
GP ,
α∗P
(
− 13KX
)
∼Q S
w
UP
+
3
5
GP , .
we see that the pull-backs of the rational functions 1, y
x
, zy
x6
, ty
x8
and y
2w
x15
induce a birational map
of UP onto a hypersurface of degree 30 in P(1, 1, 6, 8, 15). 
The exceptional divisor E of the birational morphism α contains the singular point O of U
that is a quotient singularity of type 16(1, 1, 5).
Lemma 1.15.7. The set CS(U, 1
n
MU ) contains the point O.
Proof. Suppose that the set CS(U, 1
n
MU ) does not contain the point O. Then, it must contain
the point P¯ whose image to X is the point P . Let βP : WP → U be the Kawamata blow up at
the point P¯ with weights (1, 2, 3) and FP ∼= P(1, 2, 3) be its exceptional divisor. The proof of
Lemma 1.15.6 implies that the log pair (WP ,
1
n
MWP ) is terminal. We have

(α ◦ βP )
∗
(
−KX
)
∼Q SWP +
1
7
EWP +
1
5
FP ,
(α ◦ βP )
∗
(
−KX
)
∼Q S
y
WP
+
1
7
EWP +
6
5
FP ,
(α ◦ βP )
∗
(
− 5KX
)
∼Q S
z
WP
+
12
7
EWP ,
(α ◦ βP )
∗
(
− 7KX
)
∼Q S
t
WP
+
2
5
FP ,
(α ◦ βP )
∗
(
− 13KX
)
∼Q S
w
WP
+
6
7
EWP +
3
5
FP , .
The equivalences imply 

(α ◦ βP )
∗
(y
x
)
∈ |SWP |,
(α ◦ βP )
∗
(yz
x6
)
∈ |6SWP |,
(α ◦ βP )
∗
(yzt
x14
)
∈ |14SWP |,
(α ◦ βP )
∗
(y3zw
x21
)
∈ |21SWP |,
and hence the pull-backs of rational functions 1, y
x
, yz
x6
, yzt
x14
, and y
3zw
x21
induce a birational map
χ :WP 99K X
′ such that X ′ is a hypersurface in P(1, 1, 6, 14, 21). Therefore, the divisor −KWP
is big.
The base locus of the pencil | −KWP | consists of the irreducible curves CWP and L¯WP , where
L¯WP is the unique curve in the linear system |OP(1, 2, 3)(1)| on FP . It follows from [21] that there
is an antiflip ζ : WP 99K W
′
P along the curve CWP . The divisor −KW ′P is nef and big. The
singularities of the log pair (W ′P ,
1
n
MW ′
P
) are terminal because the rational map ζ is a log flop
with respect to the log pair (WP ,
1
n
MWP ), which contradicts Theorem 0.2.4. 
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Proposition 1.15.8. The linear system | −KX | is the only Halphen pencil on X.
Proof. Suppose that the set CS(Y, 1
n
MY ) contains the singular point contained in the exceptional
divisor F of the birational morphism β. Let γ1 : W → Y be the Kawamata blow up at this
point. Then, the pencil | − KW | is the proper transform of the pencil | −KX |. Its base locus
consists of the irreducible curve CW . Because MW ∼Q −nKW , the inequality −KW · CW < 0
implies that M = | −KX | by Theorem 0.2.9.
Now, we suppose that the set CS(Y, 1
n
MY ) consists of the point Pˆ whose image to X is the
point P . Let γ : V → Y be the Kawamata blow up at the point Pˆ with weights (1, 2, 3). Then,
the curve CV is the only curve that intersects with −KV negatively. The proof of Lemma 1.15.6
implies that the log pair (V, 1
n
MV ) is terminal. Therefore, there is an antiflip ζˆ : V 99K V
′ along
the curve CV . The log pair (V
′, 1
n
MV ′) is also terminal. However, for some positive integer
m, the linear system | − mKV ′ | induces an elliptic fibration onto P(1, 1, 6), which contradicts
Theorem 0.2.4. 
1.16. Case ג = 51, hypersurface of degree 22 in P(1, 1, 4, 6, 11).
The threefold X is a general hypersurface of degree 22 in P(1, 1, 4, 6, 11) with −K3X =
1
12 . The
singularities of X consist of one point that is a quotient singularity of type 12 (1, 1, 1), one point
P that is a quotient singularity of type 14 (1, 1, 3), and one point Q that is a quotient singularity
of type 16(1, 1, 5).
There is a commutative diagram
U
α

Y
βoo
η

X
ψ
//______ P(1, 1, 4),
where
• ψ is the natural projection,
• α is the Kawamata blow up at the point Q with weights (1, 1, 5),
• β is the Kawamata blow up with weights (1, 1, 4) at the singular point of the variety U
contained in the exceptional divisor of the birational morphism α,
• η is an elliptic fibration.
By the generality of the hypersurface X, it can be given by an equation of the form
z4t+ z3f10(x, y, t) + z
2f14(x, y, t, w) + zf18(x, y, t, w) + f22(x, y, t, w) = 0,
where fi is a quasihomogeneous polynomial of degree i. Let ξ : X 99K P
7 be the rational map
induced by the linear systems on the hypersurface X defined by the equations
µt+
6∑
i=0
λix
iy6−i = 0,
where (µ : λ0 : λ1 : λ2 : λ3 : λ4 : λ5 : λ6) ∈ P
7. Then, the closure of the image of the rational
map ξ is the surface P(1, 1, 6) and the normalization of a general fiber of ξ is an elliptic curve.
We also have the following commutative diagram:
W
γ
~~ ~
~~
~~
~~ η0
$$I
II
II
II
II
X
ξ
//_______ P(1, 1, 6),
where
• γ is the Kawamata blow up at the point P with weights (1, 1, 3),
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• η0 is an elliptic fibration.
If the set CS(X, 1
n
M) contains either the singular point of type 12 (1, 1, 1) or a curve, then
M = | − KX | by Lemma 0.3.11 and Corollary 0.3.8. Therefore, Lemma 0.3.3 enables us to
assume that CS(X, 1
n
M) ⊆ {P,Q}
Lemma 1.16.1. If CS(X, 1
n
M) = {P,Q}, then M = | −KX |.
Proof. Let π1 : V1 → W be the Kawamata blow up with weights (1, 1, 5) at the point whose
image to X is the point Q. Then, MV1 ∼Q −nKV1 by Lemma 0.2.6, the pencil | −KV1 | is the
proper transform of the pencil | −KX |, and the base locus of the pencil | −KV1 | consists of the
irreducible curve CV1 . Because −KV1 ·CV1 < 0, we obtainM = |−KX | from Theorem 0.2.9. 
Lemma 1.16.2. If CS(X, 1
n
M) = {P}, then M = | −KX |.
Proof. Let P1 be the singular point of W contained in the exceptional divisor of γ. Then,
P1 ∈ CS(W,
1
n
MW ) by Theorem 0.2.4, Lemmas 0.2.6, and 0.2.7.
Let π2 : V2 → W be the Kawamata blow up at the point P1. Then, MV2 ∼Q −nKV2
by Lemma 0.2.6, the pencil | −KV2 | is the proper transform of | −KX |, and the base locus of
|−KV2 | consists of the irreducible curve CV2. The inequality −KV2 ·CV2 < 0 impliesM = |−KX |
by Theorem 0.2.9. 
Proposition 1.16.3. The linear system | −KX | is the only pencil on X.
Proof. Due to the previous arguments, we may assume that CS(X, 1
n
M) = {Q}, which implies
thatMU ∼Q −nKU by Lemma 0.2.6. Hence, it follows from Theorem 0.2.4, Lemmas 0.2.7, and
0.2.3 that the set CS(U, 1
n
MU ) consists of the singular point of the threefold U that is contained
in the exceptional divisor of α because the divisor −KU is nef and big.
Let P2 be the singular point of Y contained in the exceptional divisor of the birational mor-
phism β and let π : V → Y be the Kawamata blow up at the point P2. Then, MV ∼Q −nKV
by Theorem 0.2.4, Lemmas 0.2.6, 0.2.7, and 0.2.3. On the other hand, the pencil | − KV | is
the proper transform of the pencil | −KX | and the base locus of the pencil | −KV | consists of
the irreducible curve CV . Due to Theorem 0.2.9, the inequality −KV · CV < 0 completes our
proof. 
1.17. Case ג = 82, hypersurface of degree 36 in P(1, 1, 5, 12, 18).
The threefold X is a general hypersurface of degree 36 in P(1, 1, 5, 12, 18) with −K3X =
1
30 .
Its singularities consist of two quotient singular points P and Q of types 15(1, 2, 3) and
1
6(1, 1, 5),
respectively. The hypersurface X can be given by the equation
z7y +
6∑
i=0
zif36−5i
(
x, y, z, t
)
= 0,
where fi is a quasihomogeneous polynomial of degree i.
There is a commutative diagram
U
α
 


 η
$$I
II
II
II
II
X
ψ
//_______ P(1, 1, 5),
where
• ψ is the natural projection,
• α is the Kawamata blow up of at the point Q with weights (1, 1, 5),
• η is an elliptic fibration.
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If the set CS(X, 1
n
M) contains a curve, then we obtain M = | − KX | from Corollary 0.3.8.
Therefore, we may assume that
∅ 6= CS
(
X,
1
n
M
)
⊆
{
P,Q
}
due to Lemma 0.3.3.
The exceptional divisor of the birational morphism α contains a singular point O of the
threefold U that is a quotient singularity of type 15(1, 1, 4).
Lemma 1.17.1. If the set CS(U, 1
n
MU ) contains the point O, then M = | −KX |.
Proof. Let αO : UO → U be the Kawamata blow up at the point O. Then, the pencil | −KUO |
is the proper transform of the pencil | − KX |. Its base locus consists of CUO . Furthermore,
−KUO · CUO < 0 and MUO ∼Q −nKUO . Therefore, Theorem 0.2.9 implies the statement. 
Therefore, if the set the set CS(X, 1
n
M) consists of the point Q, then M = | − KX |, and
hence we may assume that P ∈ CS(X, 1
n
M).
Let π : W → X be the Kawamata blow up at the point P with weights (1, 2, 3) and E ∼=
P(1, 2, 3) be its exceptional divisor. Then, the exceptional divisor E contains two singular points
P1 and P2 that are quotient singularities of the threefold W of types
1
2(1, 1, 1) and
1
3(1, 2, 1),
respectively. Let L be the unique curve of the linear system |OP(1, 2, 3)(1)| on the surface E.
The linear system | − KW | is the proper transform of | − KX | and its base locus consists
of the irreducible curves LW and CW . The divisor −KW is not nef because −KW · CW < 0.
The curve CW is the only curve that has negative intersection with the divisor −KW because
−KW · LW > 0.
Let D be the proper transform of the linear system on the threefold X that is cut by
h21
(
x, y
)
+ zyh15
(
x, y
)
+ zty3h1
(
x, y
)
+ z2y2h9
(
x, y
)
+
+z3y3h3
(
x, y
)
+ ty2h7
(
x, y
)
+ h0wy
3 = 0
where hi is a homogeneous polynomial of degree i. Then, D ∼Q −21KW but D induces a bi-
rational map γ : W 99K X ′ such that X ′ is a hypersurface of degree 42 in P(1, 1, 6, 14, 21) with
canonical singularities (see the proof of Theorem 5.5.1 in [7]).
There is an antiflip ξ : W 99K W ′ along the curve LW . The divisor −KW ′ is nef and big
and the linear system | −mKW ′ | induced a birational morphism β :W
′ → X ′ for some natural
number m≫ 0. Therefore, we have a commutative diagram
W
ξ //__________________
pi
xxppp
ppp
pp
pp
ppp γ
--ZZZZ
ZZZZ
ZZZZ
ZZZZ
ZZZZ
ZZZZ
ZZ W ′
β
''OO
OOO
OOO
OOO
OO
X
ω //_________________________________ s
&&MM
MM
MM
MM
MM
M X ′jJ
xxppp
pp
pp
pp
pp
P
(
1, 1, 5, 12, 18
) (x, y, zy, ty2, wy3)
//____________ P
(
1, 1, 6, 14, 21
)
,
where ω is the rational map induced by the linear system π(D).
Lemma 1.17.2. The log pair (W, 1
n
MW ) is not terminal.
Proof. Suppose that the log pair (W, 1
n
MW ) is terminal. Then, the log pair (W,λMW ) is
terminal for some rational number λ > 1
n
. We have MW ′ ∼Q −nKW ′, but ξ is a log flip
for (W,λMW ). Therefore, the singularities of the log pair (W
′, 1
n
MW ′) are terminal, which
contradicts Theorem 0.2.4. 
Lemma 1.17.3. If the set CS(W, 1
n
MW ) contains the point Pi, then M = | −KX |.
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Proof. Let αi : Vi → W be the Kawamata blow up at the point Pi with weights (1, i, 1) and
F be the exceptional divisor of the birational morphism αi. The pencil | − KVi | is the proper
transform of the pencil | −KX |. Its base locus of the pencil | −KVi | consists of two irreducible
curves CVi and LVi .
On a general surface D in | −KVi |, we have
C2Vi = −
7
6
, L2V1 = −
4
3
, L2V2 = −1, CVi · LVi = 1.
The surface D is normal and the intersection form of the curves CVi and LVi on the surface D
is negative-definite. On the other hand, we have
MVi
∣∣∣
D
≡ −nKVi
∣∣∣
D
≡ nCVi + nLVi .
Therefore, M = | −KX | by Theorem 0.2.9. 
From now, we may assume that CS(X, 1
n
M) = {P,Q}.
Let Q¯ be the point of the threefold W such that π(Q¯) = Q. Then,
CS
(
W,
1
n
MW
)
=
{
Q¯
}
by Lemmas 1.17.2, 1.17.3, and 0.2.7.
Let γ : V → W be the blow up of Q¯ with weights (1, 1, 5) and F be its exceptional divisor.
Then, the base locus of the pencil | −KV | consists of two irreducible curves CV and LV .
The arguments used in the proof of Lemma 1.17.3 together with Lemma 0.2.7 imply that
either the singularities of the log pair (V, 1
n
MV ) are terminal orM = | −KX |. We may assume
that the log pair (V, 1
n
MV ) is terminal, which implies that the log pair (V, λMV ) is still terminal
for some rational number λ > 1
n
.
Let L be the proper transform on the threefold V of the linear system
µ0x
6 + µ1y
6 + µ2yz = 0,
where (µ0 : µ1 : µ2) ∈ P
2. Then, L ∼Q −6KV and the base locus of the linear system L consists
of the curve CV . So, the curve CV is the only curve having negative intersection with −KV .
The linear system L induces a rational map υ : V 99K P(1, 1, 6) whose general fiber is an
elliptic curve. Moreover, it follows from [21] that there is a log flip χ : V 99K V ′ along the curve
CV with respect to the log pair (V, λMV ). The log pair (V
′, 1
n
χ(MV )) is terminal and
χ
(
MV
)
≡ −nKV ′ ,
which implies that −KV ′ is nef. Therefore, it follows from Theorem 3.1.1 in [14] that the linear
system | −mKV ′ | is base-point-free for some natural number m≫ 0. However, the equivalence
χ(L) ≡ −6KV ′ implies that the linear system | − mKV ′ | induces an elliptic fibration, which
contradicts Theorem 0.2.4.
Consequently, we have proved
Proposition 1.17.4. The linear system | −KX | is a unique Halphen pencil on X.
52 IVAN CHELTSOV AND JIHUN PARK
Part 2. Fano threefold hypersurfaces with a single Halphen pencil.
2.1. Case ג = 19, hypersurface of degree 12 in P(1, 2, 3, 3, 4).
The threefold X is a general hypersurface of degree 12 in P(1, 2, 3, 3, 4) with −K3X =
1
6 . It
has seven singular points. Four points P1, P2, P3, P4 of them are quotient singularities of type
1
3(1, 2, 1) and the others are quotient singularities of type
1
2(1, 1, 1).
For each point Pi, we have the following diagram:
Yi
pii
 


 ηi
$$H
HH
HH
HH
HH
H
X
ψi
//_______ P(1, 2, 3),
where
• ψi is a projection,
• πi is the Kawamata blow up at the point Pi with weights (1, 2, 1),
• ηi is an elliptic fibration.
It follows from Corollary 0.3.7 and Lemmas 0.3.3, 0.3.10 that
CS
(
X,
1
n
M
)
⊆
{
P1, P2, P3, P4
}
.
Lemma 2.1.1. The set CS(X, 1
n
M) cannot consist of a single point.
Proof. Suppose that it contains only the point Pi. Then, the set CS(Yi,
1
n
MYi) must contain
the singular point Oi contained in the exceptional divisor Ei of the birational morphism πi. Let
αi : Vi → Yi be the Kawamata blow up at the point Oi. We consider the linear system D on X
defined by the equations
λ0x
4 + λ1x
2y + λ2w = 0,
where (λ0 : λ1 : λ2) ∈ P
2. The base locus of the linear system DVi consists of the irreducible
curve CˆVi whose image to X is the base curve of D. A general surface Di in DVi is normal
and Cˆ2Vi = −
1
6 on the surface Di, which implies M = D. It is a contradiction since D is not a
pencil. 
Proposition 2.1.2. The linear system | − 2KX | is the only Halphen pencil on X.
Proof. Suppose that the set CS(X, 1
n
M) contains the points Pi and Pj , where i 6= j. Then,
the set CS(Yi,
1
n
MYi) must contain the singular point Qj whose image to X is the point Pj .
Let βj : Wj → Yi be the Kawamata blow up at the point Qj . Then, we see that the linear
system | − 2KWj | is the proper transform of the pencil | − 2KX |. The base locus of the pencil
| − 2KWj | consists of the irreducible curve CWj whose image to X is the base curve of | − 2KX |.
A general surface D in | − 2KWj | is normal and C
2
Wj
= −13 on the surface D, which implies
MWj = | − 2KWj |. Therefore, M = | − 2KX |. 
2.2. Cases ג = 23 and 44.
For the case ג = 23, let X be a general hypersurface of degree 14 in P(1, 2, 3, 4, 5) with
−K3X =
7
60 . It has three quotient singularities of type
1
2(1, 1, 1), one quotient singularity of type
1
3(1, 2, 1), one quotient singularity P of type
1
5(1, 2, 3), and one quotient singularity Q of type
1
4(1, 3, 1).
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We have the following elliptic fibration:
W
βQ
~~||
||
||
|| βP
  B
BB
BB
BB
B
η
--ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZ
UP
αP   B
BB
BB
BB
B
UQ
αQ~~||
||
||
||
P(1, 2, 3),
X
ψ
11ddddddddddddddddddddddd
where
• ψ is the natural projection,
• αP is the Kawamata blow up at the point P with weights (1, 2, 3),
• αQ is the Kawamata blow up at the point Q with weights (1, 3, 1),
• βQ is the Kawamata blow up with weights (1, 3, 1) at the point whose image to X is the
point Q,
• βP is the Kawamata blow up with weights (1, 2, 3) at the point whose image to X is the
point P ,
• η is an elliptic fibration.
Because we mainly consider the pencil | − 2KX |, we let D be a general surface in | − 2KX |.
It follows from Corollary 0.3.8 and Lemmas 0.3.3, 0.3.10, and 0.3.11 that we may assume that
CS(X, 1
n
M) ⊂ {P,Q}.
Lemma 2.2.1. If the log pair (X, 1
n
M) is terminal at the point P , then M = | − 2KX |.
Proof. Suppose that the log pair (X, 1
n
M) is terminal at the point P . Then, the set
CS(UQ,
1
n
MUQ) contains the quotient singular point Q1 of type
1
2(1, 1, 1) on UQ contained in
the exceptional divisor E of αQ. Let γQ : WQ → UQ be the Kawamata blow up at the singular
point Q1 with weights (1, 1, 1).
Then, |−2KWQ | is the proper transform of the pencil |−2KX | and the base locus of the pencil
|−2KWQ | consists of the irreducible curve CWQ . We can easily check DWQ ·CWQ = −4K
3
WQ
< 0.
Hence, we have M = | − 2KX | by Theorem 0.2.9 since MWQ ∼Q −nKWQ by Lemma 0.2.6. 
Therefore, we may assume that the set CS(X, 1
n
M) contains the point P . Let F be the
exceptional divisor of the birational morphism αP . Then, it contains two singular points O1 and
P1 of types
1
2(1, 1, 1) and
1
3(1, 2, 1), respectively.
Lemma 2.2.2. The set CS(UP ,
1
n
MUP ) cannot contain the point O1.
Proof. Suppose that the set CS(UP ,
1
n
MUP ) contains the point O1. Let γP : WP → UP be the
Kawamata blow up at the point O1 with weights (1, 1, 1). Let G1 be the exceptional divisor of
the birational morphism γP . Then, we have
MWP ∼Q −nKWP ∼Q γ
∗
P (−nKUP )−
n
2
G1.
Let B be the proper transform of the linear system |−3KX | by the birational morphism αP ◦γP .
We then see that B ∼Q γ
∗
P (−3KUP )−
1
2G1. The base curve of B consists of the proper transform
CWP . Furthermore, B · CWP =
1
12 , where B is a general surface in B. However, we obtain a
contradictory inequalities
−
n2
4
= (γ∗P (−3KUP )−
1
2
G1) · (γ
∗
P (−nKUP )−
n
2
G1)
2
= (γ∗P (−3KUP )−
1
2
G1) ·M1 ·M2 ≥ 0,
where M1 and M2 are general surfaces in MWP . 
Lemma 2.2.3. If the set CS(UP ,
1
n
MUP ) contains the point P1, then M = | − 2KX |.
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Proof. The proof of Lemma 2.2.1 implies the statement. 
Proposition 2.2.4. If ג = 23, then the linear system | − 2KX | is a unique Halphen pencil on
X.
Proof. By the previous arguments, we may assume that the set CS(UP ,
1
n
MUP ) consists of the
single point O such that αP (O) = Q. The set CS(W,
1
n
MW ) must contain the singular point
in the exceptional divisor of the birational morphism βQ. Then, the proof of Lemma 2.2.1
completes the proof. 
From now on, we consider the case ג = 44. The threefold X is a general hypersurface of
degree 20 in P(1, 2, 5, 6, 7) with −K3X =
1
21 . The singularities of the hypersurface X consist of
three quotient singular point of type 12 (1, 1, 1), one quotient singular point P of type
1
7(1, 2, 5),
and one quotient singular point Q of type 16(1, 5, 1).
We have the following elliptic fibration:
W
βQ
~~||
||
||
|| βP
  B
BB
BB
BB
B
η
--ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZ
UP
αP   B
BB
BB
BB
B
UQ
αQ~~||
||
||
||
P(1, 2, 5),
X
ψ
11ddddddddddddddddddddddd
where
• ψ is the natural projection,
• αP is the Kawamata blow up at the point P with weights (1, 2, 5),
• αQ is the Kawamata blow up at the point Q with weights (1, 5, 1),
• βQ is the Kawamata blow up with weights (1, 5, 1) at the point whose image to X is the
point Q,
• βP is the Kawamata blow up with weights (1, 2, 5) at the point whose image to X is the
point P ,
• η is an elliptic fibration.
The hypersurface X can be given by the quasihomogeneous equation of degree 20 as follows:
w2t+ wf13(x, y, z, t) + f20(x, y, z, t) = 0,
where fi is a quasihomogeneous polynomial of degree i. Consider the linear subsystem of the
linear system | − 6KX | defined by equations
λ0t+ λ1y
3 + λ2y
2x2 + λ3yx
4 + λ4x
6 = 0,
where (λ0 : λ1 : λ2 : λ3 : λ4) ∈ P
4. It gives us a rational map ξ : X 99K P4 that is defined in the
outside of the point P . The closure of the image of the rational map ξ is the surface P(1, 1, 3),
which can be identified with a cone over a smooth rational curve of degree 3 in P3. Moreover,
the normalization of a general fiber of the rational map ξ is an elliptic curve. Therefore, we have
another elliptic fibration as follows:
UP
αP

Y
γoo
η0

X
ξ
//______ P(1, 1, 3),
where
• γ is the Kawamata blow up with weights (1, 2, 3) at the singular point of UP that is a
quotient singularity of type 15(1, 2, 3) contained in the exceptional divisor of αP ,
• η0 is an elliptic fibration.
HALPHEN PENCILS ON WEIGHTED FANO THREEFOLD HYPERSURFACES 55
It follows from Lemmas 0.3.3 and 0.3.10 that the set CS(X, 1
n
M) ⊆ {P,Q}.
The only different part from the proof for the case ג = 23 is Lemma 2.2.3. Therefore, it
is enough to show that if the set CS(UP ,
1
n
MUP ) contains the quotient singularity P1 of type
1
5(1, 2, 3) contained in the exceptional divisor of αP , then M = | − 2KX |. Suppose that the set
contains the point P1. Then, the set CS(Y,
1
n
MY ) contains a singular point. The exceptional
divisor F of the birational morphism γ contains two singular points P ′1 and P
′
2 of Y that are
quotient singularities of types 12(1, 1, 1) and
1
3(1, 2, 1).
By Lemma 2.2.1, we may assume that the set CS(Y, 1
n
MY ) ⊂ {P
′
1, P
′
2}.
Lemma 2.2.5. The set CS(Y, 1
n
MY ) cannot contain the point P
′
1.
Proof. Suppose that the set CS(Y, 1
n
MY ) contains the point P
′
1. Then, we consider the Kawa-
mata blow up σ1 : Y1 → Y at the point P
′
1 with weights (1, 1, 1). Let T be the linear subsystem
of the linear system | − 6KX | defined by the equations
λ0t+ λ1x
6 + λ2x
4y + λ3x
2y2 = 0,
where (λ0 : λ1 : λ2 : λ3) ∈ P
3. Then, for a general surface T in the linear system T , we have
TY1 ∼Q (αP ◦ γ ◦ σ1)
∗(−6KX)−
6
7
(γ ◦ σ1)
∗(E)−
6
5
σ∗1(F )−G,
where E and G are the exceptional divisors of the birational morphisms αP and σ1, respectively.
In addition, we see
FY1 ∼Q (γ ◦ σ1)
∗(E) −
3
5
σ∗1(F )−
1
2
G.
Let L be the unique curve in the linear system |OP(1,2,5)(1)| on the surface E. The base locus
of the proper transform TY1 contains the irreducible curve C˜Y1 and the irreducible curve LY1
such that
TY1 · SY1 = C˜Y1 + LY1, TY1 · EY1 = 2LY1 .
The surface TY1 is normal and
C˜2Y1 = L
2
Y1
= −
7
4
, C˜Y1 · LY1 =
5
4
on the surface TY1. The intersection form of the curves C˜Y1 and LY1 is negative-definite on the
surface TY1. Because MY1 |TY1 ≡ nSY1|TY1 ≡ nC˜Y1 + nLY1, we obtain an contradictory identity
M = T from Theorem 0.2.9. 
Proposition 2.2.6. If ג = 44, then the linear system | − 2KX | is a unique Halphen pencil on
X.
Proof. By Lemma 2.2.5, we may assume that the set CS(Y, 1
n
MY ) contains the point P
′
2. Let
σ2 : Y2 → Y be the Kawamata blow up at the point P
′
2. Then, the pencil |− 2KY2 | is the proper
transform of the pencil | − 2KX | and its base locus consists of the irreducible curve CY2. We
can easily check −KY2 · CY2 = −2K
3
Y2
< 0 . Hence, we obtain the identity M = | − 2KX | from
Theorem 0.2.9 because MY2 ∼Q −nKY2 by Lemma 0.2.6. 
2.3. Cases ג = 27, 42, and 68.
The aim of this section is to prove the following:
Proposition 2.3.1. If ג = 27, 42, or 68, then the linear system | − a1KX | is a unique Halphen
pencil on X.
We first consider the case ג = 68. Let X be the hypersurface given by a general quasihomoge-
neous equation of degree 28 in P(1, 3, 4, 7, 14) with −K3X =
1
42 . The singularities consist of two
quotient singular points P and Q of type 17(1, 3, 4), one point of type
1
3 (1, 1, 2), and one point
of type 12(1, 1, 1).
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We have a commutative diagram
V
σQ
~~}}
}}
}}
}} σP
  A
AA
AA
AA
A
η
--ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZ
YP
piP   A
AA
AA
AA
A
YQ
piQ~~}}
}}
}}
}}
P(1, 3, 4),
X
ψ
22ddddddddddddddddddddddd
where
• ψ is the natural projection,
• πP is the Kawamata blow up at the point P with weights (1, 3, 4),
• πQ is the Kawamata blow up at the point Q with weights (1, 3, 4),
• σQ is the Kawamata blow up with weights (1, 3, 4) at the point Q1 whose image by the
birational morphism πP is the point Q,
• σP is the Kawamata blow up with weights (1, 3, 4) at the point P1 whose image by the
birational morphism πQ is the point P ,
• η is an elliptic fibration.
The set CS(X, 1
n
M) is nonempty by Theorem 0.2.4. We may also assume that
CS
(
X,
1
n
M
)
⊂
{
P,Q
}
due to Lemma 0.3.3 and Corollary 0.3.7. Suppose that the set CS(X, 1
n
M) contains the point
P . The exceptional divisor E ∼= P(1, 3, 4) of the birational morphism πP contains two quotient
singular points O1 and O2 of types
1
4 (1, 3, 1) and
1
3 (1, 2, 1), respectively.
Lemma 2.3.2. The set CS(YP ,
1
n
MYP ) cannot contain the point O2.
Proof. Suppose so. We then consider the Kawamata blow up α : U → YP at the point O2 with
weights (1, 2, 1). Let D be the proper transform of the linear system | − 4KX | on X by the
birational morphism πP ◦ α. Its base locus consists of the irreducible curve C¯U . For a general
surface DU in D, we have
DU ∼Q (πP ◦ α)
∗(−4KX)−
4
7
α∗(E)−
1
3
F,
where F is the exceptional divisor of α. The surface DU is normal. We also have
SU ∼Q (π ◦ σ)
∗(−KX)−
1
7
α∗(E)−
1
3
F
and SU · DU = C¯U . On the normal surface DU , the curve C¯U has negative self-intersection
number C¯2U = −
5
42 . However, we have
MU
∣∣∣
DU
≡ −nKU
∣∣∣
DU
≡ nC¯U .
Therefore, Theorem 0.2.9 impliesM = |−4KX |. It is a contradiction because the linear system
| − 4KX | is not a pencil. 
Lemma 2.3.3. If the set CS(YP ,
1
n
MYP ) contains the point O1, then M = | − 3KX |.
Proof. Let β : W → YP be the Kawamata blow up at the point O1 with weights (1, 3, 1). We
consider the proper transform P of the pencil |−3KX | by the birational morphism πP ◦β. Its base
locus consists of the irreducible curve CW . Because the curve CW has negative self-intersection
on a general surface in P and a general surface in P is normal, we can obtain M = | − 3KX |
from Theorem 0.2.9. 
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Therefore, we may assume that the set CS(YP ,
1
n
MYP ) consists of the single point Q1. The
exceptional divisor of σQ contains two singular points Q2 and Q3 of types
1
4 (1, 3, 1) and
1
3(1, 2, 1),
respectively. Then, the set CS(V, 1
n
MV ) is nonempty. Furthermore, it must contain either the
point Q2 or the point Q3. However, the proof of Lemma 2.3.2 shows it cannot contain the point
Q3. Also, Lemma 2.3.3 shows thatM = |− 3KX | if the set CS(V,
1
n
MV ) contains the point Q2.
Following the same way, we can also conclude that M = | − 3KX | if the set CS(X,
1
n
M)
contains the point Q.
In the case ג = 42, the hypersurface X is given by a general quasihomogeneous equation of
degree 20 in P(1, 2, 3, 5, 10) with −K3X =
1
15 . The singularities consist of two quotient singular
points P and Q of type 15(1, 2, 3), one point of type
1
3 (1, 2, 1), and two points of type
1
2(1, 1, 1).
We have a commutative diagram
V
σQ
~~}}
}}
}}
}} σP
  A
AA
AA
AA
A
η
--ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZ
YP
piP   A
AA
AA
AA
A
YQ
piQ~~}}
}}
}}
}}
P(1, 2, 3),
X
ψ
22ddddddddddddddddddddddd
where
• ψ is the natural projection,
• πP is the Kawamata blow up at the point P with weights (1, 2, 3),
• πQ is the Kawamata blow up at Q with weights (1, 2, 3),
• σQ is the Kawamata blow up with weights (1, 2, 3) at the point Q1 whose image by the
birational morphism πP is the point Q,
• σP is the Kawamata blow up with weights (1, 2, 3) at the point P1 whose image by the
birational morphism πQ is the point P ,
• η is an elliptic fibration.
Using the exactly same method as in the case ג = 68, one can show that M = | − 2KX |.
From now, we consider the case ג = 27. Let X be the hypersurface given by a general
quasihomogeneous equation of degree 15 in P(1, 2, 3, 5, 5) with −K3X =
1
10 . The singularities
consist of three quotient singular points P1, P2, and P3 of type
1
5(1, 2, 3) and one point of type
1
2(1, 1, 1).
And we have a commutative diagram
Y
pi
 


 η
$$I
II
II
II
II
X
ψ
//_______ P(1, 2, 3),
where
• ψ is the natural projection,
• π is the Kawamata blow ups at the points P1, P2 and P3 with weights (1, 2, 3),
• η is an elliptic fibration.
Even though three singular points are involved in this case, the same method as in the previous
cases can be applied to obtain M = | − 2KX |.
2.4. Case ג = 32, hypersurface of degree 16 in P(1, 2, 3, 4, 7).
The hypersurface X is given by a general quasihomogeneous polynomial of degree 16 in
P(1, 2, 3, 4, 7) with −K3X =
2
21 . The singularities of the threefold X consist of four quotient
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singular points of type 12(1, 1, 1), one quotient singular point of type
1
3 (1, 2, 1), and one quotient
singular point P of type 17(1, 3, 4). There is a commutative diagram
U
α

Y
βoo
η

X
ψ
//______ P(1, 2, 3),
where
• ψ is the natural projection,
• α is the Kawamata blow up at the point P with weights (1, 3, 4),
• β is the Kawamata blow up with weights (1, 1, 3) at the singular point Q of the variety
U that is a quotient singularity of type 14(1, 1, 3) contained in the exceptional divisor of
α,
• η is an elliptic fibration.
The hypersurface X can be given by the quasihomogeneous equation
w2y + wf9
(
x, y, z, t
)
+ f16
(
x, y, z, t
)
= 0
where f9 and f16 are quasihomogeneous polynomials of degrees 9 and 16, respectively. Let D
be a general surface in | − 2KX |. It is cut out on the threefold X by the equation
λx2 + µy = 0,
where (λ : µ) ∈ P1. The surface D is irreducible and normal. The base locus of the pencil
| − 2KX | consists of the curve C, which implies that C = D · S.
If the set CS(X, 1
n
M) contains the singular point of type 13(1, 2, 1), we obtain M = | − 2KX |
from Lemma 0.3.11. It then follows from Corollary 0.3.7 and Lemma 0.3.3 that
CS
(
X,
1
n
M
)
=
{
P
}
.
Furthermore, the set CS(U, 1
n
MU ) is not empty by Theorem 0.2.4 because −KU is nef and big.
The exceptional divisor E ∼= P(1, 3, 4) of the birational morphism α contains two singular
points O and Q that are quotient singularities of types 13(1, 1, 2) and
1
4(1, 1, 3), respectively. Let
L be the unique curve contained in the linear system |OP(1, 3, 4)(1)| on the surface E. Let F be
the exceptional divisor of β. It contains a singular point Q1 that is quotient singularity of type
1
3(1, 1, 2).
Then, it follows from Lemma 0.2.7 that either Q ∈ CS(U, 1
n
MU ) or CS(U,
1
n
MU ) = {O}.
Lemma 2.4.1. If the set CS(U, 1
n
MU ) consists of the point Q, then M = | − 2KX |.
Proof. It follows from Lemma 0.2.6 that MY ∼Q −nKY , which implies that every surface in
the pencil MY is contracted to a curve by the morphism η and the set CS(Y,
1
n
MY ) contains
the point Q1.
Let π : V → Y be the Kawamata blow up at the point Q1 with weights (1, 1, 2). Then, the
transform DV is normal but the base locus of the pencil | − 2KV | consists of the irreducible
curves CV and LV .
The intersection form of the curves CV and LV on the surface DV is negative-definite because
the curves CV and LV are components of a fiber of the elliptic fibration η ◦ π|DV that contains
three irreducible components. On the other hand, we have
MV
∣∣∣
DV
≡ −nKV
∣∣∣
DV
≡ nCV + nLV .
Therefore, it follows from Theorem 0.2.9 that M = | − 2KX |. 
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From now on, we may assume that the set CS(U, 1
n
MU ) contains the point O due to
Lemma 0.2.7. Let γ : W → U be the Kawamata blow up at the point O with weights (1, 1, 2)
and G be the exceptional divisor of the birational morphism γ. Then, the surface G ∼= P(1, 1, 2)
and
MW ∼Q −nKW ∼Q γ
∗(−nKU )−
n
3
G ∼Q (α ◦ γ)
∗(−nKX)−
n
7
γ∗(E)−
n
3
G.
In a neighborhood of the point P , the monomials x, z, and t can be considered as weighted
local coordinates on X such that wt(x) = 1, wt(z) = 3, and wt(z) = 4. Then, in a neighborhood
of the singular point P , the surface D can be given by equation
λx2+µ
(
ǫ1x
9+ ǫ2zx
6+ ǫ3z
2x3+ ǫ4z
3+ ǫ5t
2x+ ǫ6tx
5+ ǫ7tzx
2+ h16(x, z, t) +higher terms
)
= 0,
where ǫi ∈ C and h16 is a quasihomogeneous polynomial of degree 16. In a neighborhood of the
singular point O, the birational morphism α can be given by the equations
x = x˜z˜
1
7 , z = z˜
3
7 , t = t˜z˜
4
7 ,
where x˜, y˜, and z˜ are weighted local coordinates on the variety U in a neighborhood of the
singular point O such that wt(x˜) = 1, wt(z˜) = 2, and wt(t˜) = 1.
In a neighborhood of the point O, the surface E is given by z˜ = 0, the surface DU is given by
λx˜2 + µ
(
ǫ1x˜
9z˜ + ǫ2z˜x˜
6 + ǫ3z˜x˜
3 + ǫ4z˜ + ǫ5t˜
2x˜z˜ + ǫ6t˜x˜
5z˜ + ǫ7t˜z˜x˜
2 + higher terms
)
= 0,
and the surface SU is given by the equation x˜ = 0.
In a neighborhood of the singular point of G, the birational morphism γ can be given by
x˜ = x¯z¯
1
3 , z˜ = z¯
2
3 , t˜ = t¯z¯
1
3 ,
where x¯, z¯ and t¯ are weighted local coordinates on the variety W in a neighborhood of the
singular point of G such that wt(x¯) = wt(z¯) = wt(t¯) = 1. The surface G is given by the
equation z¯ = 0, the proper transform DW is given by
λx¯2 + µ
(
ǫ1x¯
9z¯3 + ǫ2z¯
2x¯6 + ǫ3z¯x¯
3 + ǫ4 + ǫ5t¯
2x¯z¯ + ǫ6t¯x¯
5z¯2 + ǫ7t¯z¯x¯
2 + higher terms
)
= 0,
the proper transform SW is given by the equation x¯ = 0, and the proper transform EW is given
by the equation z¯ = 0.
Let P be the proper transforms on the variety W of the pencil | − 2KX |. The curves CW and
LW are contained in the base locus of the pencil P. Moreover, easy calculations show that the
base locus of the pencil P does not contain any other curve than CW and LW . We also have

EW ∼Q γ
∗
(
E
)
−
2
3
F,
DW ∼Q
(
α ◦ γ
)∗(
− 2KX
)
−
2
7
γ∗
(
E
)
−
2
3
G,
SW ∼Q
(
α ◦ γ
)∗(
−KX
)
−
1
7
γ∗
(
E
)
−
1
3
G,
Also, we have CW + LW = SW ·DW and 2LW = DW ·EW .
The curves CW and LW can be considered as irreducible effective divisors on the normal
surface DW . Then, it follows from the equivalences above that
L2W = −
5
8
, C2W = −
7
24
, CW · LW =
3
8
,
which implies that the intersection form of CW and LW on DW is negative-definite. Let M be
a general surface of the linear system MW . Then,
M
∣∣∣
DW
≡ −nKW
∣∣∣
DW
≡ nSW
∣∣∣
DW
≡ nCW + nLW ,
which implies that M = | − 2KX | by Theorem 0.2.9.
Consequently, we have proved
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Proposition 2.4.2. The linear system | − 2KX | is the only Halphen pencil on X.
2.5. Cases ג = 33 and 38
For the case ג = 38, let X be the hypersurface given by a general quasihomogeneous equation
of degree 18 in P(1, 2, 3, 5, 8) with −K3X =
1
35 . Then, the singularities of X consist of two singular
points P and Q that are quotient singularities of types 15 (1, 2, 3) and
1
8(1, 3, 5), respectively, and
two points of type 12(1, 1, 1).
We have the following commutative diagram:
Y
γO
||yy
yy
yy
yy γP
""E
EE
EE
EE
E
η
,,YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
UPQ
βQ
}}zz
zz
zz
zz βP
!!D
DD
DD
DD
D
UQO
βO}}zz
zz
zz
zz
P(1, 2, 3),
UP
αP
""E
EE
EE
EE
E
UQ
αQ
||yy
yy
yy
yy
X
ψ
44iiiiiiiiiiiiiiiiiiiiiii
where
• ψ is the natural projection,
• αP is the Kawamata blow up at the point P with weights (1, 2, 3),
• αQ is the Kawamata blow up at the point Q with weights (1, 3, 5),
• βQ is the Kawamata blow up with weights (1, 3, 5) at the point whose image by the
birational morphism αP is the point Q,
• βP is the Kawamata blow up with weights (1, 2, 3) at the point whose image by the
birational morphism αQ is the point P ,
• βO is the Kawamata blow up with weights (1, 3, 2) at the singular point O of the variety
UQ that is a quotient singularity of type
1
5 (1, 3, 2) contained in the exceptional divisor
of the birational morphism αQ,
• γP is the Kawamata blow up with weights (1, 2, 3) at the point whose image by the
birational morphism αQ ◦ βO is the point P ,
• γO is the Kawamata blow up with weights (1, 3, 2) at the singular point of the variety
UPQ that is a quotient singularity of type
1
5 (1, 3, 2) contained in the exceptional divisor
of the birational morphism βQ,
• η is an elliptic fibration.
By Lemma 0.3.3 and Corollary 0.3.7, we may assume that
CS
(
X,
1
n
M
)
⊂
{
P,Q
}
.
The exceptional divisor EP of the birational morphism αP contains two quotient singular
points P1 and P2 of types
1
3(1, 2, 1) and
1
2 (1, 1, 1), respectively.
Lemma 2.5.1. If the set CS(UP ,
1
n
MUP ) contains the point P1, then M = | − 2KX |.
Proof. Suppose it contains the point P1. Let β1 : W1 → UP be the Kawamata blow up at the
point P1 with weights (1, 2, 1). The pencil |−KW1 | is the proper transform of the pencil |−2KX |.
Its base locus consists of the irreducible curve CW1.
For a general surface DW1 in |−2KW1 |, we can easily check DW1 ·CW1 = −4K
3
W1
< 0. Hence,
we obtain M = | − 2KX | from Theorem 0.2.9 because MW1 ∼Q nDW1 by Lemma 0.2.6. 
Lemma 2.5.2. The set CS(UP ,
1
n
MUP ) cannot contain the point P2.
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Proof. Suppose it contains the point P2. Let β2 : W2 → UP be the Kawamata blow up at
the point P2 with weights (1, 1, 1). Also, let D2 be the proper transform of the linear system
| − 3KX | by the birational morphism αP ◦ β2. Its base locus consists of the irreducible curve
C¯W2. A general surface DW2 in D2 is normal and the self-intersection C¯
2
W2
is negative on the
surface DW2. Because MW2 |DW2 ≡ −nC¯W2, we obtain an absurd equality M = | − 3KX | from
Theorem 0.2.9. 
Meanwhile, the exceptional divisor E ∼= P(1, 3, 5) of the birational morphism αQ contains two
singular points O and Q1 of types
1
5(1, 3, 2) and
1
3 (1, 1, 2), respectively. For the convenience, let
L be the unique curve on the surface E contained in the linear system |OP(1,3,5)(1)|
Lemma 2.5.3. If the set CS(UQ,
1
n
MUQ) contains the point Q1, then M = | − 2KX |.
Proof. Let π1 : V1 → UQ be the Kawamata blow up at the point Q1 with weights (1, 1, 2). The
pencil | − 2KV1 | is the proper transform of the pencil | − 2KX |. Its base locus consists of the
irreducible curves CV1 , LV1 , and a curve L¯ on the exceptional divisor FQ
∼= P(1, 1, 2) of the
birational morphism π1 contained in the linear system |OP(1,1,2)(1)|.
Let DV1 be a general surface in | − 2KV1 |. We see then
SV1 ·DV1 = CV1 + LV1 + L¯, EV1 ·DV1 = 2LV1 , FQ ·DV1 = 2L¯.
Using the following equivalences


EV1 ∼Q π
∗
1
(
E
)
−
1
3
FQ,
SV1 ∼Q
(
αQ ◦ π1
)∗(
−KX
)
−
1
8
π∗1
(
E
)
−
1
3
FQ,
DV1 ∼Q
(
αQ ◦ π1
)∗(
− 2KX
)
−
2
8
π∗1
(
E
)
−
2
3
FQ,
we obtain
C2V1 = −
37
20
, L2V1 = −
7
20
, L¯2 = −
3
4
, CV1 · LV1 = 0, CV1 · L¯ = 1, LV1 · L¯ =
1
4
on the normal surface DV1 . One can see that the intersection form of these three curves on DV1
is negative-definite. Let M be a general surface in the linear system MV1 . Then,
M
∣∣∣
DV1
≡ −nKV1
∣∣∣
DV1
≡ nSV1
∣∣∣
DV1
≡ nCV1 + nLV1 + nL¯,
which implies that M = | − 2KX | by Theorem 0.2.9. 
The exceptional divisor FO of the birational morphism βO contains two quotient singular
points O1 and O2 of types
1
3(1, 1, 2) and
1
2(1, 1, 1), respectively.
Lemma 2.5.4. If the set CS(UQO,
1
n
MUQO) contains the point O1, then M = | − 2KX |.
Proof. Let σ1 : U1 → UQO be the Kawamata blow up at the point O1 with weights (1, 1, 2). The
pencil | − 2KU1 | is the proper transform of the pencil | − 2KX |. Its base locus consists of the
irreducible curves CU1 and LU1.
Let DU1 be a general surface in | − 2KU1 |. We see then
SU1 ·DU1 = CU1 + LU1 , EU1 ·DU1 = 2LU1.
Using the same argument as in Lemma 2.5.3, one can see that the intersection form of these two
curves on DU1 is negative-definite, and hence M = | − 2KX |. 
Lemma 2.5.5. The set CS(UQO,
1
n
MUQO) cannot contain the point O2.
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Proof. Let σ2 : U2 → UQO be the Kawamata blow up at the point O2 with weights (1, 1, 1)
and let D be the proper transform of the linear system | − 3KX | by the birational morphism
αQ ◦ βO ◦ σ2.
The base locus of the linear system D consists of the irreducible curve CU2. The same method
as in Lemma 2.5.1 shows that M = | − 3KX |, which is a contradiction. 
Proposition 2.5.6. If ג = 38, then the linear system | − 2KX | is the only Halphen pencil on
X.
Proof. Due to the previous lemmas, we may assume that
CS
(
X,
1
n
M
)
=
{
P,Q
}
.
Following the Kawamata blow ups Y → UQO → UQ → X and using Lemmas 2.5.3, 2.5.4,
and 2.5.5, we can furthermore assume that the set CS(Y, 1
n
MY ) contains one of singular points
contained in the exceptional divisor of the birational morphism γP . In this case, Lemmas 2.5.1
and 2.5.2 imply the statement. 
From now, we consider the case ג = 33. The variety X is a general hypersurface of degree
17 in P(1, 2, 3, 5, 7) with −K3X =
17
210 . The singularities of X consist of one quotient singularity
of type 12(1, 1, 1), one point that is a quotient singularity of type
1
3(1, 2, 1), one point P that is
a quotient singularity of type 15 (1, 2, 3), and one point Q that is a quotient singularity of type
1
7(1, 2, 5).
We have a commutative diagram as follows:
Y
γO
||yy
yy
yy
yy γP
""E
EE
EE
EE
E
η
,,YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
UPQ
βQ
}}zz
zz
zz
zz βP
!!D
DD
DD
DD
D
UQO
βO}}zz
zz
zz
zz
P(1, 2, 3),
UP
αP
""E
EE
EE
EE
E
UQ
αQ
||yy
yy
yy
yy
X
ψ
44iiiiiiiiiiiiiiiiiiiiiii
where
• ψ is the natural projection,
• αP is the Kawamata blow up at the point P with weights (1, 2, 3),
• αQ is the Kawamata blow up at the point Q with weights (1, 2, 5),
• βQ is the Kawamata blow up with weights (1, 2, 5) at the point whose image to X is the
point Q,
• βP is the Kawamata blow up with weights (1, 2, 3) at the point whose image to X is the
point P ,
• βO is the Kawamata blow up with weights (1, 2, 3) at the quotient singular point O of
type 15 (1, 2, 3) contained in the exceptional divisor of the birational morphism αQ,
• γP is the Kawamata blow up with weights (1, 2, 3) at the point whose image to X is the
point P ,
• γO is the Kawamata blow up with weights (1, 2, 3) at the quotient singular point of type
1
5(1, 2, 3) contained in the exceptional divisor of the birational morphism βQ,
• η is an elliptic fibration.
It follows from Lemma 0.3.10 that the set CS(X, 1
n
M) does not contain the singular point of
type 12(1, 1, 1). Moreover, Lemma 0.3.11 implies that if the set CS(X,
1
n
M) contains the singular
point of type 13(1, 2, 1), thenM = |−2KX |. Therefore, due to Corollary 0.3.7 and Lemma 0.3.3,
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we may assume that
CS
(
X,
1
n
M
)
⊂
{
P,Q
}
.
Proposition 2.5.7. If ג = 33, then the linear system | − 2KX | is the only Halphen pencil on
X.
The proof is almost same as the proof of the case ג = 38. Lemmas 2.5.1 and 2.5.2 work for
the case ג = 33.
The exceptional divisor E ∼= P(1, 2, 5) of the birational morphism αQ contains two singular
points O and Q1 of types
1
5(1, 2, 3) and
1
2(1, 1, 1), respectively. For the case ג = 33, Lemma 2.5.3
should be replaced by the following:
Lemma 2.5.8. The set CS(UQ,
1
n
MUQ) cannot contain the point Q1.
Proof. Suppose that it contains the point Q1. Let π1 : V1 → UQ be the Kawamata blow up at
the point Q1. Consider the linear system T on X cut out by the equations
λ0t+ λ1x
5 + λ2x
3y = 0,
where (λ0 : λ1 : λ2) ∈ P
2. For a general surface T in T , we have
TV1 ∼Q (αQ ◦ π1)
∗(−5KX)−
5
7
(E)−
1
2
FQ,
where FQ is the exceptional divisor of the birational morphism π1. The base locus of the proper
transform TV1 consists of the irreducible curve C˜V1 . The surface TV1 is normal and C˜
2
V1
< 0 on
TV1 . Because MV1 |TV1 ≡ nSV1|TV1 ≡ nC˜V1 , we obtain an contradictory identity M = D from
Theorem 0.2.9. 
The exceptional divisor FO of the birational morphism βO contains two quotient singular
points O1 and O2 of types
1
2(1, 1, 1) and
1
3(1, 2, 1), respectively. Lemma 2.5.4 should be also
replaced by the following:
Lemma 2.5.9. The set CS(UQO,
1
n
MUQO) cannot contain the point O1.
Proof. Suppose it contains the point O1. Let σ1 : U1 → UQO be the Kawamata blow up at the
point O1 with weights (1, 1, 1). Let D be the proper transform of the linear system | − 3KX |
by the birational morphism αQ ◦ βO ◦ σ1. Its base locus consists of two irreducible curves. One
is the curve C¯U1 and the other is the proper transform LU1 of the unique curve L in the linear
system |OP(1,2,5)(1)| on the surface E. For a general surface DU1 in D,

EU1 ∼Q (βO ◦ σ1)
∗(E)−
3
5
σ∗1(FO)−
1
2
G,
SU1 ∼Q (αQ ◦ βO ◦ σ1)
∗(−KX)−
1
7
(βO ◦ σ1)
∗(E) −
1
5
σ∗1(FO)−
1
2
G,
DU1 ∼Q (αQ ◦ βO ◦ σ1)
∗(−3KX)−
3
7
(βO ◦ σ1)
∗(E) −
3
5
σ∗1(FO)−
1
2
G,
where G is the exceptional divisor of σ1. We see also
SU1 ·DU1 = C¯U1 + LU1 , EU1 ·DU1 = 2LU1.
Using the same argument as in Lemma 2.5.3, one can see that the intersection form of these two
curves on DU1 is negative-definite, and hence M = | − 3KX |. It is a contradiction. 
Finally, we complete the proof of Proposition 2.5.7 by replacing Lemma 2.5.5 by the following:
Lemma 2.5.10. If the set CS(UQO,
1
n
MUQO) contains the point O2, then M = | − 2KX |.
Proof. Let σ2 : U2 → UQO be the Kawamata blow up at the point O2 with weights (1, 2, 1). The
pencil | − 2KU2 | is the proper transform of the pencil | − 2KX |. Its base locus consists of the
irreducible curve CU2 . Because MU2 ∼Q −nKU2 and −KU2 ·CU2 < 0, we obtain M = | − 2KX |
from Theorem 0.2.9. 
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2.6. Cases ג = 37, 39, 52, 59, 73 , and 78.
Suppose that ג ∈ {37, 39, 52, 59, 73}. Then, the threefold X ⊂ P(1, a1, a2, a3, a4) always
contains the point O = (0 : 0 : 0 : 1 : 0). It is a singular point of X that is a quotient singularity
of type 1
a3
(1, a2, a3 − a2).
We also have a commutative diagram as follows:
Y
pi
xxqqq
qq
qq
qq
qq
qq
η
((QQ
QQQ
QQQ
QQQ
QQQ
X
ψ
//_____________ P(1, a1, a2)
where
• ψ is the natural projection,
• π is the Kawamata blow up at the point O with weights (1, a2, a3 − a2),
• η is an elliptic fibration.
Proposition 2.6.1. If ג ∈ {37, 39, 52, 59, 73}, then M = | − a1KX |.
Proof. We may assume that the set CS(X, 1
n
M) consists of the point O by Lemmas 0.3.3, 0.3.10,
0.3.11 and Corollary 0.3.7.
Let P be the singular point contained in the exceptional divisor of the birational morphism
π that is a quotient singular point of type 1
a2
(1, a2 − 1, 1). Then, the set CS(Y,
1
n
MY ) contains
the point P by Theorem 0.2.4 and Lemma 0.2.7.
Let α : W → Y be the Kawamata blow up at the point P with weights (1, a2 − 1, 1), and P
be the proper transforms of the pencil | − a1KX | by the birational morphism π ◦ α. Then,
P ∼Q −a1KW , MW ∼Q −nKW .
One can easily check that the base locus of the pencil P consists of the irreducible curve CW .
A general surface D in the pencil P is normal and the inequality C2W < 0 holds on the surface
D, which implies that M = | − a1KX | by Theorem 0.2.9. 
Proposition 2.6.2. If ג = 78, then M = | − a1KX |.
Proof. The only different thing from the proof of Proposition 2.6.1 is that the exceptional divisor
E contains another singular point Q. It is a quotient singularity of type 12(1, 1, 1). For the case
ג = 78, we have to consider the case when CS(Y, 1
n
MY ) = {Q}. In this case, applying the
method in Proposition 2.6.1 to the Kawamata blow up at the point Q and the linear system
| − a2KX |, we can easily obtain M = | − a2KX |. However, it is a contradiction because the
linear system | − a2KX | is not a pencil. Therefore, the case when CS(Y,
1
n
MY ) = {Q} never
happens. 
2.7. Cases ג = 40 and 61.
For the case ג = 40, let X be the hypersurface given by a general quasihomogeneous equation
of degree 19 in P(1, 3, 4, 5, 7) with −K3X =
19
420 . Then, the singularities of X consist of one
quotient singular point P of type 17(1, 3, 4), one quotient singular point Q of type
1
5(1, 3, 2), one
point of type 14 (1, 3, 1), and one point of type
1
3(1, 1, 2).
We have a commutative diagram
V
σQ
~~}}
}}
}}
}} σP
  A
AA
AA
AA
A
η
--ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZ
YP
piP   A
AA
AA
AA
A
YQ
piQ~~}}
}}
}}
}}
P(1, 3, 4),
X
ψ
22ddddddddddddddddddddddd
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where
• ψ is the natural projection,
• πP is the Kawamata blow up at the point P with weights (1, 3, 4),
• πQ is the Kawamata blow up at the point Q with weights (1, 3, 2),
• σQ is the Kawamata blow up with weights (1, 3, 2) at the point Q1 whose image by the
birational morphism πP is the point Q,
• σP is the Kawamata blow up with weights (1, 3, 4) at the point P1 whose image by the
birational morphism πQ is the point P ,
• η is an elliptic fibration.
We may assume that
CS
(
X,
1
n
M
)
⊂
{
P,Q
}
due to Lemmas 0.3.3, 0.3.10, 0.3.11, and Corollary 0.3.7.
The exceptional divisor EQ of the birational morphism πQ contains two singular point Q1
and Q2 that are quotient singularities of types
1
3(1, 1, 2) and
1
2(1, 1, 1), respectively.
Lemma 2.7.1. The set CS(YQ,
1
n
MYQ) contain neither the point Q1 nor the point Q2.
Proof. Suppose that the set CS(YQ,
1
n
MYQ) contains the point Q1. We then consider the Kawa-
mata blow up α1 : U1 → YQ at the point Q1 with weights (1, 1, 2). Let D1 be the proper
transform of the linear system | − 7KX | by the birational morphism α1 ◦ πQ. We have
MU1 ∼Q −nKU1 ∼Q (πQ ◦ α1)
∗(−nKX)−
n
5
α∗1(EQ)−
n
3
F1,
where F1 is the exceptional divisor of α1. Let D1 be a general surface in D1. Because the base
locus of the linear system D1 does not contain any curve, the divisor D1 is nef. We then see
D1 ∼Q (πQ ◦ α1)
∗(−7KX)−
2
5
α∗1(EQ)−
2
3
F1,
which shows
D1 ·M1 ·M2 =
(
(πQ ◦ α1)
∗(−7KX)−
2
5
α∗1(EQ)−
2
3
F1
)(
(πQ ◦ α1)
∗(−nKX)−
n
5
α∗1(EQ)−
n
3
F1
)2
= −
1
12
n2,
where M1 and M2 are general surfaces in MU1 . It is a contradiction.
To exclude the point Q2, we use the exactly same method. 
Meanwhile, the exceptional divisor EP of the birational morphism πP contains two singular
point P1 and P2 that are quotient singularities of types
1
4(1, 3, 1) and
1
3(1, 2, 1), respectively.
Lemma 2.7.2. If the set CS(YP ,
1
n
MYP ) contains the point P1, then M = | − 3KX |.
Proof. Suppose that the set CS(YP ,
1
n
MYP ) contains the point P1. Let β1 : W1 → YP be the
Kawamata blow up at the point P1 with weights (1, 3, 1). Also, let L1 be the proper transform
of the linear system | − 3KX | by the birational morphism β1 ◦ πP . Then, the base locus of the
linear system L1 consists of the irreducible curve CW1. Let H1 be a general surface in L1. Then,
we have
H1 ∼Q (πP ◦ β2)
∗(−3KX)−
3
7
β∗2(EP )−
3
4
G1,
where G1 is the exceptional divisor of β1. Then, the inequality −KW1 · CW1 = −3K
3
W1
< 0 and
the equivalence MW1 ∼Q −nKW1 imply M = | − 3KX | by Theorem 0.2.9. 
Lemma 2.7.3. The set CS(YP ,
1
n
MYP ) cannot contain the point P2.
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Proof. Suppose that the set CS(YP ,
1
n
MYP ) contains the point P2. Let β2 : W2 → YP be the
Kawamata blow up at the point P2 with weights (1, 2, 1) and L2 be the proper transform of the
linear system | − 4KX | by the birational morphism β2 ◦ πP . Then, the base locus of the linear
system L2 consists of the irreducible curve C¯W2.
Let H2 be a general surface in L2. Then, we have
H2 ∼Q (πP ◦ β2)
∗(−4KX)−
4
7
β∗2(EP )−
1
3
G2,
where G2 is the exceptional divisor of β2. The equivalence MW2 ∼Q −nKW2 implies M |H2 ≡
nC¯W2, where M is a general surface in MW2 . Therefore, we obtain the identity M = | − 4KX |
from Theorem 0.2.9 because C¯2W2 = −
1
30 on the normal surfaceH2. However, it is a contradiction
because | − 4KX | is not a pencil. 
Consequently, we have proved
Proposition 2.7.4. The linear system | − 3KX | is the only Halphen pencil on X.
In the case ג = 61, the hypersurface X is given by a general quasihomogeneous equation of
degree 25 in P(1, 4, 5, 7, 9) with −K3X =
5
252 . It has three singular points. One is a quotient
singular point P of type 19(1, 4, 5), another is a quotient singular point Q of type
1
7(1, 5, 2), and
the other is a quotient singular point of type 14(1, 3, 1).
We have a commutative diagram
V
σQ
~~}}
}}
}}
}} σP
  A
AA
AA
AA
A
η
--ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZ
YP
piP   A
AA
AA
AA
A
YQ
piQ~~}}
}}
}}
}}
P(1, 4, 5),
X
ψ
22ddddddddddddddddddddddd
where
• ψ is the natural projection,
• πP is the Kawamata blow up at the point P with weights (1, 4, 5),
• πQ is the Kawamata blow up at the point Q with weights (1, 5, 2),
• σQ is the Kawamata blow up with weights (1, 5, 2) at the point Q1 whose image by the
birational morphism πP is the point Q,
• σP is the Kawamata blow up with weights (1, 4, 5) at the point P1 whose image by the
birational morphism πQ is the point P ,
• η is an elliptic fibration.
Proposition 2.7.5. The linear system | − 4KX | is the only Halphen pencil on X.
Proof. The proof is exactly same as that of the case ג = 40. 
2.8. Case ג = 43, hypersurface of degree 20 in P(1, 2, 4, 5, 9).
The threefold X is a general hypersurface of degree 20 in P(1, 2, 4, 5, 9) with −K3X =
1
18 . The
singularities of the hypersurface X consist of five points that are quotient singularities of type
1
2(1, 1, 1) and the point O = (0 : 0 : 0 : 0 : 1) that is a quotient singularity of type
1
9(1, 4, 5).
There is a commutative diagram
U
α

Y
βoo
η

X
ψ
//______ P(1, 2, 4),
where
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• ψ is the natural projection,
• α is the Kawamata blow up at the point O with weights (1, 4, 5),
• β is the Kawamata blow up with weights (1, 4, 1) at the singular point of the variety U
that is a quotient singularity of type 15 (1, 4, 1) contained in the exceptional divisor of α,
• η is an elliptic fibration.
Due to Theorem 0.2.4, Lemmas 0.3.3, 0.3.10, and Corollary 0.3.7, we may assume
CS(X, 1
n
M) = {O}.
Let E ∼= P(1, 4, 5) be the exceptional divisor of the birational morphism α and D be a general
surface of the pencil | − 2KX |. The linear system | − 2KU | is the proper transform of the pencil
| − 2KX |. Its base locus consists of the curve CU and the unique curve L in the linear system
|OP(1,4,5)(1)| on the surface E.
The exceptional divisor E contains two singular points P and Q of U that are quotient
singularities of types 14(1, 3, 1) and
1
5 (1, 4, 1), respectively.
Lemma 2.8.1. The set CS(U, 1
n
MU ) cannot contain a curve.
Proof. Suppose that it contains a curve Z. Then, −KU · Z =
1
9 by Lemma 0.2.7. Because
−K3U =
1
20 , it contradicts Lemma 0.2.3. 
Therefore, the set CS(U, 1
n
MU ) must contain either the point P or the point Q.
Lemma 2.8.2. If the set CS(U, 1
n
MU ) consists of the point P , then M = | − 2KX |
Proof. Let γ : W → U be the Kawamata blow up at the point P with weights (1, 3, 1). The
exceptional divisor of γ contains the singular point P1 of the variety W that is a quotient
singularity of type 13(1, 2, 1). The pencil |−2KW | is the proper transform of the pencil |−2KX |.
We first suppose that the set CS(W, 1
n
MW ) contains the point P1. Let π : V → W be the
Kawamata blow up at the singular point P1 with weights (1, 2, 1) and H be the proper transform,
on the threefold V , of the linear system | − 5KX |. The pencil | − 2KV | is the proper transform
of the pencil | − 2KX |. The base locus of the linear system H consists of the irreducible curve
C˜V whose image to X is the base locus of the linear system | − 5KX |. For a general surface H
in H, we have H · C˜V = 1 and H
3 = 6, which implies that the divisor H is nef and big. On the
other hand, we have H ·MV ·DV = 0, where MV is general surface inMV . Therefore, it follows
from Theorem 0.2.9 that M = | − 2KX |.
From now, we suppose that the set CS(W, 1
n
MW ) does not contain the point P1, which implies
that the log pair (W, 1
n
MW ) is terminal by Lemma 0.2.7.
In a neighborhood of the point O, the monomials x, z, and t can be considered as weighted
local coordinates on X such that wt(x) = 1, wt(z) = 4, and wt(t) = 5. Then, in a neighborhood
of the singular point P , the Kawamata blow up α is given by the equations
x = x˜z˜
1
9 , z = z˜
4
9 , t = t˜z˜
5
9 ,
where x˜, z˜, and t˜ are weighted local coordinated on the variety U in a neighborhood of the
singular point P such that wt(x˜) = 1, wt(z˜) = 3, and wt(t˜) = 1. The surface E is given by the
equation z˜ = 0, and the surface SU is given by the equation x˜ = 0. Moreover, it follows from
the local equation of the surface DU that DU ·SU = CU +2L, where the curve L is locally given
by the equations z˜ = x˜ = 0.
In a neighborhood of the point P1, the birational morphism γ is given by the equations
x˜ = x¯z¯
1
4 , z˜ = z¯
3
4 , t˜ = t¯z¯
1
4 ,
where x¯, z¯, and t¯ are weighted local coordinates on the variety W in a neighborhood of the point
P1 such that wt(x¯) = 1, wt(z¯) = 2, and wt(t¯) = 1. In particular, the exceptional divisor of the
birational morphism γ is given by the equation z¯ = 0 and the surface SW is locally given by the
equation x¯ = 0.
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Let F be the exceptional divisor of the birational morphism γ and L¯ be the curve on the
variety W that is locally given by the equations z¯ = x¯ = 0. Then,
DW · SW = CW + 2LW + L¯, DW ·EW = 2LW , DW · F = 2L¯,
while the base locus of | − 2KW | consists of the curves CW , LW , and L¯. We have
DW · CW = 0, DW · LW = −
2
5
, DW · L¯ =
2
3
,
because 

DW ∼Q (α ◦ γ)
∗(−2KX)−
2
9
γ∗(E) −
2
4
F,
SW ∼Q (α ◦ γ)
∗(−KX)−
1
9
γ∗(E) −
1
4
F,
EW ∼Q γ
∗(E)−
3
4
F.
We also have

S
y
W ∼Q (α ◦ γ)
∗(−2KX)−
11
9
γ∗(E)−
6
4
F ∼Q (α ◦ γ)
∗(−2KX )−
11
9
EW −
5
3
F,
StW ∼Q (α ◦ γ)
∗(−5KX)−
5
9
γ∗(E)−
1
4
F ∼Q (α ◦ γ)
∗(−5KX)−
5
9
EW −
2
3
F,
which implies that
−14KW ∼ 14DW ∼ 2S
y
W + 2S
t
W + 2EW .
The support of the cycle SyW · S
t
W does not contain the curves L¯ and CW . Therefore, the base
locus of the linear system | − 14KW | does not contain curves except the curve LW .
The log pair (W,λ|− 14KW |) is log-terminal for some rational number λ >
1
14 but the divisor
KW + λ| − 14KW | has non-negative intersection with all curves on the variety W except the
curve LW . Hence, it follows from [21] that there is a log-flip ζ :W 99K W
′ along the curve LW
with respect to the log pair (W,λ| − 14KW |). In particular, the divisor −KW ′ is nef. Thus,
the singularities of the log pair (W ′, 1
n
MW ′) are terminal because the singularities of the log
pair (W, 1
n
MW ) are terminal but the rational map ζ is a log flop with respect to the log pair
(W, 1
n
MW ). Hence, the divisor −KW ′ is not big by Theorem 0.2.4, and hence the divisor −KW
is not big either.
The rational functions (α ◦γ)∗( y
x2
) and (α ◦γ)∗( ty
x7
) are contained in the linear systems |2SW |
and |7SW |, respectively. The equivalences
SzW ∼Q (α ◦ γ)
∗(−4KX)−
4
9
γ∗(E) ∼Q (α ◦ γ)
∗(−4KX)−
4
9
EW −
1
3
F
imply that −6KW ∼ S
y
W + S
z
W + EW . Thus, the rational function (α ◦ γ)
∗( zy
x6
) is contained in
the linear system |6SW |, which implies that the linear system | − 42KW | maps the variety W
dominantly on a threefold5. Hence, the divisor −KW is big, which is a contradiction. 
Therefore, we may assume that the set CS(U, 1
n
MU ) contains the point Q. The exceptional
divisor G of β contains the singular point Q1 of Y that is a quotient singularity of type
1
3(1, 2, 1).
However, we have the following statement.
Lemma 2.8.3. If the set CS(Y, 1
n
MY ) contains the point Q1, then M = | − 2KX |.
Proof. Suppose that the set CS(Y, 1
n
MY ) contains the point Q1. Let σ1 : Y1 → Y be the
Kawamata blow up at the singular point Q1. Then, the pencil |− 2KY1 | is the proper transform
of the pencil | − 2KX | and its base locus consists of the curves CY1 and LY1. Thus, we see that
−KY1 · LY1 = −
1
4
, −KY1 · CY1 = 0
5In fact, the linear system | − 210KW | induces a birational map W 99K X
′, where X ′ is a hypersurface of
degree 30 in P(1, 2, 6, 7, 15) with canonical singularities.
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because DY1 · SY1 = CY1 + 2LY1 . Hence, the divisor B := DY1 + (β ◦ σ1)
∗(−10KU ) is nef and
big. On the other hand, B ·MV1 ·DV1 = 0, where MY1 is a general surface in MY1 . Therefore,
we obtain MY1 = | − 2KY1 | from Theorem 0.2.9. 
Hence, we may assume that the set CS(Y, 1
n
MY ) does not contain subvarieties of G. However,
it is not empty by Theorem 0.2.4. Therefore, it must consist of the point P¯ whose image to U
is the point P .
Let σ2 : Y2 → Y be the Kawamata blow up of the singular point P¯ . The proof of Lemma 2.8.2
shows that the pencilM coincides with | − 2KX | if the set CS(Y2,
1
n
MY2) contains the singular
point of the variety Y2 that is a quotient singularity of type
1
3(1, 2, 1) contained in the exceptional
divisor of the birational morphism σ2. Therefore, we may assume that the log pair (Y2,
1
n
MY2)
is terminal by Lemma 0.2.7.
The pencil |− 2KY2 | is the proper transform of the pencil |− 2KX | and its base locus consists
of the curves CY2, LY2 , and a curve L˜ contained in the exceptional divisor of σ2. Moreover,
the curve LY2 is the only curve that has negative intersection with the divisor −KY2 because
DY2 ∼Q −2KY2 and −KY2 ·CY2 = 0. Hence, it follows from [21] that there is a log-flip χ : Y2 99K
Y ′2 along the curve LY2 with respect to the log pair (Y2, λ| − 2KY2 |) for some rational number
λ > 12 . In particular, the divisor −KY2 is nef.
The rational map χ is a log flop with respect to the log pair (Y2,
1
n
MY2). Thus, the singularities
of the log pair (Y2,
1
n
MY2) are terminal. Hence, the divisor −KY2 is not big by Theorem 0.2.4.
On the other hand, the abundance theorem ([14]) implies that the linear system | − rKY2| is
base-point-free for r ≫ 0. Moreover, the pull-backs of the rational functions y
x2
and zy
x5
are
contained in the linear systems |2SY2 | and |6SY2 |, respectively. Thus, the linear system |−rKY2 |
induces an elliptic fibration, which is impossible by Theorem 0.2.4.
Consequently, we have proved
Proposition 2.8.4. The linear system | − 2KX | is the only Halphen pencil on X.
2.9. Cases ג = 49 and 64.
We first consider the case ג = 49. Let X be the hypersurface given by a general quasihomo-
geneous equation of degree 21 in P(1, 3, 5, 6, 7) with −K3X =
1
30 . Then, the singularities of X
consist of one quotient singular point P of type 16(1, 5, 1), one quotient singular point Q of type
1
5(1, 3, 2), and three quotient singular points of type
1
3(1, 2, 1).
We have the following commutative diagram:
YP
piP
xxqqq
qq
qq
qq
qq
qq
ηP
((PP
PPP
PPP
PPP
PPP
X
ψ
//_____________ P(1, 3, 5)
where
• ψ is the natural projection,
• πP is the Kawamata blow up at the point P with weights (1, 5, 1),
• ηP is an elliptic fibration.
We may assume that X is given by a quasihomogeneous equation
z3t+ z2f11(x, y, t, w) + zf16(x, y, t, w) + f21(x, y, t, w) = 0,
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where fi is a quasihomogeneous polynomial of degree i. We then see that there is another elliptic
fibration as follows:
YQ
piQ
xxqqq
qq
qq
qq
qq
qq
ηQ
''PP
PPP
PPP
PPP
PP
X
ξ
//_____________ G ⊂ P3
where
• ξ is the rational map given by the linear system spanned by {x6, x3y, y2, t}
• πQ is the Kawamata blow up at the point Q with weights (1, 3, 2).
• G is the image of ξ : X 99K P3 that is a quadratic cone in P3,
• ηQ is an elliptic fibration.
It follows from Corollary 0.3.7 and Lemmas 0.3.3, 0.3.10 that{
P,Q
}
⊇ CS
(
X,
1
n
M
)
6= ∅.
The exceptional divisor EP of the birational morphism πP contains one singular point P1 that
is a quotient singularity of type 15(1, 4, 1).
Lemma 2.9.1. If the set CS(YP ,
1
n
MYP ) contains the point P1, then M = | − 3KX |.
Proof. We can assume that
f21(x, y, t, w) = t
3y + t2g9(x, y,w) + tg15(x, y,w) + g21(x, y,w),
where gi is a general quasihomogeneous polynomial of degree i. Then, locally at the singular
point P , the monomials x, z, and w can be considered as weighted local coordinates on the
threefold X with weights wt(x) = 1, wt(z) = 5, and wt(w) = 7, which implies that locally at
the singular point P1, the birational morphism π is given by the equations
x = x˜z˜
1
6 , z = z˜
5
6 , w = w˜z˜
1
6 ,
where x˜, z˜, and w˜ can be considered as weighted local coordinates in a neighborhood of the
singular point P1 with weights wt(x˜) = 1, wt(z˜) = 4, and wt(w˜) = 1.
Let D be a general surface in the linear system | − 3KX |. Then, it is given by an equation
λx3 + µy = 0,
where (λ : µ) ∈ P1. Locally at the point P1, the proper transform DYP is given by
λx˜3 + µ
(
ǫ1w˜
3 + ǫ2w˜
2x˜+ ǫ3w˜x˜+ higher terms
)
= 0,
which implies that | − 3KYP | is the proper transform of | − 3KX | and that it has no base curves
on the surface EP . The exceptional divisor EP is defined by z˜ = 0.
Let α : U → YP be the Kawamata blow up at the point P1 with weights (1, 4, 1) and let FP
be its exceptional divisor. Around the singular point of FP , the birational morphism α can be
given by the equations
x˜ = x¯z¯
1
5 , z˜ = z¯
4
5 , w˜ = w¯z¯
1
5 ,
where x¯, z¯, and w¯ are weighted local coordinates on the variety U in a neighborhood of the
singular point of the surface FP with weights wt(x˜) = 1, wt(z˜) = 3, and wt(w˜) = 1.
The proper transform DU is given by an equation of the form
λx¯3 + µ
(
ǫ1w¯
3 + ǫ2w¯
2x¯+ ǫ3w¯x¯+ higher terms
)
= 0,
which shows that | − 3KU | is the proper transform of | − 3KX | and that | − 3KU | does not have
base curves on FP . Hence, the base locus of | − 3KU | consists of the curve CU whose image to
X is defined by the equations x = y = 0.
Then, the inequality −KU · CU = −3K
3
U < 0 and the equivalence MU ∼Q −nKU imply that
the pencil MW coincides with the pencil | − 3KU | by Theorem 0.2.9. 
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The exceptional divisor EQ contains two quotient singular points Q1 and Q2 of types
1
2 (1, 1, 1)
and 13(1, 1, 2), respectively.
Lemma 2.9.2. If the set CS(YQ,
1
n
MYQ) contains the point Q1, then M = | − 3KX |.
Proof. The same method for the proof of Lemma 2.9.1 implies that M = | − 3KX |. 
Lemma 2.9.3. The set CS(YQ,
1
n
MYQ) cannot contain the point Q2.
Proof. Let β :W → YQ be the Kawamata blow up at Q2 with weights (1, 1, 2). Also, let FQ be
the exceptional divisor of the birational morphism β. Let R be the linear system given by the
equations
λx6 + µx3y + νt = 0,
where (λ : µ : ν) ∈ P2. The base locus of the linear system R consists of the curve C˜ given by
the equations x = t = 0, in other words, we have C˜ = R · S, where R is a general surface of the
linear system R.
Around the point Q, the monomials x, y, and w can be considered as weighted local coordi-
nates on X with weights wt(x) = 1, wt(y) = 3, and wt(w) = 2. Also, around the singular point
Q2, the birational morphism πQ is given by the equations
x = x˜y˜
1
5 , y = y˜
3
5 , w = w˜y˜
2
5 ,
where x˜, y˜, and w˜ are weighted local coordinates around the singular point Q2 with weights
wt(x˜) = 1, wt(y˜) = 1, and wt(w˜) = 2. The proper transform RY is given by an equation of the
form
λx˜6 + µx˜3 + ν
(
δ1w˜
3 + δ2x˜w˜ + δ3x˜
2w˜2 + δ4y˜x˜
2 + δ5y˜
3 + higher terms
)
= 0,
where δi ∈ C, which tells us that the proper transform RY has no base curve on the exceptional
divisor EQ.
Locally at the unique singular point of FQ, the birational morphism β can be expressed by
x˜ = x¯w¯
1
3 , y˜ = y¯w¯
1
3 , w˜ = w¯
2
3 ,
where x¯, y¯, and w¯ are local coordinates with weight 1. Then, the surface RW is given by an
equation of the form
λx¯6w¯ + µx¯3 + ν
(
δ1w¯ + δ2x¯+ δ3x¯
2w¯ + δ4y¯x¯+ δ5y¯
3 + higher terms
)
= 0,
which implies that the proper transform RW does not have base curves on the surface FQ either.
The surface RW is normal. We see

RW ∼Q
(
πQ ◦ β
)∗(
− 6KX
)
−
6
5
β∗
(
EQ
)
− FQ,
SW ∼Q
(
πQ ◦ β
)∗(
−KX
)
−
1
5
β∗
(
EQ
)
−
1
3
FQ.
These equivalences show that C˜2W < 0 on the normal surface RW because SW ·RW = C˜W .
Let M be a general surface of the pencil MW . Then,
M
∣∣∣
RW
≡ −nKW
∣∣∣
RW
≡ nSW
∣∣∣
RW
≡ nC˜W
by Lemma 0.2.6, which implies that M = R by Theorem 0.2.9. It is a contradiction because
the linear system R is not a pencil. 
Proposition 2.9.4. If ג = 49, then M = | − a1KX |.
Proof. By the previous lemmas, we may assume that
CS
(
X,
1
n
M
)
= {P,Q}.
Furthermore, we also assume that the set CS(YP ,
1
n
MYP ) consists of the point O whose image
to X is the point Q.
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Let γ : V → YP be the Kawamata blow up at the point O. Then, the proof of Lemma 2.9.1
implies that |−3KV | is the proper transform of the pencil |−3KX | and the base locus of |−3KV |
consists of the curve CV whose image to X is the base curve of the pencil | − 3KX |. Then, we
can easily check that M = | − 3KX |. 
We now consider the case ג = 64. Let X be the hypersurface given by a general quasihomo-
geneous equation of degree 26 in P(1, 2, 5, 6, 13) with −K3X =
1
30 . Then, the singularities of X
consist of one quotient singular point P of type 16(1, 5, 1), one quotient singular point Q of type
1
5(1, 2, 3), and four quotient singular points of type
1
2(1, 1, 1).
We see the following commutative diagram:
YP
piP
xxqqq
qq
qq
qq
qq
qq
ηP
((PP
PPP
PPP
PPP
PPP
X
ψ
//_____________ P(1, 2, 5)
where
• ψ is the natural projection,
• πP is the Kawamata blow up at the point P with weights (1, 5, 1),
• ηP is an elliptic fibration.
One the other hand, we may assume that X is given by a quasihomogeneous equation
z4t+ z3f11(x, y, t, w) + z
2f16(x, y, t, w) + zf21(x, y, t, w) + f26(x, y, t, w) = 0,
where fi is a quasihomogeneous polynomial of degree i. Therefore, there is another elliptic
fibration as follows:
YQ
piQ
xxqqq
qq
qq
qq
qq
qq
ηQ
''PP
PPP
PPP
PPP
PP
X
ξ
//_____________ G ⊂ P4
where
• ξ is the map given by the linear system spanned by {x6, x4y, x2y2, y3, t}
• πQ is the Kawamata blow up at the point Q with weights (1, 2, 3).
• G is the image of ξ : X 99K P3 that is isomorphic to P(1, 1, 3),
• ηQ is an elliptic fibration.
Proposition 2.9.5. If ג = 64, then M = | − a1KX |.
Proof. The proof is the same as that of Proposition 2.9.4. 
2.10. Case ג = 56, hypersurface of degree 24 in P(1, 2, 3, 8, 11).
The threefold X is a general hypersurface of degree 24 in P(1, 2, 3, 8, 11) with −K3X =
1
22 . Its
singularities consist of three points that are quotient singularities of type 12(1, 1, 1) and the point
O = (0 : 0 : 0 : 0 : 1) that is a quotient singularity of type 111 (1, 3, 8).
Before we proceed, let us first describe some birational transformations of the hypersurface X
with elliptic fibrations, which are useful to explain the geometrical nature of our proof. There
HALPHEN PENCILS ON WEIGHTED FANO THREEFOLD HYPERSURFACES 73
is a commutative diagram
Z
ν
vvnnn
nnn
nnn
nnn
nnn
n
ζ //_____ Z ′
σ // Z¯ ′
  // P(1, 2, 5, 14, 21)
φ
~~|
|
|
|
|
|
|
|
|
|
U
α

W
βoo Y
η

γoo V
ξoo χ //____
ω
ddHHHHHHHHHHH
V ′
υ

X
ψ
//__________ P(1, 2, 3)
ρ
//_______ P(1, 2, 5)
where
• ψ and φ are natural projections,
• α is the Kawamata blow up at the point O with weights (1, 3, 8),
• β is the Kawamata blow up with weights (1, 3, 5) at the singular point Q contained in
the exceptional divisor E of α that is a quotient singularity of type 18(1, 3, 5),
• γ is the Kawamata blow up with weights (1, 3, 2) at the singular point Q1 of contained
in the exceptional divisor F of β that is a quotient singularity of type 15 (1, 3, 2),
• ν is the Kawamata blow up with weights (1, 1, 2) at the singular point Q2 of contained
in the exceptional divisor of β that is a quotient singularity of type 13(1, 1, 2),
• ξ is the Kawamata blow up with weights (1, 1, 2) at the point Q¯2 whose image to W is
the point Q2,
• ω is the Kawamata blow up with weights (1, 3, 2) at the point Q¯1 whose image to W is
the point Q1,
• η and υ are elliptic fibrations,
• the maps ζ and χ are compositions of antiflips,
• the birational morphism σ is given by the plurianticanonical linear system of Z ′,
• the rational map ρ is a toric map,
The exceptional divisor E of the birational morphism α contains two singular points P and Q of
U that are quotient singularities of types 13(1, 1, 2) and
1
8(1, 3, 5), respectively. Meanwhile, the
exceptional divisor F of the birational morphism β also contains two singular points Q1 and Q2
of W that are quotient singularities of types 15(1, 3, 2) and
1
3(1, 1, 2), respectively.
Remark 2.10.1. The divisors −KZ′ , −KU , and −KW are nef and big. Thus, the anticanonical
models of the threefolds Z ′, U and W are Fano threefolds with canonical singularities. The
anticanonical model of Z ′ is a hypersurface Z¯ ′ of degree 42 in P(1, 2, 5, 14, 21). The anticanonical
model of U is a hypersurface of degree 26 in P(1, 2, 3, 8, 13) and the anticanonical model of W
is a hypersurface of degree 30 in P(1, 2, 3, 10, 15).
For the convenience, we denote the pencil | − 2KX | by B. In addition, a general surface in B
is denoted by B and a general surface in M by M
It follows from Corollary 0.3.7 and Lemmas 0.3.3, 0.3.10 that we may assume that
CS(X, 1
n
M) = {O}.
Lemma 2.10.2. If the set CS(U, 1
n
MU ) contains the point P , then M = B.
Proof. Let βP : UP → U be the Kawamata blow up at the point P and EP be its exceptional
divisor. For a general surface D in | − 8KX |, we have
DUP ∼Q (α ◦ βP )
∗(−8KX)−
8
11
β∗P (E)−
2
3
EP .
Because the base locus of the proper transform of the linear system | − 8KX | on UP does not
contain any curve, the divisor DUP is nef and big.
Since MUP ∼Q nSUP by Lemma 0.2.6 and BUP ∼Q 2SUP , we obtain
DUP ·BUP · SUP = 2n
(
β∗P (−8KU )−
2
3
EP
)
·
(
β∗P (−KU )−
1
3
EP
)2
= 0.
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It implies M = B by Theorem 0.2.9. 
Due to Theorem 0.2.4 and Lemma 0.2.7, we may assume that the set CS(U, 1
n
MU ) consists
of the singular point Q. Thus, it follows from Theorem 0.2.4, Lemmas 0.2.3, 0.2.7 that
∅ 6= CS
(
W,
1
n
MW
)
⊆
{
Q1, Q2
}
.
Now, we consider some local computation. We may assume that X is given by the equation
w2y + wf13(x, y, z, t) + f24(x, y, z, t) = 0,
where fi(x, y, z, t) is a general quasihomogeneous polynomial of degree i. The surface B is given
by the equation λx2+µy = 0, where (λ : µ) ∈ P1. The base locus of B consists of the irreducible
curve C that is given by x = y = 0. We have B · S = C.
In a neighborhood of O, the monomials x, z, and t can be considered as weighted local
coordinates on X such that wt(x) = 1, wt(z) = 3, and wt(z) = 8. Then, in a neighborhood of
the singular point O, the surface B can be given by equation
λx2+µ
(
ǫ1x
13+ǫ2zx
10+ǫ3z
2x7+ǫ4z
3x4+ǫ5z
4x+ǫ6tx
5+ǫ7tzx
2+ǫ8t
3+ǫ9z
8+other terms
)
= 0,
where ǫi ∈ C. In a neighborhood of the singular point Q, the birational morphism α can be
given by the equations
x = x¯t¯
1
11 , z = z¯t¯
3
11 , t = t¯
8
11 ,
where x¯, z¯, and t¯ are weighted local coordinates on U in a neighborhood of the singular point Q
such that wt(x¯) = 1, wt(z¯) = 3, and wt(t¯) = 8. Thus, in a neighborhood of the singular point
Q, the divisor E is given by the equation t¯ = 0, the divisor SU is given by x¯ = 0, and the divisor
BU is given by the equation
λx¯2 + µ
(
ǫ1x¯
13t¯+ · · ·+ ǫ5z¯
4x¯t¯+ ǫ6t¯x¯
5 + ǫ7t¯z¯x¯
2 + ǫ8t¯
2 + ǫ9z¯
8t¯2 + other terms
)
= 0,
which implies that BU ∼Q 2SU and the base locus of BU is the union of CU and the curve
L ⊂ E that is given by x¯ = t¯ = 0. We have E ∼= P(1, 3, 8) and the curve L is the unique curve
in |OP(1,3,8)(1)| on the surface E. The surface BU is not normal. Indeed, BU is singular at a
generic point of L. We have SU ·BU = CU +2L and E ·BU = 2L, which implies that SU ·CU = 0
and SU · L =
1
24 .
Lemma 2.10.3. If the set CS(W, 1
n
MW ) consists of the point Q2, then M = B.
Proof. In a neighborhood of Q2, the birational morphism β can be given by the equations
x¯ = x˜z˜
1
8 , z¯ = z˜
3
8 , t¯ = t˜z˜
5
8 ,
where x˜, z˜, and t˜ are weighted local coordinates on W in a neighborhood of Q2 such that
wt(x˜) = 1, wt(z˜) = 1, and wt(t˜) = 2. Thus, in a neighborhood of the singular point Q2, the
divisor F is given by the equation z˜ = 0, the divisor SW is given by x˜ = 0, the divisor EW is
given by t˜ = 0, and the divisor BW is given by the equation
λx˜2 + µ
(
ǫ7t˜z˜x˜
2 + ǫ8t˜
2z˜ + ǫ9z˜
4t˜2 + other terms
)
= 0,
which implies that BW ∼Q 2SW , the base locus of BW is the union of CW , LW , and the curve
L′ ⊂ F that is given by x˜ = z˜ = 0.
The surface F is isomorphic to P(1, 3, 5) and the curve L′ is the unique curve of the linear
system |OP(1,3,5)(1)| on the surface F . The surface BW is smooth at a generic point of L
′. We
have
SW ·BW = CW + 2LW + L
′, EW ·BW = 2LW , F ·BW = 2L
′,
which implies that
SW · CW = 0, SW · LW = 0, SW · L
′ =
1
15
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because 

SW ∼Q (α ◦ β)
∗(−KX)−
1
11
β∗(E) −
1
8
F,
BW ∼Q (α ◦ β)
∗(−2KX)−
2
11
β∗(E)−
2
8
F,
EW ∼Q β
∗(E)−
5
8
F.
Let R be the exceptional divisor of ν. Let O2 be the singular point of Z that is contained in
R. Then, R ∼= P(1, 1, 2) and O2 is a quotient singularity of type
1
2(1, 1, 1) on the threefold Z. In
a neighborhood of O2, the birational morphism ν can be given by the equations
x˜ = xˆtˆ
1
3 , z˜ = zˆtˆ
1
3 , t˜ = tˆ
2
3 ,
where xˆ, zˆ and tˆ are weighted local coordinates on Z in a neighborhood of O2 with weight 1.
Thus, in a neighborhood of the singular point O2, the divisor R is given by the equation tˆ = 0,
the divisor SZ is given by xˆ = 0, the divisor EZ does not pass through the point O2, the divisor
FZ is given by z¯ = 0, and the divisor BZ is given by the equation
λxˆ2 + µ
(
ǫ8tˆzˆ + ǫ9zˆ
4tˆ2 + other terms
)
= 0,
which implies that BZ ∼Q 2SZ , the base locus of BZ consists of CZ , LZ , L
′
Z , and the curve L
′′
that is given by the equations xˆ = tˆ = 0. The curve L′′ is the unique curve in |OP(1,1,2)(1)| on
the surface R. The surface BZ is smooth at a generic point of L
′′. Therefore, we obtain
SZ · BZ = CZ + 2LZ + L
′
Z + L
′′, EZ · BZ = 2LZ , FZ · BZ = 2L
′
Z , R · BZ = 2L
′′,
which gives
SZ · CZ = 0, SZ · LZ = −
1
3
, SZ · L
′
Z = −
1
10
, SZ · L
′′ =
1
2
because 

SZ ∼Q (α ◦ β ◦ ν)
∗(−KX)−
1
11
(β ◦ ν)∗(E)−
1
8
ν∗(F )−
1
3
R,
BZ ∼Q (α ◦ β ◦ ν)
∗(−2KX)−
2
11
(β ◦ ν)∗(E) −
2
8
ν∗(F )−
2
3
R,
EZ ∼Q (β ◦ ν)
∗(E)−
5
8
ν∗(F )−
2
3
R,
FZ ∼Q ν
∗(F )−
1
3
R.
In particular, the curves LZ and L
′
Z are the only curves on the variety Z that have negative
intersection with the divisor −KZ .
Due to Lemma 0.2.7, either the set CS(Z, 1
n
MZ) contains the point O2 or the log pair
(Z, 1
n
MZ) is terminal.
We first suppose that the log pair (Z, 1
n
MZ) is not terminal. Then, the set CS(Z,
1
n
MZ)
must contain the point O2. Let π2 : Z2 → Z be the Kawamata blow up at the point O2 and H
be the exceptional divisor of π2. Then, our local calculations imply that BZ2 ∼Q 2SZ2 and the
base locus of BZ2 consists of the curves CZ2 , LZ2, L
′
Z2
, and L′′Z2 . Furthermore, we have
SZ2 ·BT = CZ2 + 2LZ2 + L
′
Z2
+ L′′Z2, EZ2 ·BZ2 = 2LZ2 ,
FZ2 · BZ2 = 2L
′
Z2
, RZ2 · BZ2 = 2L
′′
Z2
,
which implies that
SZ2 · CZ2 = 0, SZ2 · LZ2 = −
1
3
, SZ2 · L
′
Z2
= −
3
5
, SZ2 · L
′′
Z2
= 0,
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because

SZ2 ∼Q (α ◦ β ◦ ν ◦ π2)
∗(−KX)−
1
11
(β ◦ ν ◦ π2)
∗(E)−
1
8
(ν ◦ π2)
∗(F )−
1
3
π∗2R−
1
2
H,
EZ2 ∼Q (β ◦ ν ◦ π2)
∗(E)−
5
8
(ν ◦ π2)
∗(F )−
2
3
π∗2R,
FZ2 ∼Q (ν ◦ π2)
∗(F )−
1
3
π∗2R−
1
2
H,
RZ2 ∼Q π
∗
2R−
1
2
H,
The curves LZ2 and L
′
Z2
are the only curves on the variety Z2 that have negative intersection
with the divisor −KZ2. Moreover, we see(
BZ2 + (β ◦ ν ◦ π2)
∗(−16KU ) + (ν ◦ π2)
∗(−18KW )
)
· LZ2 = 0,(
BZ2 + (β ◦ ν ◦ π2)
∗(−16KU ) + (ν ◦ π2)
∗(−18KW )
)
· L′Z2 = 0,
and hence the divisor DZ2 := BZ2 + (β ◦ ν ◦ π2)
∗(−16KU ) + (ν ◦ π2)
∗(−18KW ) is nef and big
because −KU and −KW are nef and big. Therefore, we obtain
DZ2 · BZ2 ·MZ2 = 0,
and hence M = B by Theorem 0.2.9.
For now, we suppose that the log pair (Z, 1
n
MZ) is terminal. We will derive a contradiction
from this assumption, so that the set CS(Z, 1
n
MZ) must contain the point O2.
The log pair (Z, ǫBZ) is terminal for some rational number ǫ >
1
2 but the divisor KZ + ǫBZ
has nonnegative intersection with all curves on the variety Z except the curves LZ and L
′
Z . It
follows from [21] that there is a composition of antiflips ζ : Z 99K Z ′ and the divisor −KZ′ is
nef. Then, the singularities of the log pair (Z ′, 1
n
MZ′) are terminal because the singularities of
the log pair (Z, 1
n
MZ) are terminal and the rational map ζ is a log flop with respect to the log
pair (Z, 1
n
MZ).
We obtain 

SZ ∼Q (α ◦ β ◦ ν)
∗(−KX)−
1
11
(β ◦ ν)∗(E)−
1
8
ν∗(F )−
1
3
R
∼Q (α ◦ β ◦ ν)
∗(−KX)−
1
11
EZ −
2
11
FZ −
5
11
R,
S
y
Z ∼Q (α ◦ β ◦ ν)
∗(−2KX)−
13
11
(β ◦ ν)∗(E) −
5
8
ν∗(F )−
2
3
R
∼Q (α ◦ β ◦ ν)
∗(−2KX)−
13
11
EZ −
15
11
FZ −
21
11
R,
SzZ ∼Q (α ◦ β ◦ ν)
∗(−3KX)−
3
11
(β ◦ ν)∗(E) −
3
8
ν∗(F )−
1
3
R
∼Q (α ◦ β ◦ ν)
∗(−3KX)−
3
11
EZ −
6
11
FZ −
4
11
R,
StZ ∼Q (α ◦ β ◦ ν)
∗(−8KX)−
8
11
(β ◦ ν)∗(E)
∼Q (α ◦ β ◦ ν)
∗(−8KX)−
8
11
EZ −
5
11
FZ −
7
11
R.
from
FZ ∼Q ν
∗(F )−
1
3
R, EZ ∼Q (β ◦ ν)
∗(E)−
5
8
ν∗(F )−
2
3
R.
Thus, the pull-backs of the rational functions y
x2
, zy
x5
and ty
3
x14
are contained in the linear systems
|2SZ |, |5SZ | and |14SZ |, respectively. In particular, the complete linear system |−70KZ | induces
a dominant rational map Z 99K P(1, 2, 5, 14). Thus, the anticanonical divisor −KZ′ is nef and
big. It contradicts Theorem 0.2.4 because the log pair (Z ′, 1
n
MZ′) is terminal. 
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Due to the lemma above, we may assume that the set CS(W, 1
n
MW ) contains the point Q1.
In particular, the set CS(Y, 1
n
MY ) is not empty and each member of the linear system MY is
contracted to a curve by the morphism η.
Let G be the exceptional divisor of γ. Then, G contains two singular points Q′1 and Q
′
2 of Y
that are quotient singularities of types 12(1, 1, 1) and
1
3(1, 1, 2), respectively. Then,
CS
(
Y,
1
n
MY
)
⊆
{
Q′1, Q
′
2, Q¯2
}
,
where Q¯2 is the point on Y whose image to W by γ is the point Q2.
In a neighborhood of Q1, the birational morphism β can be given by the equations
x¯ = x˜z˜
1
8 , z¯ = z˜t˜
3
8 , t¯ = t˜
5
8 ,
where x˜, z˜, and t˜ are weighted local coordinates on W in a neighborhood of Q1 such that
wt(x˜) = 1, wt(z˜) = 3, and wt(t˜) = 2. Thus, in a neighborhood of the singular point Q1, the
divisor F is given by the equation t˜ = 0, the divisor SW is given by x˜ = 0, the divisor EW does
not pass though the point Q1, and the divisor BW is given by the equation
λx˜2 + µ
(
ǫ8t˜+ ǫ9z˜
8t˜4 + other terms
)
= 0.
Therefore, BW ∼Q 2SW and the base locus of BW is the union of CW , LW and the curve L
′
that is given by the equations x˜ = t˜ = 0. We have
SW · BW = CW + 2LW + L
′, EW ·BW = 2LW , F ·BW = 2L
′,
which gives us
SW · CW = SW · LU = 0, SW · L
′ =
1
15
.
In a neighborhood of Q2, the birational morphism γ can be given by the equations
x˜ = xˆtˆ
1
5 , z˜ = zˆ
3
5 , t˜ = tˆzˆ
2
5 ,
where xˆ, zˆ, and tˆ are weighted local coordinates on Y in the neighborhood of Q′2 such that
wt(xˆ) = 1, wt(zˆ) = 1, and wt(tˆ) = 2. Thus, in a neighborhood of the singular point Q′2, the
divisor G is given by the equation zˆ = 0, the divisor SY is given by xˆ = 0, the divisor FY is
given by the equation t¯ = 0, and the divisor BY is given by the equation
λxˆ2 + µ
(
ǫ8tˆ+ ǫ9zˆ
6tˆ2 + other terms
)
= 0.
Thus, BY ∼Q 2SY and that the base locus of BY is the union of the irreducible curves CY , LY ,
and L′Y . We have

SY ∼Q (α ◦ β ◦ γ)
∗(−KX)−
1
11
(β ◦ γ)∗(E)−
1
8
γ∗(F )−
1
5
G,
EY ∼Q (β ◦ γ)
∗(E)−
5
8
γ∗(F ),
FY ∼Q γ
∗(F )−
2
5
G,
and
SY · CY = SY · LY = SY · L
′
Y = 0,
which simply means that CY , LY and L
′
Y are components of a fiber of η.
Lemma 2.10.4. If the set CS(Y, 1
n
MY ) contains Q
′
2, then M = B.
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Proof. Let σ2 : Y2 → Y be the Kawamata blow up at the point Q
′
2 and let H2 be the exceptional
divisor of σ2. Then, our local calculations imply that BY2 ∼Q 2SY2 and the base locus of BY2 is
the union of curves CY2 , LY2 , and L
′
Y2
. Thus, we have
SY2 ·BY2 = CY2 + 2LY2 + L
′
Y2
, EY2 · BY2 = 2LY2 , FY2 ·BY2 = 2L
′
Y2
,
which implies that
SY2 · CY2 = 0, SY2 · LY2 = 0, SY2 · L
′
Y2
= −
1
3
because


SY2 ∼Q (α ◦ β ◦ γ ◦ σ2)
∗(−KX)−
1
11
(β ◦ γ ◦ σ2)
∗(E)−
1
8
(γ ◦ σ2)
∗(F )−
1
5
σ∗2(G) −
1
3
H2,
EY2 ∼Q (β ◦ γ ◦ σ2)
∗(E)−
5
8
(γ ◦ σ2)
∗(F ),
FY2 ∼Q (γ ◦ σ2)
∗(F )−
2
5
σ∗2(G)−
2
3
H2,
GY2 ∼Q σ
∗
2(G) −
1
3
H2,
The curve L′Y2 is the only curve on Y2 that has negative intersection with −KY2. Moreover, we
have (SY2 + (γ ◦ σ2)
∗(−5KW )) · L
′
Y2
= 0, which implies that the divisor SY2 + (γ ◦ σ2)
∗(−5KW )
is nef and big because −KW is nef and big. Therefore,
(SY2 + (γ ◦ σ2)
∗(−5KW )) · BY2 ·MY2 = 0
by Lemma 0.2.6, and hence M = B by Theorem 0.2.9 
Lemma 2.10.5. The set CS(Y, 1
n
MY ) cannot contain the point Q
′
1.
Proof. Suppose that the set CS(Y, 1
n
MY ) contains the point Q
′
1. Let σ1 : Y1 → Y be the
Kawamata blow up at the point Q′1.
Let D be a general pencil in the linear system |−3KX |. Then, the base curve of D is the curve
C¯ given by x = z = 0. Moreover, the base locus of DY1 consists of the curve C¯Y1 . Thus, we see
that C¯Y1 = SY1 ·DY1 for a general surface DY1 in DY1. On the other hand, we have DY1 ·CY1 < 0,
which implies that n = 3 and MY1 = DY1 by Theorem 0.2.9. However, DY1 6∼Q −3KY1 . 
Consequently, we may assume that the set CS(Y, 1
n
MY ) consists of the point Q¯2 whose image
to W is the point Q2. It implies that CS(W,
1
n
MW ) = {Q1, Q2}. We have MV ∼Q −nKV by
Lemma 0.2.6.
Let H be the exceptional divisor of ξ. Then, it follows from the local computations made
during the proof of Lemma 2.10.3 that BV ∼Q 2SV . The base locus of BV is the union of the
irreducible curves CV , LV , L
′
V , and the curve L
′′ such that L′′ = SV ·H. We have
SV · CV = 0, SV · LV = −
1
3
, SV · L
′
V = −
1
6
, SV · L
′′ =
1
2
.
Let O¯ be the singular point of V that is contained in H. Then, ω(O¯) is the singular point
of Z contained in the exceptional divisor of ν. It follows from Lemma 0.2.7 that either the set
CS(V, 1
n
MV ) contains the point O¯ or the log pair (V,
1
n
MV ) is terminal.
Suppose that the set CS(V, 1
n
MV ) contains the point O¯. Then, the set CS(Z,
1
n
MZ) contains
the point ω(O¯). The proof of Lemma 2.10.3 shows thatM = B if the set CS(Z, 1
n
MZ) contains
the point ω(O¯) = O2.
From now, we suppose that the singularities of the log pair (V, 1
n
MV ) are terminal. The
singularities of the log pair (V, ǫBV ) are log-terminal for some rational number ǫ >
1
2 but the
divisor KV +ǫBV has nonnegative intersection with all curves on the variety V except the curves
LV and L
′
V . Then, there is a composition of antiflips χ : V 99K V
′ and the divisor −KV ′ is nef.
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Hence, the linear system | − rKV ′ | is base-point-free for r ≫ 0 by the log abundance theorem
([14]).
It follows from the proof of Lemma 2.10.3 that the pull-backs of the rational functions y
x2
and
zy
x5
are contained in the linear systems |2SV | and |5SV |, respectively. In particular, the complete
linear system | − 10KV | induces a dominant rational map V 99K P(1, 2, 5), which implies that
the linear system |−rKV ′ | induces a dominant morphism to a surface. In fact, the linear system
| − rKV ′ | induces the morphism υ. The singularities of the log pair (V
′, 1
n
MV ′) are terminal
because the singularities of the log pair (V, 1
n
MV ) are terminal and the rational map χ is a log
flop with respect to the log pair (V, 1
n
MV ). However, the singularities of the log pair (V
′, 1
n
MV ′)
cannot be terminal by Theorem 0.2.4. We have obtained a contradiction.
Summing up, we have proved
Proposition 2.10.6. The linear system | − 2KX | is a unique Halphen pencil on X.
2.11. Cases ג = 63, 77, 83, and 85.
Suppose that ג ∈ {63, 83}. Then, the threefold X ⊂ P(1, a1, a2, a3, a4) always contains the
point O = (0 : 0 : 0 : 1 : 0). It is a singular point of X that is a quotient singularity of type
1
a3
(1, a2, a3 − a2).
We also have a commutative diagram as follows:
U
α

W
βoo
η

X
ψ
//______ P(1, a1, a2),
where
• α is the Kawamata blow up at the point O with weights (1, a2, a3 − a2),
• β is the Kawamata blow up with weights (1, a2, a3 − 2a2) at the point P of U that is a
quotient singularity of type 1
a3−a2
(1, a2, a3 − 2a2),
• η is an elliptic fibration.
We may assume that
CS
(
X,
1
n
M
)
=
{
O
}
due to Theorem 0.2.4, Lemmas 0.3.3, 0.3.10, 0.3.11, and Corollary 0.3.7.
The exceptional divisor E of the birational morphism α contains two singular points P and
Q that are quotient singularity of types 1
a3−a2
(1, a2, a3−2a2) and
1
a2
(1, 1, a3−2a2), respectively.
The base locus of | − a1KX | consists of the irreducible curve C defined by x = y = 0. The base
locus of | − a1KU | consists of the proper transform CU and the unique irreducible curve L in
|OP(1,a2,a3−a2)(1)| on the surface E.
Lemma 2.11.1. If the set CS(U, 1
n
MU ) contains the point Q, then M = | − a1KX |.
Proof. Let π : Y → U be the Kawamata blow up at the point Q with weights (1, 1, a3 − 2a2)
and GQ be its exceptional divisor. Then, the base locus of the pencil | − a1KY | consists of the
irreducible curves CY and LY . Then, our situation is exactly same as Lemma 1.12.1. Using the
same proof, we get M = | − a1KX |. 
The exceptional divisor F of the birational morphism β contains two singular points P1 and P2
that are quotient singularities of types 1
a2
(1, 1, a2−1) and
1
a3−2a2
(1, 1, a3−2a2−1), respectively.
Lemma 2.11.2. The set CS(W 1
n
MW ) cannot contain the point P2.
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Proof. Let σ2 : V2 → W be the Kawamata blow up at the point P2. The proper transform
D of the linear system | − a2KX | consists of two irreducible curves C¯V2 and LV2 . Applying
the same method as in Lemma 2.11.1 to the linear system D, we obtain an absurd identity
M = | − a2KX |. 
Proposition 2.11.3. The linear system | − a1KX | is the only Halphen pencil on X.
Proof. Lemma 0.2.7 implies that either CS(U, 1
n
MU ) = {P} or Q ∈ CS(U,
1
n
MU ). The latter
case implies M = | − a1KX | by Lemma 2.11.1. Suppose that the set CS(U,
1
n
MU ) consists of
the point P . Then, the set CS(W, 1
n
MW ) must contain the point P1 by Lemma 2.11.2. Let
σ1 : V1 → W be the Kawamata blow up at the point P1. Then, the base locus of the pencil
| − a1KV1 | consists of the irreducible curves CV1 and LV1 . Applying the same method as in
Lemma 2.11.1, we obtain M = | − a1KX |. 
We suppose that ג = 77 or 85. The hypersurface X ⊂ P(1, a1, a2, a3, a4) always contains the
point O = (0 : 0 : 0 : 1 : 0) as a quotient singularity of type 1
a3
(1, a1, a3 − a1).
There is a commutative diagram
U
α

W
βoo
η

X
ψ
//______ P(1, a1, a2),
where
• ψ is the natural projection,
• α is the Kawamata blow up at the point O with weights (1, a1, a3 − a1),
• β is the Kawamata blow up with weights (1, a1, a3 − 2a1) at the singular point of the
variety U that is a quotient singularity of type 1
a3−a1
(1, a1, a3 − 2a1),
• η is an elliptic fibration.
As in the previous case, we may assume that
CS
(
X,
1
n
M
)
=
{
O
}
.
The exceptional divisor E of the birational morphism α contains two singular points P and Q
that are quotient singularities of types 1
a3−a1
(1, a1, a3 − 2a1) and
1
a1
(1, 1, a1 − 1), respectively.
Unlike the previous case, we have the opposite statement for the point Q as follows:
Lemma 2.11.4. The set CS(U, 1
n
MU ) cannot contain the point Q.
Proof. Suppose the set CS(U, 1
n
MU ) contains the pointQ. Let π : Y → U be the Kawamata blow
up at the point Q. The base locus of the proper transform D of the linear system |−a4KX | does
not contain any curve. Therefore, a general surface D in the linear system D is nef. However,
we can easily check that D · M1 · M2 < 0 for general surfaces M1 and M2 in MY . It is a
contradiction. 
Proposition 2.11.5. If ג ∈ {77, 85}, then the linear system | − a1KX | is a unique Halphen
pencil on X.
Proof. The proof is the same as the cases ג = 63 and 83. The only difference is Lemma 2.11.1.
We replace it by Lemma 2.11.4. 
2.12. Case ג = 65, hypersurface of degree 27 in P(1, 2, 5, 9, 11).
The threefold X is a general hypersurface of degree 27 in P(1, 2, 5, 9, 11) with −K3X =
3
110 .
The singularities of X consist of one singular point O that is a quotient singularity of type
1
11(1, 2, 9), one point of type
1
5(1, 4, 1), and four points of type
1
2 (1, 1, 1).
HALPHEN PENCILS ON WEIGHTED FANO THREEFOLD HYPERSURFACES 81
There is a commutative diagram
U
α

W
βoo Y
γoo
η

X
ψ
//_____________ P(1, 2, 5),
where
• ψ is the natural projection,
• α is the Kawamata blow up at the point O with weights (1, 2, 9),
• β is the Kawamata blow up with weights (1, 2, 7) at the singular point of the variety U
that is a quotient singularity of type 19(1, 2, 7) contained in the exceptional divisor of the
birational morphism α,
• γ is the Kawamata blow up with weights (1, 2, 5) at the singular point of the variety W
that is a quotient singularity of type 17(1, 2, 5) contained in the exceptional divisor of the
birational morphism β,
• η is an elliptic fibration.
If the set CS(X, 1
n
M) contains the singular point of type 15(1, 4, 1), then M = | − 2KX |
by Lemma 0.3.11. Therefore, we may assume that CS(X, 1
n
M) = {O} by Lemma 0.3.3 and
Corollary 0.3.8.
The hypersurface X can be given by the equation
w2z + wf16(x, y, z, t) + f27(x, y, z, t) = 0,
where fi(x, y, z, t) is a quasihomogeneous polynomial of degree i. Let P be the pencil of surfaces
cut on the hypersurface X by
λx5 + µz = 0,
where (λ : µ) ∈ P1. Even though the linear system P is not a Halphen pencil, it is helpful for
our proof. Note that the base locus of the pencil P consists of the irreducible curve C¯.
The exceptional divisor E ∼= P(1, 2, 9) contains two singular points P and Q of U that are
quotient singularities of types 12 (1, 1, 1) and
1
9(1, 2, 7), respectively. Let L be the unique curve
contained in the linear system |OP(1, 2, 9)(1)| on the surface E.
The set CS(U, 1
n
MU ) is not empty by Theorem 0.2.4. Hence, either the set CS(U,
1
n
D) contains
the point P or it consists of the point Q by Lemma 0.2.7.
Lemma 2.12.1. The set CS(U, 1
n
MU ) does not contain the point P .
Proof. Suppose that P ∈ CS(U, 1
n
MU ). Let πP : UP → U be the Kawamata blow up at the
point P with weights (1, 1, 1) and GP be its exceptional divisor. Then, MUP ∼Q −nKUP holds
by Lemma 0.2.6.
The base locus of the pencil PUP consists of the irreducible curves C¯UP , LUP , and a line L¯ on
GP ∼= P
2. For a general surface DUP of the pencil PUP ,
SUP ·DUP = C¯UP + LUP , EUP ·DUP = 5LUP , GP ·DUP = L¯.
The surface DUP is normal. On the other hand, we have

EUP ∼Q π
∗
P (E)−
1
2
GP ,
DUP ∼Q (α ◦ πP )
∗(−5KX )−
5
11
π∗P (E) −
1
2
GP ,
SUP ∼Q (α ◦ πP )
∗(−KX)−
1
11
π∗P (E) −
1
2
GP ,
which implies
LUP · LUP = −
73
450
, C¯UP · LUP =
4
45
, C¯UP · C¯UP = −
497
550
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on the surface DUP . Therefore, the intersection form of the curves C¯UP and LUP on the surface
DUP is negative-definite. On the other hand, we have
MUP
∣∣∣
DUP
≡ −nK
UP
∣∣∣
DUP
≡ nSUP
∣∣∣
DUP
≡ nC¯UP + nLUP ,
which implies MUP = PUP by Theorem 0.2.9. Hence, n = 5, but DUP 6∼Q −5KUP , which is a
contradiction. 
Hence, the set CS(U, 1
n
MU ) consists of the point Q. The exceptional divisor F ∼= P(1, 2, 7)
of β contains two singular points Q1 and Q2 of W that are quotient singularities of types
1
2(1, 1, 1) and
1
7 (1, 2, 5), respectively. Let L˜ be the unique curve contained in the linear system
|OP(1, 2, 7)(1)| on the surface F .
It follows from Theorem 0.2.4 that the set CS(W, 1
n
MW ) is not empty because the divisor
−KW is nef and big.
Lemma 2.12.2. The set CS(W, 1
n
MW ) does not contain the point Q1.
Proof. Suppose that Q1 ∈ CS(W,
1
n
MW ). Let π1 : W1 → W be the Kawamata blow up at the
point Q1 with weights (1, 1, 1) and G1 be its exceptional divisor.
The base locus of the pencil PW1 consists of the irreducible curves C¯W1, LW1, L˜W1, ∆1, ∆2,
and ∆, where the curves ∆1 and ∆2 are the lines on G1 ∼= P
2 cut out by the divisors EW1 and
FW1 , respectively, and the curve ∆ is a line on G1 different from the lines ∆1 and ∆2.
For a general surface DW1 in the pencil PW1, we have
SW1 ·DW1 = CW1 + LW1 + L˜W1 , EW1 ·DW1 = 5LW1 +∆1, FW1 ·DW1 = 5L˜W1 +∆2.
The surface DW1 is normal and it is smooth in a neighborhood of G1. In particular, it follows
from the local computations and the Adjunction formula that the equalities
∆1 ·∆2 = ∆1 · L˜W1 = ∆2 · LW1 = 1, ∆1 · CW1 = ∆2 · CW1 = 0, ∆
2
1 = ∆
2
2 = −4
hold on the surface DW1 . However, we have

FW1 ∼Q π
∗
1(F )−
1
2
G,
EW1 ∼Q (β ◦ π1)
∗(E) −
7
9
π∗1(F )−
1
2
G1,
DW1 ∼Q (α ◦ β ◦ π1)
∗(−5KX)−
5
11
(β ◦ π1)
∗(E)−
5
9
π∗1(F )−
3
2
G1,
SW1 ∼Q (α ◦ β ◦ π1)
∗(−KX)−
1
11
(β ◦ π1)
∗(E)−
1
9
π∗1(F )−
1
2
G1.
We can then obtain
CW1 · CW1 = LW1 · LW1 = −
1
2
, L˜W1 · L˜W1 = −
3
7
, CW1 · LW1 = CW1 · L˜W1 = LW1 · L˜W1 = 0
on the surface DW1 . Therefore, the intersection form of the curves CW1 , LW1 , and L˜W1 on the
surface DW1 is negative-definite. On the other hand, we have
MW1
∣∣∣
DW1
≡ −nKW1
∣∣∣
DW1
≡ nSW1
∣∣∣
DW1
≡ nCW1 + nLW1 + nL˜W1,
which impliesMW1 = PW1 by Theorem 0.2.9. Hence, we have n = 5, but DW1 6≡ −5KW1 , which
is a contradiction. 
Thus, the set CS(W, 1
n
MW ) consists of the point Q2 by Lemma 0.2.7.
The exceptional divisor of the birational morphism γ contains two singular points O1 and
O2 of Y that are quotient singularities of types
1
2(1, 1, 1) and
1
5 (1, 2, 3), respectively. Then,
the set CS(Y, 1
n
MY ) must contain either the point O1 or the point O2 by Theorem 0.2.4 and
Lemma 0.2.7.
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Lemma 2.12.3. The set CS(Y, 1
n
MY ) does not contain the point O1.
Proof. Suppose that O1 ∈ CS(Y,
1
n
MY ). Let σ1 : V1 → Y be the Kawamata blow up at the
point O1 with weights (1, 1, 1) and H1 be the exceptional divisor of the birational morphism σ1.
A general surface DV1 in PV1 is normal and
MV1
∣∣∣
DV1
≡ −nKV1
∣∣∣
DV1
≡ nSV1
∣∣∣
DV1
.
The intersection DV1 ∩H1 is a line on G1
∼= P2 that is different from the line SV1 ∩G1. However,
the curve DV1 ∩H1 is a fiber of the elliptic fibration η ◦ σ1|DV1 over the point η ◦ σ1(SV1 ∩H1).
The support of the cycle SV1 ·DV1 contains all components of the fiber of the elliptic fibration
η ◦σ1|DV1 over the point η ◦σ1(SV1 ∩H1) that are different from the curve DV1 ∩H1. Hence, the
intersection form of the components of the cycle SV1 · DV1 are negative-definite on the surface
DV1 , which implies that MV1 = PV1 by Theorem 0.2.9. Hence, we have n = 5, but it follows
from explicit calculations that
DV1 ∼Q σ
∗
1(−5KY )−
1
2
H1 6∼Q −5KV1 ,
which is a contradiction. 
Proposition 2.12.4. The linear system | − 2KX | is a unique Halphen pencil on X.
Proof. By what we have proved so far, we may assume that the set CS(Y, 1
n
MY ) contains the
point O2. Let σ2 : V2 → Y be the Kawamata blow up at the point O1 with weights (1, 2, 3).
Then, | − 2KV2 | is the proper transform of the pencil | − 2KX |. Its base locus consists of the
irreducible curve CV2. Because MV1 ∼Q −nKV1 and −KV1 · CV2 < 0, Theorem 0.2.9 implies
that M = | − 2KX |. 
2.13. Cases ג = 72, 89, 90, 92, and 94.
Suppose that ג ∈ {72, 89, 90, 92, 94}. Then, the threefold X ⊂ P(1, a1, a2, a3, a4) always
contains a quotient singularity O of type 1
a1+a2
(1, a1, a2).
We also have a commutative diagram as follows:
U
pi
xxqqq
qq
qq
qq
qq
qq
η
((QQ
QQQ
QQQ
QQQ
QQQ
X
ψ
//_____________ P(1, a1, a2)
where
• ψ is a natural projection,
• π is the Kawamata blow up at the point O with weights (1, a1, a2),
• η is an elliptic fibration.
We may assume that the set CS(X, 1
n
M) consists of the singular point O due to Lemmas 0.3.3,
0.3.10, 0.3.11 and Corollary 0.3.7.
The exceptional divisor E of the birational morphism π contains two singular points P and
Q of types 1
a1
(1, a, a1 − a) and
1
a2
(1, a1, a2 − a1), respectively, where a = |2a1 − a2|. Then, the
set CS(U, 1
n
MU ) contains either the singular point P or the singular point Q by Lemma 0.2.7.
Lemma 2.13.1. The set CS(U, 1
n
MU ) does not contain the point P .
Proof. Suppose that the set CS(U, 1
n
MU ) contains the point P . Let α : UP → U be the
Kawamata blow up at the point P with weights (1, a, a1 − a) and G be the exceptional divisor
of the birational morphism α. Then,
MUP ∼Q
(
π ◦ α
)∗(
− nKX
)
−
n
a1 + a2
α∗
(
E
)
−
n
a1
G ∼Q −nKUP
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by Lemma 0.2.6.
Let D be the proper transform of the linear system | − a2KX | by the birational morphism
π ◦ α. Then, SUP ∼Q −KUP and
D ∼Q
(
π ◦ α
)∗(
− a2KX
)
−
a2
a1 + a2
α∗
(
E
)
−
1
a1
G,
but the base locus of the linear system D consists of the irreducible curve C¯UP whose image to
X is the base curve of the linear system | − a2KX |. Let D be a general surface in D and M be
a general surface inMUP . The surface D is normal. We have C¯
2
UP
< 0 on the normal surface D
and M |D ≡ nC¯UP , which implies thatMUP = D by Theorem 0.2.9. However, the linear system
D is not a pencil. 
Proposition 2.13.2. If ג = 72, 89, 90, 92, 94, then M = | − a1KX |.
Proof. By Lemma 2.13.1, we may assume that the set CS(U, 1
n
MU ) contains the point Q.
Let β : W → U be the Kawamata blow up of the point Q with weights (1, a1, a2 − a1). The
linear system | − a1KW | is the proper transform of the pencil | − a1KX | and the base locus of
the pencil | − a1KW | consists of the irreducible curve CW whose image to X is the base curve
of | − a1KX |. Then, the inequality −KW · CW < 0 and the equivalence MW ∼Q −nKW imply
that the pencil MW coincides with the pencil | − a1KW | by Theorem 0.2.9. 
2.14. Cases ג = 75 and 87.
In the case of ג = 75, the threefold X is a general hypersurface of degree 30 in P(1, 4, 5, 6, 15)
with −K3X =
1
60 . Its singularities consist of one quotient singular point of type
1
4(1, 1, 3), one
quotient singular point of type 13 (1, 1, 2), two quotient singular points of type
1
2(1, 1, 1), and two
quotient singular points of type 15(1, 4, 1).
In the case of ג = 87, the threefold X is a general hypersurface of degree 40 in P(1, 5, 7, 8, 20)
with −K3X =
1
140 . It has one quotient singular point of type
1
4(1, 1, 3), two quotient singular
points of type 15 (1, 2, 3), and one quotient singular point of type
1
7(1, 1, 6).
In both cases, the threefold X cannot be birationally transformed to an elliptic fibration ([4]).
However, it can be rationally fibred by K3 surfaces.
Proposition 2.14.1. If ג ∈ {75, 87}, then | − a1KX | is a unique Halphen pencil on X.
Proof. Theorem 0.2.4, Lemmas 0.3.3, 0.3.10, 0.3.11, and Corollary 0.3.7 immediately imply the
result. 
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Part 3. Fano threefold hypersurfaces with two Halphen pencils.
3.1. Case ג = 45, hypersurface of degree 20 in P(1, 3, 4, 5, 8).
Let X be the hypersurface given by a general quasihomogeneous equation of degree 18 in
P(1, 3, 4, 5, 8) with −K3X =
1
24 . Then, the singularities of X consist of one singular point P that
is a quotient singularity of type 18(1, 3, 5), one singular point of type
1
3(1, 1, 2), and two points
of type 14(1, 3, 1).
There is a commutative diagram
U
α

W
βoo
η

X
ψ
//______ P(1, 3, 4),
where
• ψ is the natural projection,
• α is a blow up at the singular point P with weights (1, 3, 5),
• β is the blow up with weights (1, 3, 2) of the singular point of the variety U that is a
quotient singularity of type 15(1, 3, 2),
• η is an elliptic fibration.
Also, by the generality of the hypersurface, we may assume that the hypersurfaceX is defined
by the equation
w2z + wf12(x, y, z, t) + f20(x, y, z, t) = 0,
where fi(x, y, z, t) is a quasihomogeneous polynomial of degree i. Proposition 0.3.12 implies that
the linear system |−3KX | is a Halphen pencil. Let P be the pencil on X given by the equations
λx4 + µz = 0,
where (λ, µ) ∈ P1. We see that the linear system P is another Halphen pencil on X.
K3-Proposition 3.1.1. A general member of the pencil P is birational to a smooth K3 surface.
Proof. It is a compactification of a double cover of C2 ramified along a sextic curve. It cannot
be a rational surface by Theorem 0.1.3. Therefore, it is birational to a smooth K3 surface. 
If the set CS(X, 1
n
M) contains one of the singular points of type 14(1, 3, 1), thenM = |−3KX |
by Lemma 0.3.11. Therefore, we may assume that
CS
(
X,
1
n
M
)
=
{
P
}
by Lemma 0.3.3 and Corollary 0.3.7.
The exceptional divisor E ∼= P(1, 3, 5) of the birational morphism α contains two singular
points P1 and P2 of types
1
3(1, 1, 2) and
1
5(1, 3, 2), respectively. For the convenience, let L be
the unique curve contained in the linear system |OP(1,3,5)(1)| on the surface E.
Lemma 3.1.2. The set CS(U, 1
n
MU ) cannot contain the point P1.
Proof. Suppose so. Then, we consider the Kawamata blow up α1 : V → U at the point P1 with
weights (1, 1, 2). Let DV be the proper transform, by the birational morphism α ◦ α1, of the
linear system D on X defined by the equations λ0x
5+λ1x
2y+λ2t = 0, where (λ0 : λ1 : λ2) ∈ P
2.
Then, its base locus consists of the irreducible curve C˜V whose image to X is the base curve of
the linear system D. We easily see that SV ·DV = C˜V and
DV ∼Q
(
α ◦ α1
)∗(
− 5KX
)
−
5
8
α∗1
(
E
)
−
1
3
F1,
SV ∼Q
(
α ◦ α1
)∗(
−KX
)
−
1
8
α∗1
(
E
)
−
1
3
F1,
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where DV is a general surface in DV and F1 is the exceptional divisor of α1. Since the curve C˜V
has negative self-intersection on the normal surface DV , Theorem 0.2.9 implies M = D. But
this is absurd because D is not a pencil. 
Therefore, we may assume that CS(U, 1
n
MW ) = {P2}. The exceptional divisor F of the
birational morphism β contains two singular points Q1 and Q2 that are quotient singularities of
types 13 (1, 1, 2) and
1
2(1, 1, 1), respectively.
Lemma 3.1.3. If the set CS(W, 1
n
MW ) contains the point Q1, then M = P.
Proof. Suppose that the set CS(W, 1
n
MW ) contains the point Q1. Let β1 : W1 → W be the
Kawamata blow up at the point Q1 with weights (1, 1, 2). The base locus of PW1 consists of the
irreducible curve CW1 and the irreducible curve LW1. A general surface DW1 in PW1 is normal
and the intersection form of the curves CW1 and LW1 is negative-definite on the surface DW1.
Because MW1|DW1 ≡ nCW1 + nLW1, we obtain M = P from Theorem 0.2.9. 
Lemma 3.1.4. The set CS(W, 1
n
MW ) cannot contain the point Q2.
Proof. Suppose that the set CS(W, 1
n
MW ) contains the point Q2. Let β2 : W2 → W be the
Kawamata blow up at the point Q2. We then consider the proper transform LW2 of the pencil
| − 3KX | by the birational morphism α ◦ β ◦ β2. For a general surface DW2 in LW2, we have
DW2 ∼Q
(
α ◦ β ◦ β2
)∗(
− 3KX
)
−
3
8
(
β ◦ β2
)∗(
E
)
−
3
5
β∗2
(
F
)
−
1
2
G,
where G is the exceptional divisor of β2. Also, we have
SW2 ∼Q
(
α ◦ β ◦ β2
)∗(
−KX
)
−
1
8
(
β ◦ β2
)∗(
E
)
−
1
5
β∗2
(
F
)
−
1
2
G.
Since MW2 |DW2 ≡ nCW2, the surface DW2 is normal, and the self-intersection number C
2
W2
on the normal surface DW2 is −
1
2 , we obtain the identity MW2 = LW2 from Theorem 0.2.9.
However, DW2 6∼Q −3KW2 . It is a contradiction. 
Proposition 3.1.5. The linear systems | − 3KX | or P are the only Halphen pencils on X.
Proof. We apply Lemma 0.3.11 to the singular points on X of type 14(1, 3, 1) and the lemmas
above to the singular point P . 
3.2. Case ג = 48, hypersurface of degree 21 in P(1, 2, 3, 7, 9).
In the case of ג = 48, the hypersurface X is defined by a general quasihomogeneous equation
of degree 21 in P(1, 2, 3, 7, 9) with −K3X =
1
18 . It has a quotient singularity of type
1
9(1, 2, 7) at
the point O = (0 : 0 : 0 : 0 : 1). It also has one quotient singular point of type 12 (1, 1, 1) and two
quotient singular points of type 13(1, 2, 1).
We have an elliptic fibration as follows:
Y
α

U
βoo V
γoo
η

X
ψ
//_____________ P(1, 2, 3),
where
• ψ is the natural projection,
• α is the Kawamata blow up at the point O with weights (1, 2, 7),
• β is the Kawamata blow up with weights (1, 2, 5) at the singular point of Y that is a
quotient singularity of type 17(1, 2, 5),
• γ is the Kawamata blow up with weights (1, 2, 3) at the singular point of the variety U
that is a quotient singularity of type 15(1, 2, 3),
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• η is an elliptic fibration.
Proposition 0.3.12 implies that the linear system | − 2KX | is a Halphen pencil. However, we
have another Halphen pencil. The hypersurface X can be given by the equation
w2z + wf12(x, y, z, t) + f21(x, y, z, t) = 0,
where fi is a quasihomogeneous polynomial of degree i. Let P be the pencil on X given by the
equations
λx3 + µz = 0,
where (λ : µ) ∈ P1. We will see that the linear system P is a Halphen pencil on X (K3-
Proposition 3.2.3).
If the set CS(X, 1
n
M) contains a singular point of type 13 (1, 2, 1) on X, then the identity
M = | − 2KX | follows from Lemma 0.3.11. Therefore, we may assume that
CS
(
X,
1
n
M
)
=
{
O
}
due to Theorem 0.2.4, Lemmas 0.3.3, 0.3.10, and Corollary 0.3.7.
The exceptional divisor E ∼= P(1, 2, 7) of the birational morphism α contains two quotient
singular points P1 and Q1 of types
1
7(1, 2, 5) and
1
2 (1, 1, 1), respectively. For the convenience, let
L be the unique curve in the linear system |OP(1,2,7)(1)| on the surface E.
Lemma 3.2.1. The set CS(Y, 1
n
MY ) cannot contain the point Q1.
Proof. Suppose that the set CS(Y, 1
n
MY ) contains the point Q1. Let α1 : W1 → Y be the
Kawamata blow up at the point Q1 with weights (1, 1, 1). By Lemma 0.2.6, we have MW1 ∼Q
−nKW1.
We consider the linear system | − 7KX | on X that has no base curves. Also, the proper
transform DW1 of the linear system | − 7KX | by the birational α ◦α1 has no base curve. Let D1
be a general member in DW1. The divisor D1 is nef. Meanwhile, we have
D1 ∼Q (α ◦ α1)
∗(−7KX)−
7
9
α∗1(E)−
1
2
E1,
where E1 is the exceptional divisor of α1. Therefore, D1 ·M1 ·M2 = −
n2
6 < 0, where M1 and
M2 are general members in MW1. It is a contradiction. 
Therefore, we may assume that CS(Y, 1
n
MY ) = {P1}. The exceptional divisor F ∼= P(1, 2, 5)
of the birational morphism β contains two singular points P2 and Q2 that are quotient singu-
larities of types 15(1, 2, 3) and
1
2(1, 1, 1), respectively. The set CS(U,
1
n
MU ) contains either the
point P2 or the point Q2. For the convenience, we denote the unique curve in the linear system
|OP(1,2,5)(1)| on the surface F by L¯.
Lemma 3.2.2. If the set CS(U, 1
n
MU ) contains the point Q2, then M = P.
Proof. Suppose that the set CS(U, 1
n
MU ) contains the point Q2. Let β2 : W2 → U be the
Kawamata blow up at the point Q2 with weights (1, 1, 1). Let F2 be the exceptional divisor of
β2. Then,
MW2 ∼Q −nKW2 ∼Q (α ◦ β ◦ β2)
∗(−nKX)−
n
9
(β ◦ β2)
∗(E)−
n
7
β∗2(F )−
n
2
F2.
The base locus of the pencil PW2 consists of three irreducible curves C¯W2 , LW2, and L¯W2.
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Let DW2 be a general surface in the pencil PW2. Then, the surface D2 is normal and we have

DW2 ∼Q (α ◦ β ◦ β2)
∗(−3KX )−
3
9
(β ◦ β2)
∗(E) −
3
7
β∗2(F )−
3
2
F2,
SW2 ∼Q (α ◦ β ◦ β2)
∗(−KX)−
1
9
(β ◦ β2)
∗(E) −
1
7
β∗2(F )−
1
2
F2,
EW2 ∼Q (β ◦ β2)
∗(E)−
5
7
β∗2(F )−
1
2
F2,
FW2 ∼Q β
∗
2(F )−
1
2
F2.
Furthermore,
SW2 ·DW2 = C¯W2 + LW2 + L¯W2 , EW2 ·DW2 = 3LW2, FW2 ·DW2 = 3L¯W2 .
Consider the curves C¯W2, LW2 , and L¯W2 as divisors on DW2 . Then, the equivalences above
imply that
C¯W2 · C¯W2 = LW2 · LW2 = −
1
2
, L¯W2 · L¯W2 = −
2
5
, CW2 · LW2 = CW2 · L¯W2 = LW2 · L¯W2 = 0.
Therefore, the intersection form of these curves on DW2 is negative-definite. On the other hand,
we have
MW2
∣∣∣
DW2
≡ −nKW2
∣∣∣
DW2
≡ nSW2
∣∣∣
DW2
≡ nC¯W2 + nLW2 + nL¯W2,
where MW2 is a general surface in the pencil MW2. Therefore, we obtain M = P from Theo-
rem 0.2.9. 
K3-Proposition 3.2.3. A general surface in the pencil P is birational to a K3 surface.
Proof. We use the same notations in the proof of Lemma 3.2.2. Note that the proof of
Lemma 3.2.2 and Proposition 0.3.12 shows the linear system P is a Halphen pencil.
Suppose that the intersection curve ∆ = F2 · DW2 is a smooth curve on F2
∼= P2. Because
the degree of the curve ∆ on F2 is three, it must be an elliptic curve. One can see that the
singularities of the image surface DU := β2(DW2) are rational except the point Q2. Moreover,
the restricted morphism β2|DW2 : DW2 → DU resolves the singular point Q1. Therefore, the
singularities of the surface DW2 is rational. Because the divisor −KU is nef and big, the Leray
spectral sequence for the morphism β¯ := β2|DW2 : DW2 → DU shows
0→ H1(DU ,ODU ) = 0→ H
1(DW2 ,ODW2 )→ H
0(DU , R
1β¯∗ODW2 )→ H
2(DU ,ODU ) = 0,
and hence the irregularity h1(DW2 ,ODW2 ) = 1. Because the surface DW2 has only rational
singularities, a smooth surface birational to the surface DW2 has the same irregularity. However,
the surface DW2 is birational to a K3 surface or an abelian surface by Corollary 0.2.11, which is
a contradiction. Therefore, the curve ∆ must be a singular curve, and hence a rational curve.
Therefore, Corollary 0.2.12 completes the proof. 
Due to the lemma above, we may assume that CS(U, 1
n
MU ) = {P2}. Let γ : V → U be
the Kawamata blow up at the point P2 with weights (1, 2, 3). Then, the exceptional divisor
G ∼= P(1, 2, 3) of the birational morphism γ contains two singular points P3 and Q3 that are
quotient singularities of types 13 (1, 2, 1) and
1
2(1, 1, 1), respectively. Again, the set CS(V,
1
n
MV )
must contain either the point P3 or the point Q3.
Lemma 3.2.4. The set CS(V, 1
n
MV ) cannot contain the point Q3.
Proof. Suppose that the set CS(V, 1
n
MV ) contains the point Q3. Let γ3 : W3 → V be the
Kawamata blow up at the point Q3 with weights (1, 1, 1) and G3 be the exceptional divisor of
γ3. Then,MW3 ∼Q −nKW3 by Lemma 0.2.6. The base locus of the pencil PW3 consists of three
irreducible curves C¯W3, LW3 , and L¯W3.
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Let DW3 be a general surface in the pencil PW3 . Then, the surface DW3 is normal and we
have

DW3 ∼Q (α ◦ β ◦ γ ◦ γ3)
∗(−3KX)−
3
9
(β ◦ γ ◦ γ3)
∗(E)−
3
7
(γ ◦ γ3)
∗(F )−
3
5
γ∗3(G)−
1
2
G3
SW3 ∼Q (α ◦ β ◦ γ ◦ γ3)
∗(−KX)−
1
9
(β ◦ γ ◦ γ3)
∗(E)−
1
7
(γ ◦ γ3)
∗(F )−
1
5
γ∗3(G)−
1
2
G3,
EW3 ∼Q (β ◦ γ ◦ γ3)
∗(E) −
5
7
(γ ◦ γ3)
∗(F )−
3
5
γ∗3(G) −
1
2
G3,
FW3 ∼Q (γ ◦ γ3)
∗(F )−
3
5
γ∗3(G)−
1
2
G3,
GW3 ∼Q γ
∗
3(G)−
1
2
G3,
Furthermore,
SW3 ·DW3 = C¯W3 + LW3 + L¯W3 , EW3 ·DW3 = 3LW3, FW3 ·DW3 = 3L¯W3 .
Consider the curves C¯W3, LW3, and L¯W3 as divisors on DW3 . Then, the equivalences above
imply that
C¯W3 · C¯W3 = LW3 · LW3 = −
44
90
, L¯W3 · L¯W3 = −
35
90
,
CW3 · LW3 = CW3 · L¯W3 =
19
90
, LW3 · L¯W3 =
1
90
.
It is easy to see that the intersection form of these curves on DW3 is negative-definite. On the
other hand, we have
MW3
∣∣∣
DW3
≡ −nKW3
∣∣∣
D3
≡ nSW3
∣∣∣
DW3
≡ nC¯W3 + nLW3 + nL¯W3,
where MW3 is a general surface in the pencil MW3. Therefore, we obtain MW3 = PW3 from
Theorem 0.2.9. However, it is a contradiction because D3 6∼Q −3KW3. 
Therefore, the set CS(V, 1
n
MV ) consists of only one point P3. Let δ : V3 → V be the
Kawamata blow up at the point P3 with weights (1, 2, 1). The pencil | − 2KV3 | is the proper
transform of the pencil | − 2KX |. It has only one base curve CV3 whose image to X is the base
curve of the pencil |− 2KX |. Then, the inequality −KV3 ·CV3 = −2K
3
V3
< 0 and the equivalence
MV3 ∼Q −nKV3 imply M = | − 2KX | by Theorem 0.2.9.
Proposition 3.2.5. If ג = 48, then the linear systems | − 2KX | and P are the only Halphen
pencils on X.
3.3. Cases ג = 55, 80, and 91.
The threefold X ⊂ P(1, a1, a2, a3, a4) of degree d =
∑
ai always contains the point O = (0 :
0 : 0 : 1 : 0). It is a singular point of X that is a quotient singularity of type 1
a3
(1, a1, a3 − a1).
The threefold X can be given by
t3z +
2∑
i=0
tifd−ia3
(
x, y, z, w
)
= 0,
where fi is a general quasihomogeneous polynomial of degree i.
There is a commutative diagram
U
α

W
βoo
η

X
ψ
//______ P(1, a1, a2),
where
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• α is the Kawamata blow up at the point O with weights (1, a1, a3 − a1),
• β is the Kawamata blow up with weights (1, a1, a3 − 2a1) at the singular point Q of the
variety U that is a quotient singularity of type 1
a3−a1
(1, a1, a3 − 2a1),
• η is an elliptic fibration.
Let P be the pencil defined by
λxa2 + µz = 0,
where (λ : µ) ∈ P1. Note that the base curve C¯ of P is given by the equations x = z = 0. We
will see that the linear systems | − a1KX | and P are the only Halphen pencils on X.
We may assume that
CS
(
X,
1
n
M
)
=
{
O
}
.
due to Theorem 0.2.4, Lemmas 0.3.3, 0.3.10, 0.3.11, and Corollary 0.3.7.
The exceptional divisor E ∼= P(1, a1, a3 − a1) of the birational morphism α contains
two singular points P and Q that are quotient singularities of types 1
a1
(1, a1 − 1, 1) and
1
a3−a1
(1, a1, a3 − 2a1), respectively. For the convenience, let L be the unique irreducible curve
contained in |OP(1, a1, a3−a1)(1)| on the surface E.
Lemma 3.3.1. If the set CS(U, 1
n
MU ) contains the point P , then M = P.
Proof. We will consider only the case ג = 91. The other cases can be shown by the same method.
Suppose that the set CS(U, 1
n
MU ) contains the point P . Let γ : V → U be the Kawamata
blow up at the point P with weights (1, 3, 1) and let GP be the exceptional divisor of γ.
Around the point O, the monomials x, y, and w can be considered as weighted local coordi-
nates with weights wt(x) = 1, wt(y) = 4, and wt(w) = 9. Therefore, around the singular point
P , the birational morphism α is given by the equations
x = x˜y˜
1
13 , y = y˜
4
13 , w = w˜y˜
9
13 ,
where x˜, y˜, and w˜ are weighted local coordinates with wt(x˜) = wt(w˜) = 1 and wt(y˜) = 3. Let
R be a general surface of the pencil P. Then, R is given by the equation of the form
λx5 + µ
(
δ1w
2 +
4∑
i=0
δ2+ix
18−4iyi + δ7xy
2w + δ8x
5yw + δ9x
9w + higher terms
)
= 0
near the point O, where δi ∈ C. The proper transform RU is given by
λx˜5 + µy˜
(
δ1w˜
2 + δ2x˜
2 + δ7x˜w˜ + higher terms
)
= 0
near the point P . The base locus of the pencil PU consists of the irreducible curves C¯U and L.
It shows that | − 5KV | = PV and the base locus of the pencil | − 5KV | consists of the curves C¯V
and LV . Furthermore,
RV · SV = C¯V + LV , RV ·EV = 5LV ,
which implies that RV is normal. On the other hand, we have

RV ∼Q
(
α ◦ γ
)∗(
− 5KX
)
−
5
13
γ∗
(
E
)
−
5
4
GP ,
SV ∼Q
(
α ◦ γ
)∗(
−KX
)
−
1
13
γ∗
(
E
)
−
1
4
GP ,
EV ∼Q γ
∗
(
E
)
−
3
4
GP ,
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which implies that on the normal surface RV we have

LV · LV =
EV · EV · RV
25
= −
4
45
,
C¯V · C¯V = SV · SV ·RV −
2
5
SV · EV ·RV −
EV ·EV · RV
25
= −
11
30
,
C¯V · LV =
SV · EV ·RV
5
−
EV · EV · RV
25
=
1
30
.
It immediately implies that the intersection form of the curves C¯V and LV on the normal surface
RV is negative-definite. On the other hand, we have
MV
∣∣∣
RV
≡ −nKV
∣∣∣
RV
≡ nSV
∣∣∣
RV
≡ nC¯V + nLV ,
which implies that MV = | − 5KV | by Theorem 0.2.9. In particular, we have M = P. 
K3-Proposition 3.3.2. A general surface in P is birational to a smooth K3 surface.
Proof. We use the same notations in the proof of Lemma 3.3.1. The exceptional divisor GP of
the Kawamata blow up γ is isomorphic to P(1, a1 − 1, 1). Then, the intersection ∆ := GP · RV
is a curve of degree a2 = a1 + 1 on P(1, a1 − 1, 1).
In the case ג = 91, the surface GP has a quotient singular point. One can easily check the
curve GP · RV passes through the singular point, and hence it is a rational curve. Therefore,
Corollary 0.2.12 implies that the surface RV is birational to a smooth K3 surface.
In the cases ג = 55 and 80, the curve ∆ does not pass through a singular point of the surface
GP . We suppose that the curve ∆ is smooth. Because it does not pass through any singular
point of GP and its degree on GP is a2 = a1 + 1, it is an elliptic curve. One can see that
the singularities of the image surface RU := γ(RV ) are rational except the point P . Then, the
same argument of K3-Proposition 3.2.3 leads us to a contradiction. Therefore, the surface RV
is birational to a smooth K3 surface. 
The exceptional divisor F of the birational morphism β contains two singular points Q1 and
Q2 that are quotient singularities of types
1
a1
(1, a1−1, 1) and
1
a3−2a1
(1, a1, a3−3a1), respectively.
Lemma 3.3.3. The set CS(W, 1
n
MW ) does not contain the point Q1.
Proof. Suppose that the set CS(W, 1
n
MW ) contains the point Q1. Let γ1 : Y1 → W be the
Kawamata blow up at the singular point Q1 with weights (1, a1 − 1, 1) and let G1 be the
exceptional divisor of γ1.
Simple calculations imply that the base locus of the proper transform of the linear system
| − a2KX | on the threefold Y1 consists of the curves C¯Y1 and LY1 .
Let B be a general surface of the linear system | − a2KX |. Then,
BY1 · SY1 = C¯Y1 + LY1 , BY1 · EY1 = LY1,
which implies that BY1 is normal. On the other hand, we have

BY1 ∼Q
(
α ◦ β ◦ γ1
)∗(
− a2KX
)
−
a2
a3
(
β ◦ γ1
)∗(
E
)
−
a2
a3 − a1
γ∗1
(
F
)
−
1
a1
G1,
SY1 ∼Q
(
α ◦ β ◦ γ1
)∗(
−KX
)
−
1
a3
(
β ◦ γ1
)∗(
E
)
−
1
a3 − a1
γ∗1
(
F
)
−
1
a1
G1,
EY1 ∼Q
(
β ◦ γ1
)∗(
E
)
−
a3 − 2a1
a3 − a1
γ∗1
(
F
)
−
1
a1
G1,
FY1 ∼Q γ
∗
1
(
F
)
−
a1 − 1
a1
G1.
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These equivalence shows that the intersection form of C¯Y1 and LY1 on the surface BY1 is negative-
definite.6 SinceMY1 |BY1 ≡ nC¯Y1+nLY1, the pencilM coincides with the linear system |−a2KX |
by Theorem 0.2.9. However, the linear system | − a2KX | is not a pencil. 
Lemma 3.3.4. If the set CS(W, 1
n
MW ) contains the point Q2, then M = | − a1KX |.
Proof. Suppose that the set CS(W, 1
n
MW ) contains the point Q2. Let γ2 : Y2 → W be the
Kawamata blow up at the point Q2 with weights (1, a1, a3− 3a1). Then, |−a1KV | is the proper
transform of the pencil | − a1KX | and the base locus of | − a1KV | consists of the irreducible
curve CV whose image to X is the base curve of the pencil | − a1KX |.
Let D be a general surface of the pencil | − a1KV |. Then, D is normal and we can consider
the curve CV as a divisor on D. We have C
2
V < 0 but MY2|D ≡ nCV by Lemma 0.2.6, which
implies that MY2 = | − a1KV | by Theorem 0.2.9. 
Proposition 3.3.5. The linear systems | − a1KX | and P is the only Halphen pencils on X.
Proof. It immediately follows from the previous arguments. 
3.4. Cases ג = 57, 66, 81, and 86.
Suppose that ג ∈ {57, 66, 81, 86}. Then, the threefold X ⊂ P(1, a1, a2, a3, a4) of degree d =∑4
i=1 ai always contains the point O = (0 : 0 : 0 : 1 : 0). It is a singular point of X that is a
quotient singularity of type 1
a3
(1, a1, a3 − a1). The threefold X can be given by
t
d−a2
a3 z +
d−a2
a3∑
i=0
tifd−ia3
(
x, y, z, w
)
= 0,
where fi is a general quasihomogeneous polynomial of degree i.
We also have a commutative diagram as follows:
Y
pi
xxqqq
qq
qq
qq
qq
qq
η
((QQ
QQQ
QQQ
QQQ
QQQ
X
ψ
//_____________ P(1, a1, a2)
where
• ψ is the natural projection,
• π is the Kawamata blow up at the point O with weights (1, a1, a3 − a1),
• η is an elliptic fibration.
Let P be the pencil defined by
λxa2 + µz = 0,
where (λ : µ) ∈ P1.
We may assume that the set CS(X, 1
n
M) consists of the point O by Lemmas 0.3.3, 0.3.10,
0.3.11, and Corollary 0.3.7.
The exceptional divisor E of the birational morphism π contains two singular points P and
Q that are quotient singularities of types 1
a3−a1
(1, a3 − a2, a2 − a1) and
1
a1
(1, 2a1 − a3, a3 − a1),
respectively.
Lemma 3.4.1. If the set CS(Y, 1
n
MY ) contains the point P , then M = | − a1KX |.
Proof. The proof of Proposition 1.13.1 immediately implies that M = | − a1KX |. 
Lemma 3.4.2. If the set CS(Y, 1
n
MY ) contains the point Q, then M = P.
6The curves C¯Y1 , LY1 , and BY1 ∩F are components of a fiber of the elliptic fibration η ◦ γ1|BY1 , which implies
that the intersection form of C¯Y1 and LY1 on the surface BY1 is negative-definite.
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Proof. Suppose that the set CS(Y, 1
n
MY ) contains the point Q. Let β : W → Y be the Kawa-
mata blow up at the point Q with weights (1, 2a1 − a3, a3 − a1) and let F be the exceptional
divisor of the birational morphism β. Then,
PW ∼Q
(
π ◦ β
)∗(
− a2KX
)
−
a2
a3
β∗
(
E
)
−
a2
a1
F,
but the base locus of PW consists of the irreducible curve C¯W whose image to X is the unique
base curve C¯ of the linear system P.
Let D and M be general surfaces in PW and MW , respectively. Then, D is normal and
M
∣∣∣
D
≡ −nKW
∣∣∣
D
≡ nC¯W ,
but C¯2W < 0 on the surface D. Therefore, we obtain MW = PW from Theorem 0.2.9. 
K3-Proposition 3.4.3. A general surface in the pencil P is birational to a smooth K3 surface.
Proof. We use the same notation in the proof of Lemma 3.4.2. The exceptional divisor E is
isomorphic to P(1, a1, a3 − a1). The curve ∆ defined by the intersection of a general surface in
PY with E is a curve of degree a2. Because a2 < a3 + 1, the curve ∆ is a rational curve. The
result follows from Theorem 0.2.10 since the curve ∆W is not contained in the base locus of the
pencil PW . 
Proposition 3.4.4. The linear systems | − a1KX | and P are the only Halphen pencils on X.
Proof. Because we may assume that the set CS(Y, 1
n
MY ) contains either the point P or the
point Q, it immediately follows from Lemmas 3.4.1 and 3.4.2. 
3.5. Case ג = 58, hypersurface of degree 24 in P(1, 3, 4, 7, 10).
Let X be the hypersurface given by a general quasihomogeneous equation of degree 24 in
P(1, 3, 4, 7, 10) with −K3X =
1
35 . Then, the singularities of X consist of two singular points P
and Q that are quotient singularities of types 17(1, 3, 4) and
1
10(1, 3, 7), respectively, and one
point of type 12(1, 1, 1). Also, by the generality of the hypersurface, we may assume that the
hypersurface X is defined by the equation
w2z + wf14(x, y, z, t) + f24(x, y, z, t) = 0,
where fi(x, y, z, t) is a quasihomogeneous polynomial of degree i. Proposition 0.3.12 implies that
the linear system |−3KX | is a Halphen pencil. Let P be the pencil on X given by the equations
λx4 + µz = 0,
where (λ, µ) ∈ P1. We will see that the linear system P is another Halphen pencil on X
(K3-Proposition 3.5.4).
We have the following commutative diagram:
Y
γO
||yy
yy
yy
yy γP
""E
EE
EE
EE
E
η
,,YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
UPQ
βQ
}}zz
zz
zz
zz βP
!!D
DD
DD
DD
D
UQO
βO}}zz
zz
zz
zz
P(1, 3, 4),
UP
αP
""E
EE
EE
EE
E
UQ
αQ
||yy
yy
yy
yy
X
ψ
44iiiiiiiiiiiiiiiiiiiiiii
where
• ψ is the natural projection,
• αP is the Kawamata blow up at the point P with weights (1, 3, 4),
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• αQ is the Kawamata blow up at the point Q with weights (1, 3, 7),
• βQ is the Kawamata blow up with weights (1, 3, 7) at the point whose image by the
birational morphism αP is the point Q,
• βP is the Kawamata blow up with weights (1, 3, 4) at the point whose image by the
birational morphism αQ is the point P ,
• βO is the Kawamata blow up with weights (1, 3, 4) at the singular point O of the variety
UQ that is a quotient singularity of type
1
7 (1, 3, 4) contained in the exceptional divisor
of the birational morphism αQ,
• γP is the Kawamata blow up with weights (1, 3, 4) at the point whose image by the
birational morphism αQ ◦ βO is the point P ,
• γO is the Kawamata blow up with weights (1, 3, 4) at the singular point of the variety
UPQ that is a quotient singularity of type
1
7 (1, 3, 4) contained in the exceptional divisor
of the birational morphism βQ,
• η is an elliptic fibration.
Because of Lemma 0.3.3 and Corollary 0.3.7, we may assume that
CS
(
X,
1
n
M
)
⊂
{
P,Q
}
.
The exceptional divisor EP of the birational morphism αP contains two quotient singular
points P1 and P2 of types
1
4(1, 3, 1) and
1
3 (1, 2, 1), respectively.
Lemma 3.5.1. If the set CS(UP ,
1
n
MUP ) contains the point P1, then M = | − 3KX |.
Proof. Suppose it contains the point P1. Let β1 : W1 → UP be the Kawamata blow up at the
point P1 with weights (1, 3, 1). Then, the pencil | − 3KW1 | is the proper transform of the pencil
system | − 3KX | . Its base locus consists of the irreducible curve CW1 whose image to X is
the base curve of the pencil | − 3KX |. Then, −KW1 · CW1 < 0 and MW1 ∼Q −nKW1 imply
M = | − 3KX | by Theorem 0.2.9. 
Lemma 3.5.2. The set CS(UP ,
1
n
MUP ) cannot contain the point P2.
Proof. Suppose it contains the point P2. Let β2 : W2 → UP be the Kawamata blow up at the
point P2 with weights (1, 2, 1). Also, let D2 be the proper transform of the linear system |−4KX |
by the birational morphism αP ◦ β2. Its base locus consists of the irreducible curve C¯W2 whose
image to X is the base curve of the linear system |−4KX |. A general surface D2 in D2 is normal
and the self-intersection C¯2W2 is negative on the surface D2. Because MW2 |D2 ≡ −nC¯W2, we
obtain an absurd identity M = | − 4KX | from Theorem 0.2.9. 
Meanwhile, the exceptional divisor E ∼= P(1, 3, 7) of the birational morphism αQ contains two
singular points O and Q1 of types
1
7(1, 3, 4) and
1
3(1, 2, 1). For the convenience, let L be the
unique curve contained in the linear system |OP(1,3,7)(1)| on E .
Lemma 3.5.3. If the set CS(UQ,
1
n
MUQ) contains the point Q1, then M = P.
Proof. Suppose that the set CS(UQ,
1
n
MUQ) contains the point Q1. Let π1 : V1 → UQ be the
Kawamata blow up at the point Q1 with weights (1, 2, 1). The base locus of PV1 consists of two
irreducible curves C¯V1 and LV1 .
For a general surface DV1 in PV1 , we have
SV1 ·DV1 = C¯V1 + LV1, EV1 ·DV1 = 4LV1 .
Using the following equivalences

EV1 ∼Q π
∗
1
(
E
)
−
2
3
FQ,
SV1 ∼Q
(
αQ ◦ π1
)∗(
−KX
)
−
1
10
π∗1
(
E
)
−
1
3
FQ,
DV1 ∼Q
(
αQ ◦ π1
)∗(
− 4KX
)
−
4
10
π∗1
(
E
)
−
4
3
FQ,
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where FQ is the exceptional divisor of π1, we can obtain
DV1 · C¯V1 = DV1 · LV1 = −
8
7
.
Because π∗1(−KUQ) ·L1 = π
∗
1(−KUQ) · C¯V1 =
1
21 , the divisor B := 24π
∗
1(−KUQ) +DV1 is nef and
big and B · C¯V1 = B · LV1 = 0. Therefore, Theorem 0.2.9 implies M = P. 
K3-Proposition 3.5.4. A general surface in the pencil P is birational to a smooth K3 surface.
Proof. We use the same notations in the proof of Lemma 3.5.3. The exceptional divisor FQ is
isomorphic to P(1, 2, 1). Then, the intersection ∆ := FQ ·DV1 is a curve of degree 4 on P(1, 2, 1).
Easy calculation shows that the curve ∆ does not pass through the singular point of the
surface FQ. We suppose that the curve ∆ is smooth. Because it does not pass through any
singular point of FQ and its degree on FQ is four, it is an elliptic curve. One can see that
the singularities of the image surface DUQ := π1(DV1) are rational except the point Q1. Then,
the same argument of K3-Proposition 3.2.3 gives a contradiction. Therefore, the surface DV1 is
birational to a smooth K3 surface. 
The exceptional divisor FO of the birational morphism βO contains two quotient singular
points O1 and O2 of types
1
4(1, 3, 1) and
1
3(1, 2, 1), respectively.
Lemma 3.5.5. If the set CS(UQO,
1
n
MUQO) contains the point O1, then M = | − 3KX |.
Proof. Suppose that the set CS(UQO,
1
n
MUQO) contains the point O1. Let σ1 : U1 → UQO be
the Kawamata blow up at the point O1 with weights (1, 3, 1). Then, the pencil | − 3KU1 | is
the proper transform of the pencil | − 3KX |. Its base locus consists of the irreducible curve
CU1. Because we have MU1 ∼Q −nKU1 and −KU1 · CU1 < 0, we obtain M = | − 3KX | from
Theorem 0.2.9. 
Lemma 3.5.6. The set CS(UQO,
1
n
MUQO) cannot contain the point O2.
Proof. Suppose that the set CS(UQO,
1
n
MUQO) contains the point O2. Let σ2 : U2 → UQO be
the Kawamata blow up at the point O2 with weights (1, 2, 1).
The base locus of the pencil PU2 consists of the irreducible curves C¯U2 and LU2. For a general
surface H in PU2, we have
H ∼Q (αQ ◦ βO ◦ σ2)
∗(−4KX)−
4
10
(βO ◦ σ2)
∗(E)−
4
7
σ∗2(FO)−
1
3
G,
where G is the exceptional divisor of σ2. The general surface H is normal, SU2 ·H = C¯U2 +LU2,
and EU2 ·H = 4LU2 . Since
EU2 ∼Q (βO ◦ σ2)
∗(E)−
4
7
σ∗2(FO)−
1
3
G,
we can see that the intersection form of the curves LU2 and C¯U2 on the surface H is negative-
definite. The equivalence MU2 |H ≡ nC¯U2 + nLU2 holds. Therefore, we can obtain M = P from
Theorem 0.2.9. However, H 6∼Q −4KU2 . 
Proposition 3.5.7. The linear systems | − 3KX | and P are the only Halphen pencils on X.
Proof. Due to the previous lemmas, we may assume that
CS
(
X,
1
n
M
)
=
{
P,Q
}
.
Following the Kawamata blow ups Y → UQO → UQ → X and using Lemmas 3.5.3, 3.5.5,
and 3.5.6, we can furthermore assume that the set CS(Y, 1
n
MY ) contains one of singular points
contained the exceptional divisor of the birational morphism γP . In this case, Lemmas 3.5.1
and 3.5.2 imply the statement. 
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3.6. Case ג = 60, hypersurface of degree 24 in P(1, 4, 5, 6, 9).
The threefold X is a general hypersurface of degree 24 in P(1, 4, 5, 6, 9) with −K3X =
1
45 . Its
singularities consist of one singular point O that is a quotient singularity of type 19(1, 4, 5), one
quotient singular point of type 15(1, 4, 1), one quotient singular point of type
1
3(1, 1, 2), and two
quotient singular points of type 12(1, 1, 1).
It cannot be birationally transformed into an elliptic fibration ([4]). However, a general fiber
of the natural projection ξ : X 99K P(1, 4) is birational to a smooth K3 surface by Proposi-
tion 0.3.12, in other words, the linear system | − 4KX | is a Halphen pencil.
By coordinate change, we may assume that the threefold X is given by the equation
w2t+ wf15
(
x, y, z, t
)
+ f24
(
x, y, z, t
)
= 0,
where fi(x, y, z, t) is a general quasihomogeneous polynomial of degree i. Let P be the pencil
consisting of surfaces cut out on the threefold X by the equations
λx6 + µt = 0,
where (λ : µ) ∈ P1.
K3-Proposition 3.6.1. A general surface in the pencil P is birational to a smooth K3 surface.
Proof. It is a compactification of a double cover of C2 branched over a curve of degree 6.
Therefore, the statement follows from Theorem 0.1.3. 
We are to show that the pencils | − 4KX | and P are the only Halphen pencils on X.
If the set CS(X, 1
n
M) contains the singular point of type 15(1, 4, 1), then M = | − 4KX |
by Lemma 0.3.11. Therefore, due to Lemma 0.3.3 and Corollary 0.3.7, we may assume that
CS(X, 1
n
M) = {O}.
Let π : Y → X be the Kawamata blow up at the point O with weights (1, 4, 5) and E be its
exceptional divisor. Then, MY ∼Q −nKY by Lemma 0.2.6. Thus, the singularities of the log
pair (Y, 1
n
MY ) are not terminal by Theorem 0.2.4 because the divisor −KY is nef and big.
The exceptional divisor E ∼= P(1, 4, 5) contains two quotient singular points P and Q that
are singularities of types 14(1, 3, 1) and
1
5(1, 4, 1) on the threefold Y , respectively. Then, the set
CS(Y, 1
n
MY ) contains either the singular point P or the singular point Q by Lemma 0.2.7.
Lemma 3.6.2. If the log pair (Y, 1
n
MY ) is not terminal at the point Q, then M = | − 4KX |.
Proof. Suppose that the set CS(Y, 1
n
MY ) contains the pointQ. Let α : U → Y be the Kawamata
blow up at the point Q with weights (1, 4, 1). Then,MU ∼Q −nKU by Lemma 0.2.6. The linear
system | − 4KU | is the proper transform of the pencil | − 4KX |. Its base locus consists of the
irreducible curve CU . Since
−KU · CU = −4K
3
U = −
4
30
we obtain the identity M = | − 4KX | from Theorem 0.2.9. 
We may assume that CS(Y, 1
n
MY ) = {P}. Let β :W → Y be the Kawamata blow up at the
singular point P with weights (1, 3, 1) and F be its exceptional divisor. Then,
MW ∼Q
(
π ◦ β
)∗(
− nKX
)
−
n
9
β∗
(
E
)
−
n
4
F ∼Q −nKW
by Lemma 0.2.6. In addition, we see
PW ∼Q
(
π ◦ β
)∗(
− 6KX
)
−
6
9
β∗
(
E
)
−
6
4
F ∼Q −6KW .
Let L be the unique curve in the linear system |OP(1, 4, 9)(1)| on the surface E. The base locus
of PW consists of the irreducible curve C˜W and the irreducible curve LW .
HALPHEN PENCILS ON WEIGHTED FANO THREEFOLD HYPERSURFACES 97
A general surface DW in PW is normal. From the equivalences

EW ∼Q β
∗
(
E
)
−
3
4
F,
SW ∼Q
(
π ◦ β
)∗(
−KX
)
−
1
9
β∗
(
E
)
−
1
4
F,
DW ∼Q
(
π ◦ β
)∗(
− 6KX
)
−
6
9
β∗
(
E
)
−
6
4
F,
we obtain
L2W = C˜
2
W = −
1
5
, LW · C˜W = 0
on the surface DW because SW ·DW = C˜W + LW and DW ·EW = 6LW .
For a general surface MW of the linear system MW ,
MW
∣∣∣
DW
≡ −nKW
∣∣∣
DW
≡ nSW
∣∣∣
DW
≡ nC˜W + nLW ,
but the intersection form of the irreducible curves LW and C˜W on the surface DW is negative-
definite. Therefore, Theorem 0.2.9 implies that MW = PW .
Consequently, we have obtained
Proposition 3.6.3. The linear systems | − 4KX | and P are the only Halphen pencils on X.
3.7. Case ג = 69, hypersurface of degree 28 in P(1, 4, 6, 7, 11).
The variety X is a general hypersurface of degree 28 in P(1, 4, 6, 7, 11) with −K3X =
1
66 . The
singularities of the hypersurface X consist of one singular point O that are quotient singularities
of type 111 (1, 4, 7), one point of type
1
6(1, 1, 5), and two points of type
1
2(1, 1, 1).
There is a commutative diagram
U
α

W
βoo
η

X
ψ
//______ P(1, 3, 4),
where
• α is the Kawamata blow up at the point O with weights (1, 4, 7),
• β is the Kawamata blow up with weights (1, 4, 3) at the singular point of the variety
U contained in the exceptional divisor of the birational morphism α that is a quotient
singularity of type 17(1, 4, 3),
• η is an elliptic fibration.
The linear system | − 4KX | is a Halphen pencil on X by Proposition 0.3.12. However, the
pencil | − 4KX | is not a unique Halphen pencil on X. Indeed, the hypersurface X can be given
by equation
w2z + wf17(x, y, z, t) + f28(x, y, z, t) = 0,
where fi(x, y, z, t) is a quasihomogeneous polynomial of degree i. Let P be the pencil of surfaces
cut out on the hypersurface X by the equations
λx6 + µz = 0,
where (λ : µ) ∈ P1. We will see that the linear system P is another Halphen pencil.
First of all, if the set CS(X, 1
n
M) contains the singular point of type 16(1, 1, 5), the iden-
tity M = | − 4KX | follows from Lemma 0.3.11. Moreover, due to Lemmas 0.3.3, 0.3.10, and
Corollary 0.3.8, we may assume that CS(X, 1
n
M) = {O}.
It follows from Theorem 0.2.4 that the set CS(U, 1
n
MU ) is not empty.
The exceptional divisor E ∼= P(1, 4, 7) of the birational morphism α contains two singular
point P and Q of U that are quotient singularities of types 17(1, 3, 4) and
1
4(1, 1, 3), respectively.
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For the convenience, let L be the unique curve in the linear system |OP(1, 4, 7)(1)| on the surface
E.
Lemma 3.7.1. The set CS(U, 1
n
MU ) does not contain the point Q.
Proof. Suppose that Q ∈ CS(U, 1
n
MU ). Let πQ : UQ → U be the Kawamata blow up at the
point Q with weights (1, 1, 3).
Let DUQ be the proper transform of the linear system | − 7KX | by the birational morphism
α ◦ πQ. Its base locus consists of the irreducible curve C˜UQ . A general surface DUQ in DUQ is
normal. Moreover, the inequality C˜2UQ < 0 holds on the surface DUQ . It implies the identity
MUQ = DUQ by Theorem 0.2.9 because MUQ |DUQ ≡ nC˜UQ. However, the linear system DUQ is
not a pencil, which is a contradiction. 
Therefore, by Theorem 0.2.4 and Lemma 0.2.7, the set CS(U, 1
n
MU ) consists of the point P .
The exceptional divisor F of the birational morphism β contains two singular points P1 and
P2 of W that are quotient singularities of types
1
3(1, 1, 2) and
1
4(1, 3, 1), respectively.
As usual, the set CS(W, 1
n
MW ) must contain either the point P1 or the point P2 by Theo-
rem 0.2.4 and Lemma 0.2.7.
Lemma 3.7.2. If the set CS(W, 1
n
MW ) contains the point P1, then M = | − 4KX |.
Proof. Suppose that the set CS(W, 1
n
MW ) contains the point P1. Let π1 : W1 → W be the
Kawamata blow up at the point P1 with weights (1, 1, 2). Then, |−4KW1 | is the proper transform
of the pencil | − 4KX |. Its base locus consists of the irreducible curve CW1. Because MW1 ∼Q
−nKW1, the inequality −KW1 ·CW1 < 0 implies the identityM = |−4KX | by Theorem 0.2.9. 
Lemma 3.7.3. If the set CS(W, 1
n
MW ) contains the point P2, then M = P.
Proof. Suppose that the set CS(W, 1
n
MW ) contains the point P2. Let π2 : W2 → W be the
Kawamata blow up at the point P2 with weights (1, 3, 1) and let G be its exceptional divisor.
Then, the base locus of the pencil PW2 consists of the irreducible curves C¯W2 and LW2.
Let D be a general surface of the pencil P. Then, DW2 ∼Q −6KW2 , while SW2 · DW2 =
2LW2 + C¯W2 and EW2 ·DW2 = 6LW2 .
Let us find a divisor B on the threefoldW2 such that B is nef and big butR·CW2 = R·LW2 = 0.
Namely, consider a divisor B such that
B = (α ◦ β ◦ π2)
∗(−λKX) + (β ◦ π2)
∗(−µKU ) +DW2,
where λ and µ are nonnegative rational numbers with (λ, µ) 6= (0, 0). Then, the equalities
B · C¯W2 = B · LW2 = 0 imply that λ = 0 and µ = 42 because
−KX · α ◦ β ◦ π2(C¯W2) =
1
11
, −KU · β ◦ π2(LW2) =
1
28
, −KU · β ◦ π2(C¯W2) = 0,
DW2 · LW2 = −
3
2
, DW2 · C¯W2 = 0.
The divisor B is nef and big because the divisors −KX and −KU are nef and big, while C¯W2
and LW2 are the only curves on the threefold W2 that have negative intersection with DW2. Let
M be a general surface in MW2 . Then, B ·DW2 ·M = 0, which implies that MW2 = PW2 by
Theorem 0.2.9. 
Remark 3.7.4. The surface DW2 is not normal. Indeed, it follows from local computations that
the surface DW2 is singular along the curve CW2, which is reflected by the fact that SW2 ·DW2 =
2LW2 + CW2.
K3-Proposition 3.7.5. A general surface in the pencil P is birational to a smooth K3 surface.
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Proof. Let ∆ be the curve on the exceptional divisor F of the birational morphism β defined
by intersecting with a general surface in PW . Then, the curve ∆ is a curve of degree 6 in the
surface P(1, 4, 3), and hence it is rational. The proper transform ∆W2 is a rational curve not
contained in the base locus of the pencil PW2. Therefore, a general surface in the pencil P is
birational to a smooth K3 surface by Corollary 0.2.12. 
Consequently, we have shown
Proposition 3.7.6. The linear systems | − 4KX | and P are the only pencils on X.
3.8. Case ג = 74, hypersurface of degree 30 in P(1, 3, 4, 10, 13).
The hypersurface X is defined by a general quasihomogeneous equation of degree 30 in
P(1, 3, 4, 10, 13) with −K3X =
1
52 . Its singularities consist of one quotient singularity O of type
1
13(1, 3, 10), one quotient singular point of type
1
4(1, 3, 1), and one quotient singular point of type
1
2(1, 1, 1).
There is a commutative diagram
U
α

W
βoo Y
γoo
η

X
ψ
//_____________ P(1, 3, 4),
where
• ψ is the natural projection,
• α is the Kawamata blow up at the point O with weights (1, 3, 10),
• β is the Kawamata blow up with weights (1, 3, 7) at the singular point of the variety U
that is a quotient singularity of type 110 (1, 3, 7) contained in the exceptional divisor of
the birational morphism α,
• γ is the Kawamata blow up with weights (1, 3, 4) at the singular point of the variety W
that is a quotient singularity of type 17(1, 3, 4) contained in the exceptional divisor of the
birational morphism β,
• η is an elliptic fibration.
Proposition 0.3.12 implies that the linear system | − 3KX | is a Halphen pencil. There is
another Halphen pencil as follows: The hypersurface X can be given by the equation
w2z + wf17(x, y, z, t) + f30(x, y, z, t) = 0,
where fi is a quasihomogeneous polynomial of degree i. Let P be the pencil on X given by the
equations
λx4 + µz = 0,
where (λ : µ) ∈ P1. Then, the linear system P is another Halphen pencil on X (K3-
Proposition 3.8.2).
If the set CS(X, 1
n
M) contains the singular point of type 14 (1, 3, 1), then the identity M =
| − 3KX | follows from Lemma 0.3.11. Therefore, we may assume that
CS
(
X,
1
n
M
)
=
{
O
}
due to Theorem 0.2.4, Lemmas 0.3.3, 0.3.10, and Corollary 0.3.7.
The exceptional divisor E ∼= P(1, 3, 10) of the birational morphism α contains two quotient
singular points P1 and Q1 of types
1
10(1, 3, 7) and
1
3(1, 2, 1), respectively. For the convenience,
let L be the unique curve in the linear system |OP(1,3,10)(1)| on the surface E.
Lemma 3.8.1. If the set CS(U, 1
n
MU ) contains the point Q1, then M = P.
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Proof. Suppose that the set CS(U, 1
n
MU ) contains the point Q1. Let α1 : W1 → U be the
Kawamata blow up at the point Q1 with weights (1, 2, 1). By Lemma 0.2.6, we have MW1 ∼Q
−KW1.
The base locus of the pencil PW1 consists of the curves C¯W1 and LW1.
Let DW1 be a general surface in PW1. We see then that
SW1 ·DW1 = C¯W1 + 2LW1 , EW1 ·DW1 = 4LW1.
Note that the surface DW1 is not normal and

DW1 ∼Q (α ◦ α1)
∗(−4KX)−
4
13
α∗1(E)−
4
3
E1,
SW1 ∼Q (α ◦ α1)
∗(−KX)−
1
13
α∗1(E)−
1
3
E1,
EW1 ∼Q α
∗
1(E)−
2
3
E1,
where E1 is the exceptional divisor of the birational morphism α1.
One can easily see that
−KU · L =
1
30
, −KU · C¯U = 0, DW1 · LW1 = −
6
5
, DW1 · C¯W1 = 0.
Because −KU is nef and big and LW1 is the only curve intersecting DW1 negatively, B :=
36α∗1(−KU )+DW1 is also a nef and big divisor with B ·LW1 = B · C¯W1 = 0. Let M be a general
surface in MW1 . We then obtain B ·M ·DW1 = 0, which implies that M = P. 
K3-Proposition 3.8.2. A general surface in the pencil P is birational to a smooth K3 surface.
Proof. We use the same notations in the proof of Lemma 3.8.1. Let ∆ be the curve on the
exceptional divisor E1 defined by intersecting with the surface DW1. Then, the curve ∆ is a
curve of degree 4 on the surface P(1, 2, 1).
If the curve ∆ is singular, then it is a rational curve on the surface DW1 . Suppose that the
curve ∆ is smooth. Then, it cannot pass through the singular point of the surface E1, and
hence it is an elliptic curve. Then, the argument in the proof of K3-Proposition 3.2.3 gives a
contradiction. Therefore, the surface DW1 must have a rational curve not contained in the base
locus of the pencil PW1. Then, Corollaries 0.2.11 and 0.2.12 complete the proof. 
Due to Lemma 3.8.1, we may assume that CS(U, 1
n
MU ) = {P1}.
The exceptional divisor F ∼= P(1, 3, 7) of the birational morphism β contains two singular
points P2 and Q2 that are quotient singularities of types
1
7 (1, 3, 4) and
1
3(1, 2, 1), respectively.
We let L¯ be the unique curve in the linear system |OP(1,3,7)(1)| on surface F .
The set CS(W, 1
n
MW ) contains either the point P2 or the point Q2.
Lemma 3.8.3. If the set CS(W, 1
n
MW ) contains the point Q2, then M = P.
Proof. Suppose that the set CS(W, 1
n
MW ) contains the point Q2. Let β2 : W2 → W be the
Kawamata blow up at the point Q2 with weights (1, 2, 1) and F2 be its exceptional divisor. The
base locus of the pencil PW2 consists of three irreducible curves C¯W2 , LW2, and L¯W2.
Let DW2 be a general surface in the pencil PW2 . Then, we have

DW2 ∼Q (α ◦ β ◦ β2)
∗(−4KX)−
4
13
(β ◦ β2)
∗(E) −
4
10
β∗2(F )−
4
3
F2,
SW2 ∼Q (α ◦ β ◦ β2)
∗(−KX)−
1
9
(β ◦ β2)
∗(E)−
1
7
β∗2(F )−
1
3
F2,
EW2 ∼Q (β ◦ β2)
∗(E) −
7
10
β∗2(F )−
1
3
F2,
FW2 ∼Q β
∗
2(F )−
2
3
F2.
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Furthermore,
SW2 ·DW2 = C¯W2 + 2LW2 + L¯W2, EW2 ·DW2 = 4LW2 , FW2 ·DW2 = 4L¯W2 .
First of all, we can easily check that
DW2 · LW2 = −
2
3
, DW2 · L¯W2 = −
8
7
, DW2 · C¯W2 = 0.
We then consider the divisor
B2 = 20(β ◦ β2)
∗(−KU ) + 24β
∗
2 (−KW ) +DW2
on W2. Because

−KU · (β ◦ β2)(LW2) =
1
30
, −KU · (β ◦ β2)(C¯W2) = 0
−KW · β2(LW2) = 0, −KW · β2(L¯W2) =
1
21
, −KW · β2(C¯W2) = 0
we see that B2 · LW2 = B2 · L¯W2 = B2 · C¯W2 = 0.
Because −KU and −KW are nef and big and LW2 and L¯W2 are the only curves intersecting
DW2 negatively, the divisor B2 is also nef and big. Let M2 be a general surface in MW2 . We
then obtain B2 ·M2 ·DW2 = 0, which implies that M = P. 
Due to the lemma above, we may assume that CS(W, 1
n
MW ) = {P2}. The exceptional divisor
G ∼= P(1, 3, 4) of the birational morphism γ contains two singular points P3 and Q3 that are
quotient singularities of types 14 (1, 3, 1) and
1
3(1, 2, 1), respectively. Again, the set CS(Y,
1
n
MY )
contains either the point P3 or the point Q3.
Lemma 3.8.4. The set CS(Y, 1
n
MY ) cannot contain the point Q3.
Proof. Suppose that the set CS(Y, 1
n
MY ) contains the point Q3. Let γ3 : W3 → Y be the
Kawamata blow up at the point Q3 with weights (1, 2, 1) and let G3 be the exceptional divisor
of γ3. The base locus of the pencil PW3 consists of three irreducible curves C¯W3, LW3, and L¯W3.
Let DW3 be a general surface in the pencil PW3. We see

DW3 ∼Q (α ◦ β ◦ γ ◦ γ3)
∗(−4KX)−
4
13
(β ◦ γ ◦ γ3)
∗(E)−
4
10
(γ ◦ γ3)
∗(F )−
4
7
γ∗3(G)−
1
3
G3
SW3 ∼Q (α ◦ β ◦ γ ◦ γ3)
∗(−KX)−
1
13
(β ◦ γ ◦ γ3)
∗(E)−
1
10
(γ ◦ γ3)
∗(F )−
1
7
γ∗3(G)−
1
3
G3,
EW3 ∼Q (β ◦ γ ◦ γ3)
∗(E)−
7
10
(γ ◦ γ3)
∗(F ),
FW3 ∼Q (γ ◦ γ3)
∗(F )−
4
7
γ∗3(G) −
1
3
G3,
Furthermore,
SW3 ·DW3 = C¯W3 + 2LW3 + L¯W3, EW3 ·DW3 = 4LW3 , FW3 ·DW3 = 4L¯W3 .
From this, one can obtain
DW3 · LW3 = 0, DW3 · L¯W3 = −
1
24
, DW3 · C¯W3 = −
1
8
.
Using the same method as in the previous lemma with nef and big divisors −KX , −KU , and
−KW , we can find a nef and big divisor B3 on W3 such that B3 · DW3 ·M3 = 0, where M3 is
a general surface in MW3 , which implies that M = P. However it is a contradiction because
D3 6∼Q −4KW3. 
Therefore, the set CS(Y, 1
n
MY ) contains the point P3. Let δ : V → Y be the Kawamata blow
up at the point P3 with weights (1, 3, 1). The pencil | − 3KV | is the proper transform of the
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pencil | − 3KX |. It has only one irreducible base curve CV . For a general surface M inMV , we
have
M
∣∣∣
DV
≡ −nKV
∣∣∣
DV
≡ nCV .
Therefore, the inequality −KC · CV < 0 implies that M = | − 3KX | by Theorem 0.2.9.
Consequently, we have proved
Proposition 3.8.5. The linear systems | − 3KX | and P are the only Halphen pencils on X.
3.9. Case ג = 76, hypersurface of degree 30 in P(1, 5, 6, 8, 11).
The variety X is a general hypersurface of degree 25 in P(1, 5, 6, 8, 11) with −K3X =
1
88 . The
singularities of X consist of one point that is a quotient singularity of type 12 (1, 1, 1), one point
P that is a quotient singularity of type 18 (1, 5, 3), and one point Q that is a quotient singularity
of type 111 (1, 5, 6).
There is a commutative diagram
Y
βQ
~~}}
}}
}}
}} βP
  A
AA
AA
AA
A
η
--ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZZZZ
ZZZ
UP
αP   A
AA
AA
AA
A
UQ
αQ~~}}
}}
}}
}}
P(1, 5, 6),
X
ψ
11ddddddddddddddddddddddd
where
• ψ is the natural projection,
• αP is the Kawamata blow up at the point P with weights (1, 5, 3),
• αQ is the Kawamata blow up at the point Q with weights (1, 5, 6),
• βQ is the Kawamata blow up with weights (1, 5, 6) at the point whose image to X is the
point Q,
• βP is the Kawamata blow up with weights (1, 5, 3) at the point whose image to X is the
point P ,
• η is an elliptic fibration.
The threefold X can be given by the equation
t3z + t2f14
(
x, y, z, w
)
+ t
(
w2 + f22
(
x, y, z
))
+ f30
(
x, y, z, w
)
= 0,
where fi(x, y, z, t) is a general quasihomogeneous polynomial of degree i. Let P be the pencil
consisting of surfaces cut out on the threefold X by the equations
λx6 + µz = 0,
where (λ : µ) ∈ P1.
Proposition 3.9.1. The linear systems | − 5KX | and P are the only Halphen pencils on X.
By Lemmas 0.3.10, 0.3.3, and Corollary 0.3.7, we have CS(X, 1
n
M) ⊂ {P,Q}.
The exceptional divisor EP of the birational morphism αp contains two quotient singular
points P1 and P2 of types
1
5(1, 2, 3) and
1
3 (1, 2, 1), respectively. The divisor −KUP is nef and
big. Thus, the set CS(UP ,
1
n
MUP ) is not empty by Theorem 0.2.4.
Lemma 3.9.2. If the set CS(UP ,
1
n
MUP ) contains P1, then M = P.
Proof. Suppose that the set CS(UP ,
1
n
MUP ) contains the point P1. Let β1 : W1 → UP be
the Kawamata blow up at the point P1 with weights (1, 2, 3). Then, MW1 ∼Q −nKW1 by
Lemma 0.2.6. Also, one can see that PW1 ∼Q −6KW1 and the base locus of PW1 consists of the
irreducible curve C¯W1. The inequality −KW1 · C¯W1 < 0 implies M = P by Theorem 0.2.9. 
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K3-Proposition 3.9.3. A general surface in the pencil P is birational to a K3 surface.
Proof. We use the same notation in the proof of Lemma 3.9.2. The exceptional divisor EP is
isomorphic to the weighted projective space P(1, 3, 5) and the curve ∆ defined by the intersection
of EP with a general member in PUP has degree 6 on EP . Therefore, the curve ∆W1 is a rational
curve not contained in the base locus of the pencil PW1, and hence a general surface in the pencil
P is birational to a smooth K3 surface by Corollary 0.2.12. 
Lemma 3.9.4. If the set CS(UP ,
1
n
MUP ) contains P2, then M = | − 5KX |.
Proof. Suppose that the set CS(UP ,
1
n
MP ) contains the point P2. Let β2 : W2 → UP be
the Kawamata blow up of the point P2 with weights (1, 2, 1). Then, MW2 ∼Q −nKW2 by
Lemma 0.2.6. The pencil | − 5KW2 | is the proper transform of the pencil | − 5KX | and its
base locus consists of the irreducible curve CW2. Then, the inequality −KW2 · CW2 < 0 implies
M = | − 5KX | by Theorem 0.2.9. 
Meanwhile, the exceptional divisor EQ of the birational morphism αQ contains two quotient
singular points Q1 and Q2 of types
1
5(1, 4, 1) and
1
6 (1, 5, 1), respectively. The divisor −KUQ is
nef and big. Thus, the set CS(UQ,
1
n
MUQ) is not empty by Theorem 0.2.4.
Lemma 3.9.5. If the set CS(UQ,
1
n
MUQ) contains Q1, then M = P.
Proof. The proof is similar to that of Lemma 3.9.2. 
Lemma 3.9.6. If the set CS(UP ,
1
n
MUP ) contains Q2, then M = | − 5KX |.
Proof. The proof is similar to that of Lemma 3.9.4. 
Therefore, for the proof of Proposition 3.9.1, we may assume that CS(X, 1
n
M) = {P,Q} by
the previous lemmas.
Each member of the pencil MY is contracted to a curve by the elliptic fibration η by
Lemma 0.2.6 but the set CS(Y, 1
n
MY ) is not empty by Theorem 0.2.4. Hence, it follows from
Lemma 0.2.7 that the set CS(Y, 1
n
MY ) contains a singular point of the threefold Y that is
contained either in the exceptional divisor of the birational morphism αP or in the exceptional
divisor of the birational morphism βQ. Then, Lemmas 3.9.2, 3.9.4, 3.9.5, and 3.9.6 conclude the
proof of Proposition 3.9.1.
3.10. Case ג = 79, hypersurface of degree 33 in P(1, 3, 5, 11, 14).
The threefold X is a general hypersurface of degree 33 in P(1, 3, 5, 11, 14) with −K3X =
1
70 .
It has two singular points. One is a quotient singularity of type 15(1, 1, 4) and the other is a
quotient singularity O of type 114 (1, 3, 11). The hypersurface X can be given by the equation
w2z + wf19
(
x, y, z, t
)
+ f33
(
x, y, z, t
)
= 0,
where fi is a quasihomogeneous polynomial of degree i. Let P be the pencil cut out on X by
λx5 + µz = 0,
where (λ : µ) ∈ P1.
There is a commutative diagram
U
α

W
βoo Y
γoo
η

X
ψ
//_____________ P(1, 3, 5),
where
• ψ is the natural projection,
• α is the Kawamata blow up at the point O with weights (1, 3, 11),
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• β is the Kawamata blow up with weights (1, 3, 8) at the singular point of type 111 (1, 3, 8)
contained in the exceptional divisor of the birational morphism α,
• γ is the Kawamata blow up with weights (1, 3, 5) at the singular point of type 18 (1, 3, 5)
contained in the exceptional divisor of the birational morphism β,
• η is an elliptic fibration.
If the set CS(X, 1
n
MX) contains the singular point of type
1
5(1, 1, 4), then M = | − 3KX | by
Lemma 0.3.11. Therefore, we may assume that
CS
(
X,
1
n
M
)
=
{
O
}
due to Lemma 0.3.3 and Corollary 0.3.7.
The exceptional divisor E of α contains two quotient singular points P andQ of types 13 (1, 1, 2)
and 111(1, 3, 8), respectively.
Lemma 3.10.1. The set CS(U, 1
n
MU ) consists of the point Q.
Proof. Suppose that CS(U, 1
n
MU ) 6= {Q}. Then, the set CS(U,
1
n
MU ) contains the point P . Let
πP : UP → U be the Kawamata blow up at P with weights (1, 1, 2). Then,MUP ∼Q −nKUP by
Lemma 0.2.6.
Let D be the proper transforms of | − 11KX | on the threefold UP and D be a general surface
of the linear system D. Then, the base locus of the linear system D does not contain curves,
which implies that the divisor D is nef. Thus, we obtain an absurd inequality
0 ≤ D ·M1 ·M2 = −
n2
5
,
where M1 and M2 are general surfaces of the pencil MUP . 
The exceptional divisor F of the birational morphism β contains two singular points Q1 and
Q2 that are quotient singularities of types
1
3(1, 1, 2) and
1
8 (1, 3, 5) respectively.
Lemma 3.10.2. If the set CS(W, 1
n
MW ) contains the point Q1, then M = P.
Proof. Suppose that the set CS(W, 1
n
MW ) contains the point Q1. Let π : W1 → W be the
Kawamata blow up of Q1 with weights (1, 1, 2) and G be its exceptional divisor. Then,MW1 ∼Q
−nKW1 by Lemma 0.2.6.
Let L be the linear system on the hypersurface X cut out by
λ0x
30 + λ1y
10 + λ2z
6 + λ3t
2x8 + λ4t
2y2x2 + λ5ty
6x+ λ6wtz = 0
where (λ0 : · · · : λ6) ∈ P
6. Then, the base locus of L does not contain curves. Then, it follows
from simple calculations that the base locus of the linear system LW1 does not contain any curve
and for a general surface B in L, we obtain
BW1 ∼Q
(
α ◦ β ◦ π
)∗(
− 30KX
)
−
30
14
(
β ◦ π
)∗(
E
)
−
8
11
π∗
(
F
)
−
2
3
G.
In particular, the divisor BW1 is nef and big.
LetM be a general surface of the pencilMW1 and D be a general surface of the linear system
| − 5KW1 |. Then, BW1 ·M · D = 0, which implies that M = P by Theorem 0.2.9 because the
linear system | − 5KW1 | is the proper transform of the pencil P. 
K3-Proposition 3.10.3. A general surface in the pencil P is birational to a smooth K3 surface.
Proof. We use the same notations in the proof of Lemma 3.10.2. The surface G is isomorphic to
the projective space P(1, 1, 2). Let T be a general surface in the pencil P and let ∆ = G · TW1.
Then, by simple calculation, we see that the curve ∆ on G is defined by the equation
ǫ1x¯
5 + ǫ2x¯
2y¯t¯+ ǫ3x¯y¯
2t¯+ ǫ4y¯t¯
2 = 0 ⊂ Proj(C[x¯, y¯, t¯]) = P(1, 1, 2),
where each ǫi is a general complex number. It has two nodes at the points (1 : 0 : 0) and
(0 : 1 : 0). But it is smooth at the point (0 : 0 : 1) which is a A1 singular point of the surface G.
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Let G˜ be the blow up of the surface G at these three points. The genus of the normalization ∆˜
of the curve ∆ is
pg(∆˜) =
(KG˜ + ∆˜) · ∆˜
2
+ 1 =
(KG +∆) ·∆−
1
2
2
+ 1− 2 = 0,
and hence the curve ∆ is a rational curve not contained in the base locus of the pencil PW1.
Therefore, Corollary 0.2.12 completes the proof. 
We may assume that CS(W, 1
n
MW ) = {Q2} due to Theorem 0.2.4 and Lemma 0.2.7. Let O1
and O2 be the quotient singular points of the threefold Y contained in the exceptional divisor
of γ that are of types 13(1, 1, 2) and
1
5(1, 3, 2), respectively. Then,
∅ 6= CS
(
Y,
1
n
MY
)
⊂
{
O1, O2
}
by Theorem 0.2.4, Lemmas 0.2.6, and 0.2.7. The proof of Lemma 3.3.3 implies that the
CS(Y, 1
n
MY ) does not contain the point O1. Now, the proofs of Lemma 3.3.4 shows M =
| − 3KX |.
Therefore, we have proved
Proposition 3.10.4. The linear systems | − 3KX | and P are the only Halphen pencils on X.
3.11. Cases ג = 84 and 93.
In the case of ג = 84, the threefold X is a general hypersurface of degree 36 in P(1, 7, 8, 9, 12)
with −K3X =
1
168 . Its singularities consist of one quotient singular point of type
1
4(1, 3, 1), one
quotient singular point of type 13 (1, 1, 2), one quotient singular point of type
1
7(1, 2, 5), and one
quotient singular point of type 18(1, 7, 1).
In the case of ג = 93, the threefold X is a general hypersurface of degree 50 in P(1, 7, 8, 10, 25)
with −K3X =
1
280 . It has one quotient singular point of type
1
2(1, 1, 1), one quotient singular
point of type 15(1, 2, 3), one quotient singular point of type
1
7(1, 3, 4), and one quotient singular
point of type 18 (1, 7, 1).
In both cases, the threefold X cannot be birationally transformed to an elliptic fibration ([4]).
However, it can be rationally fibred by K3 surfaces.
The threefold X can be given by the equation
y
d−8
7 z +
d−15
7∑
i=0
yifd−7i
(
x, z, t, w
)
= 0,
where d is the degree of X and fi is quasihomogeneous polynomial of degree i. Let P be the
pencil that is cut out on X by
λx8 + µz = 0,
where (λ : µ) ∈ P1.
K3-Proposition 3.11.1. A general surface in the pencil P is birational to a smooth K3 surface.
Proof. If ג = 84, then a general surface in the pencil P is a compactification of a quartic surface
in C3 and must be birational to a smooth K3 surface by Theorem 0.1.3. If ג = 93, then a general
surface in the pencil P is a compactification of a double cover of C2 ramified along a sextic curve
that must be birational to a smooth K3 surface. 
Proposition 3.11.2. If ג ∈ {84, 93}, then the pencils | − a1KX | and P are unique Halphen
pencils on X.
Proof. Theorem 0.2.4, Lemmas 0.3.3, 0.3.10, 0.3.11, and Corollary 0.3.7 immediately imply the
result. 
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3.12. Case ג = 95, hypersurface of degree 66 in P(1, 5, 6, 22, 33).
Let X be a general hypersurface of degree 66 in P(1, 5, 6, 22, 33) with −K3X =
1
330 . Its
singularities consist of a quotient singular point of type 12(1, 1, 1), a quotient singular point of
type 13(1, 2, 1), a quotient singular point P of type
1
5(1, 2, 3), and a quotient singular point O of
type 111(1, 5, 6).
We have an elliptic fibration as follows:
U
pi
xxqqq
qq
qq
qq
qq
qq
η
((PP
PPP
PPP
PPP
PPP
X
ψ
//_____________ P(1, 5, 6)
where
• ψ is the natural projection,
• π is the Kawamata blow up at the point O with weights (1, 5, 6),
• η is an elliptic fibration.
The threefold X can be given by the equation
y12z +
11∑
i=0
yif66−5i
(
x, z, t, w
)
= 0
in P(1, 5, 6, 22, 33), where fi is a quasihomogeneous polynomial of degree i. Let P be the pencil on
the threefold X that is cut out by the pencil λx6 = µz, where (λ : µ) ∈ P1. Then, Lemma 0.3.11
implies P is a Halphen pencil as well.
Proposition 3.12.1. If ג = 95, then the linear systems | − 5KX | and P are the only Halphen
pencils.
Proof. The proof is almost same as the cases ג = 89, 90, 92, 94. We have one thing different
from these cases. It has a singular point at (0 : 1 : 0 : 0 : 0) such that it gives us b = 6, c = 0, and
−K3Y < 0 for Proposition 0.3.9. The result therefore follows from Lemmas 2.13.1 and 0.3.11. 
K3-Proposition 3.12.2. A general surface in the pencil P is birational to a K3 surface.
Proof. Let α : Y → X be the Kawamata blow up at the point P with weights (1, 2, 3) and let
E be its exceptional divisor. Then, the surface E is isomorphic to P(1, 2, 3). Let D be a general
surface in the pencil P. Then, the intersection ∆ := E · DY is a curve of degree six on E. It
does not pass through any singular point of the surface E. We suppose that the curve ∆ is
smooth. Because it does not pass through any singular point of E and its degree on E is 6, it
is an elliptic curve. The singularities of the surface D are rational except the point P . Then,
the same argument of K3-Proposition 3.2.3 gives a contradiction. Therefore, the surface DV1 is
birational to a smooth K3 surface. 
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Part 4. Fano threefold hypersurfaces with more than two Halphen pencils.
4.1. Case ג = 18, hypersurface of degree 12 in P(1, 2, 2, 3, 5).
The threefold X is a general hypersurface of degree 12 in P(1, 2, 2, 3, 5) with −K3X =
1
5 . The
singularities of X consist of six points O1, O2, O3, O4, O5 and O6 that are quotient singularities
of type 12(1, 1, 1) and one point P that is a quotient singularity of type
1
5(1, 2, 3).
There is a commutative diagram
U
α

W
βoo
η

X
ψ
//______ P(1, 2, 2),
where
• ψ is the natural projection,
• α is the Kawamata blow up at the point P with weights (1, 2, 3),
• β is the Kawamata blow up with weights (1, 2, 1) of the singular point of the variety U
that is a quotient singularity of type 13(1, 2, 1),
• η is an elliptic fibration.
The hypersurface X can be given by the equation
w2z + wf7(x, y, z, t) + f12(x, y, z, t) = 0,
where fi(x, y, z, t) is a general quasihomogeneous polynomial of degree i. Let P be the pencil
of surfaces that are cut out on the hypersurface X by the equations λx2 + µz = 0, where
(λ : µ) ∈ P1.
K3-Proposition 4.1.1. A general surface of the pencil P is birational to a K3 surface. In
particular, the linear system P is a Halphen pencil.
Proof. A general surface of the pencil P is not ruled because X is birationally rigid ([7]). Hence,
a general surface of the pencil P is birational to a K3 surface because it is a compactification of
a double cover of C2 branched over a sextic curve. 
The hypersurface X can also be given by the equation
xg11(x, y, z, t, w) + tg9(x, y, z, t, w) + wg7(x, y, z, t, w) + yg5(y, z) = 0
such that the point O1 is given by the equations x = y = t = w = 0, where gi is a general
quasihomogeneous polynomial of degree i. Let P1 be the pencil of surfaces that are cut out on
the hypersurface X by the pencil λx2 + µy = 0, where (λ : µ) ∈ P1. We will see that the linear
system P1 is a Halphen pencil. The base locus of P1 does not contain the points O2, O3, O4,
O5 and O6. Similarly, we can construct a Halphen pencil Pi such that Pi ⊂ | − 2KX | and the
base locus of the pencil Pi contains the point Oi.
Proposition 4.1.2. The linear systems P, P1, P2, P3, P4, P5, and P6 are the only Halphen
pencils on X.
We may assume that the singularities of the log pair (X, 1
n
M) are canonical. Moreover, it
follows from Lemmas 0.3.3 and Corollary 0.3.7 that
CS
(
X,
1
n
M
)
⊂
{
O1, O2, O3, O4, O5, O6, P
}
.
Lemma 4.1.3. If Oi ∈ CS(X,
1
n
M), then M = Pi.
Proof. Let πi : Vi → X be the Kawamata blow up at the point Oi with weights (1, 1, 1). Then,
MVi ∼Q −nKVi by Lemma 0.2.6.
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The linear system | − 2KVi | is the proper transform of the pencil Pi and the base locus of
| − 2KVi | consists of the irreducible curve CVi such that π(CVi) is the base curve of the pencil
Pi.
Let D be a general surface in | − 2KVi |. Then, the surface D is normal and C
2
Vi
< 0 on the
surface D. On the other hand, we have CVi ≡ −KVi |D, which implies that MVi = | − 2KVi | by
Theorem 0.2.9. 
K3-Proposition 4.1.4. A general surface of each pencil Pi is birational to a K3 surface. In
particular, Pi is a Halphen pencil.
Proof. We use the same notations as in the proof of Lemma 4.1.3. The pencil | − 2KVi | satisfies
the condition of Theorem 0.2.10. Therefore, it is a Halphen pencil. The intersection of the
surface D and the exceptional divisor Ei ∼= P
2 of the birational morphism π is a conic on Ei.
An irreducible component of the intersection D · Ei is a rational curve not contained in the
base locus of the pencil | − 2KVi |. Therefore, the surface D is birational to a K3 surface by
Corollary 0.2.12. 
Let E be the exceptional divisor of the birational morphism α. It has two singular points Q
and O that are quotient singularities of types 13 (1, 2, 1) and
1
2(1, 1, 1), respectively.
Let C be the base curve of the pencil P and L be the unique curve in of the linear system
|OP(1, 2, 3)(1)| on E.
Lemma 4.1.5. If the set CS(U, 1
n
MU ) contains the point O, then M = P.
Proof. Let π : V → U be the Kawamata blow up at the point O with weights (1, 1, 1) and F
be the exceptional divisor of the birational morphism π. Let L be the proper transform of the
linear system |−3KU | by the birational morphism π. We haveMV ∼Q −nKV by Lemma 0.2.6,
PV ∼Q −2KV , and
L ∼Q π
∗(−3KU )−
1
2
F.
The base locus of the linear system L consists of the irreducible curve C˜V . Moreover, for a
general surface T of the linear system L, the inequality T · C˜V > 0 holds, which implies that the
divisor π∗(−6KU )− F is nef and big.
Let M and D be general surfaces of the pencils MV and PV , respectively. Then,(
π∗(−6KU )− F
)
·M ·D =
(
π∗(−6KU )− F
)
·
(
π∗(−nKU )−
n
2
F
)
·
(
π∗(−2KU )− F
)
= 0,
which implies that MV = PV by Theorem 0.2.9. 
For now, to prove Proposition 4.1.2, we may assume that CS(X, 1
n
M) = {P}. Because
MU ∼Q −nKU by Lemma 0.2.6, the set CS(U,
1
n
M)U is not empty by Theorem 0.2.4. Therefore,
Lemma 4.1.5 enables us to assume that the set CS(U, 1
n
MU ) consists of the point Q. The
equivalence MW ∼Q −nKW by Lemma 0.2.6 implies that every surface in the pencil MW is
contracted to a curve by the elliptic fibration η. Moreover, the set CS(W, 1
n
MW ) is not empty
by Theorem 0.2.4.
Let G be the exceptional divisor of the birational morphism β and Q1 be the singular point
of the surface G. Then, the point Q1 is the quotient singularity of type
1
2 (1, 1, 1) on the variety
W . Moreover, it follows from Lemma 0.2.7 that the set CS(W, 1
n
MW ) contains the point Q1.
Let γ : Y → W be the Kawamata blow up at the point Q1 with weights (1, 1, 1). The
base locus of the pencil PY consists of the irreducible curves CY and LY . Let D be a general
surface of the pencil PY . Then, explicit local calculations show that D ∼Q −2KY . On the
other hand, the surface D is normal and the intersection form of the curves CY and LY on the
surface D is negative-definite. Hence, we obtain the identity MY = PY from Theorem 0.2.9
because MY |D ≡ n(CY + LY ). Therefore, we see that M = P, which completes our proof of
Proposition 4.1.2.
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4.2. Case ג = 22, hypersurface of degree 14 in P(1, 2, 2, 3, 7).
The threefold X is a general hypersurface of degree 14 in P(1, 2, 2, 3, 7) with −K3X =
1
6 . The
singularities of X consist of seven points O1, O2, O3, O4, O5, O6, and O7 that are quotient
singularities of type 12 (1, 1, 1) and one point P that is a quotient singularity of type
1
3(1, 2, 1).
There is a commutative diagram
Y
pi
 


 η
$$I
II
II
II
II
X
ψ
//_______ P(1, 2, 2),
where
• ψ is the natural projection,
• π is the Kawamata blow up at the point P with weights (1, 2, 1),
• η is an elliptic fibration.
The hypersurface X can be given by the equation
t4z + t3f5(x, y, z, w) + t
2f8(x, y, z, w) + tf11(x, y, z, w) + f14(x, y, z, w) = 0,
where fi(x, y, z, t) is a general quasihomogeneous polynomial of degree i. Let P be the pencil
of surfaces that are cut out on the hypersurface X by the equations λx2 + µz = 0, where
(λ : µ) ∈ P1. We will see that the linear system P is a Halphen pencil.
The hypersurface X can also be given by the equation
xg13(x, y, z, t, w) + tg11(x, y, z, t, w) + wg7(x, y, z, t, w) + yg12(y, z) = 0
such that the point O1 is given by the equations x = y = t = w = 0, where gi is a general
quasihomogeneous polynomial of degree i. Let P1 be the pencil of surfaces cut out on the
hypersurface X by the pencil λx2 + µy = 0, where (λ : µ) ∈ P1. Then, P1 is a Halphen pencil.
Indeed, a general surface in this pencil is a compactification of a double cover of C2 branched
over a sextic curve. The base locus of P1 does not contain the points O2, O3, O4, O5, O6, and
O7. Similarly, we can construct a Halphen pencil Pi such that Pi ⊂ |− 2KX | and the base locus
of the pencil Pi contains the point Oi.
Proposition 4.2.1. The linear systems P, P1, P2, P3, P4, P5, P6, and P7 are the only Halphen
pencils on X.
Proof. Due to Lemmas 0.3.3 and Corollary 0.3.7, we may assume that
CS
(
X,
1
n
M
)
⊂
{
O1, O2, O3, O4, O5, O6, O7, P
}
.
If it contains the point Oi, we consider the Kawamata blow up πi : Yi → X at the point Oi with
weights (1, 1, 1). The proof of Lemma 4.1.3 then shows M = Pi.
From now, we suppose that the set CS(X, 1
n
M) consists of the point P . Then, the set
CS(Y, 1
n
MY ) must contain the singular point that is contained in the exceptional divisor of the
birational morphism π.
Let σ : W → Y be the Kawamata blow up at this point. Then, the base locus of the pencil
PW consists of the irreducible curve C¯W . Moreover, PW ∼Q −2KW , −KW · C¯W < 0, and
MW ∼Q −nKW . Therefore, Theorem 0.2.9 gives us the identity M = P. 
K3-Proposition 4.2.2. A general surface in each of the pencils P, P1, P2, P3, P4, P5, P6,
and P7 is birational to a smooth K3 surface.
Proof. A general surface in the pencil Pi is a compactification of a double cover of C
2 ramified
along a sextic curve. By Theorem 0.1.3, it must be birational to a smooth K3 surface. For the
pencil P, use the same argument with the exceptional divisor of σ as in K3-Proposition 4.1.4. 
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4.3. Case ג = 28, hypersurface of degree 15 in P(1, 3, 3, 4, 5).
The threefold X is a general hypersurface of degree 15 in P(1, 3, 3, 4, 5) with −K3X =
1
12 . The
singularities of X consist of five points O1, O2, O3, O4, and O5 that are quotient singularities
of type 13(1, 1, 2) and one point P that is a quotient singularity of type
1
4(1, 3, 1).
There is a commutative diagram
Y
pi
 


 η
$$I
II
II
II
II
X
ψ
//_______ P(1, 3, 3),
where
• ψ is the natural projection,
• π is the Kawamata blow up at the point P with weights (1, 3, 1),
• η is an elliptic fibration.
The hypersurface X can be given by the equation
t3z + t2f7(x, y, z, w) + tf11(x, y, z, w) + f15(x, y, z, w) = 0,
where fi(x, y, z, t) is a general quasihomogeneous polynomial of degree i. Let P be the pencil
of surfaces that are cut out on the hypersurface X by the equations λx3 + µz = 0, where
(λ : µ) ∈ P1. As in the previous cases, the linear system P is a Halphen pencil.
The hypersurface X can also be given by the equation
xg14(x, y, z, t) + tg11(x, y, z, t) +wg10(x, y, z, t) + yg12(y, z) = 0
such that the point O1 is given by the equations x = y = t = w = 0, where gi is a general
quasihomogeneous polynomial of degree i. Let P1 be the pencil of surfaces that are cut out on
the hypersurface X by the pencil λx3 + µy = 0, where (λ : µ) ∈ P1. Then, the linear system-
P1 is a Halphen pencil. The base locus of P1 does not contain the points O2, O3, O4, and O5.
Similarly, we can construct a Halphen pencil Pi such that Pi ⊂ | − 3KX | and the base locus of
the pencil Pi contains the point Oi.
Proposition 4.3.1. The linear systems P, P1, P2, P3, P4, and P5 are the only Halphen pencils
on X.
Proof. The proof is the same as that of Proposition 4.2.1. 
K3-Proposition 4.3.2. A general surface in each of the pencils P, P1, P2, P3, P4, and P5 is
birational to a smooth K3 surface.
Proof. Essentially, the proof is the same as the proof of K3-Proposition 4.1.4. Instead of a conic,
we however consider a cubic curve on P(1, 1, 2) or P(1, 1, 3), which has a rational irreducible
component. 
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Part 5. Fano threefold hypersurfaces with infinitely many Halphen pencils.
5.1. Case ג = 1, hypersurface of degree 4 in P4.
Let X be a general quartic hypersurface in P4. It is smooth and the log pair (X, 1
n
M) is
canonical (Theorem 3.6 in [6]).
Proposition 5.1.1. Every Halphen pencil is contained in | −KX |.
Let us prove Proposition 5.1.1. Suppose that the set CS(X, 1
n
M) contains a curve Z and does
not contain any point. Then, we have
multZ(M) = n.
It follows from Lemma 0.2.3 that deg(Z) ≤ 4.
Lemma 5.1.2. The curve Z is contained in a two-dimensional linear subspace of P4.
Proof. Suppose that the curve Z is not contained in any plane in P4. Then, the degree of the
curve Z is either 3 or 4. If the degree is 3, then the curve is smooth. If the degree is 4, then the
curve can be singular but the singularities consist of only one double point.
Suppose that Z is smooth. Let α : U → X be the blow up along the curve Z and F be its
exceptional divisor. Then, the base locus of the linear system |α∗(−deg(Z)KX) − F | does not
contain any curve but (
α∗(−deg(Z)KX)− F
)
·D1 ·D2 < 0,
where D1 and D2 are general surfaces of the linear system MU , which is a contradiction.
Suppose that the curve Z is a quartic curve with a double point P . Let β : W → X be the
composition of the blow up at the point P with the blow up along the proper transform of the
curve Z. Let G and E be the exceptional divisors of β such that β(E) = Z and β(G) = P .
Then, the base locus of the linear system |β∗(−4KX )−E− 2G| does not contain any curve but(
β∗(−4KX )− E − 2G
)
·D1 ·D2 < 0
where D1 and D2 are general surfaces of the linear system MW , which is a contradiction. 
Lemma 5.1.3. If the curve Z is a line, then the pencil M is contained in | −KX |.
Proof. Let π : V → X be the blow up along the line Z. Then, the linear system | −KV | is base-
point-free and induces an elliptic fibration η : V → P2. Therefore, MV is contained in fibers of
η. In particular, the base locus of the pencilMV does not contain curves not contracted by the
morphism η.
The set CS(V, 1
n
MV ) is not empty by the Theorem 0.2.4. However, it does not contain any
point because we assume that the set CS(X, 1
n
M) does not contain points. Hence, there is an
irreducible curve L ⊂ V such that multL(MV ) = n and η(L) is a point.
The pencilMV is the pull-back of a pencil P on P
2 via the morphism η such that P ∼Q OP2(n).
Hence, the equality multL(MV ) = n implies that the multiplicity of the pencil P at the point
η(L) is n, which implies that n = 1. 
Thus, we may assume that the set CS(X, 1
n
M) does not contain lines. Moreover, the pencil
M is contained in |−KX | if Z is a plane quartic curve by Theorem 0.2.9. Thus, we may assume
that Z is either a plane cubic curve or a conic.
Lemma 5.1.4. If the curve Z is a cubic, then M is a pencil in | −KX |.
Proof. Let P be the pencil in | −KX | that contains all surfaces passing through the cubic curve
Z and D be a general surface in P. Then, D is a smooth K3 surface but the base locus of the
pencil P consists of the curve Z and some line L ⊂ X. We have
M
∣∣∣
D
= nZ +multL(M)L+ B ≡ nZ + nL,
112 IVAN CHELTSOV AND JIHUN PARK
where B is a pencil on D without fixed components. On the other hand, we have L2 = −2
on the surface D, which implies that multL(M) = n and B = ∅. Hence, we have M = P by
Theorem 0.2.9. 
Therefore, we may assume that the curve Z is a conic. Let Π be the plane in P4 that contains
the conic Z.
Lemma 5.1.5. If Π ∩X = Z, then M is a pencil in | −KX |.
Proof. Let α : U → X be the blow up along the curve Z and D be a general surface of the
pencil |−KU |. Then, D is a smooth K3 surface but the base locus of the pencil |−KU | consists
of the irreducible curve L such that α(L) = Z and −KU |D ≡ L. Therefore, we have
MU
∣∣∣
D
≡ nL,
but L2 = −2 on the surface D. Hence, we have MU = | −KU | by Theorem 0.2.9. 
In the case when the set-theoretic intersection Π∩X contains a curve different from a conic Z,
the arguments of the proof of Lemma 5.1.4 easily imply thatM is a pencil in |−KX |. Therefore,
we may assume that the set CS(X, 1
n
M) contains a point P of the quartic X.
Let M1 and M2 be two general surfaces in M. Then, the inequality multP (M1 ·M2) ≥ 4n
2
holds ([6] and [17]). On the other hand, the degree of the cycle M1 ·M2 is 4n
2, which implies
that multP (M1 ·M2) = 4n
2. In particular, the support of the cycleM1 ·M2 consists of the union
of all lines passing through the point P , which implies that there are at most finitely many lines
on the quartic X passing through the point P . Moreover, the equality multP (M) = 2n holds
([1], [2], Corollary C.14 in [3]).
Lemma 5.1.6. For a line L on X passing through P , n3 ≤ multL(M) ≤
n
2 .
Proof. Let D be a general hyperplane section of X that passes through the line L and M be a
general surface in M. Then, D is a smooth K3 surface and
M
∣∣∣
D
= multL(M)L+∆,
where ∆ is an effective divisor such that multP (∆) ≥ 2n −multL(M). On the other hand, we
have L2 = −2 on the surface D. Hence, we have
n+ 2multL(M) = L ·∆ ≥ multP (∆) ≥ 2n −multL(M),
which implies n3 ≤ multL(M).
Let T be the hyperplane section tangent to the quartic X at the point P . Then, T has isolated
singularities and the point P is an isolated double point of the surface T because multP (M) = 2n.
The cycle T ·D is reduced and consists of the line L and possibly reducible cubic curve Z ⊂ D
that passes through the point P . Thus, we have
3n =
(
multL(M)L+∆
)
· Z = 3multL(M) + ∆ · Z ≥ 3multL(M) + 2n −multL(M),
which implies multL(M) ≤
n
2 . 
Therefore, any curve containing the point P cannot belong to the set CS(X, 1
n
M). Let
π : V → X be the blow up at the point P and E be the exceptional divisor of the blow up
π. In addition, let Bi be the proper transform of the divisor Mi by π. Then, the equalities
multP (M1 ·M2) = 4n
2 and multP (M) = 2n imply that
B1 ·B2 =
k∑
i=1
multL¯i
(
B1 · B2)L¯i,
where k is a number of lines on X that passes through the point P and L¯i is an irreducible curve
such that π(L¯i) is a line on X that passes through the point P .
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Lemma 5.1.7. Let Z be an irreducible curve on X that is not a line passing through the point
P . Then,
deg(Z) ≥ 2multP (Z),
where the equality holds only if the proper transform ZV does not intersect the curve L¯i for any
i.
Proof. The proper transform ZV is not contained in Bi because the base locus of the pencilMV
consists of the curves L¯1, · · · , L¯k. Hence, we have
0 ≤ Bi · ZV ≤ n
(
deg(Z)− 2multP (Z)
)
,
which concludes the proof. 
Note that so far we never use the generality of the quartic X besides its smoothness. In the
following we assume that there are at most 3 lines on X passing though a given point of X and
every line on X has normal bundle OP1(−1)⊕OP1 . It follows from the proof of Proposition 1 in
[17] that the former condition is satisfied on a general quartic threefold. The latter condition is
also satisfied on a general quartic threefold by [5]. Moreover, the article [5] shows that the latter
condition is equivalent to the following: no two-dimensional linear subspace of P4 is tangent to
the quartic X along a line. In particular, we see that no hyperplane section of X can be singular
at three points that are contained in a single line.
Lemma 5.1.8. For a line L in X passing through P , multL(M) =
n
2 .
Proof. By Lemma 5.1.6, it is enough to show multL(M) ≥
n
2 .
Let α :W → X be the blow up along the line L and F be the exceptional divisor of the blow
up α. Then, the surface F is the rational ruled surface F1.
Let ∆ be the irreducible curve on the surface F such that ∆2 = −1 and Z be the fiber of the
restricted morphism π|F : F → L over the point P . Then, F |F ≡ −(∆+Z), which implies that
MW
∣∣∣
F
≡ nZ +multL(M)(∆ + Z).
Let β : U → W be the blow up along the curve Z and G be the exceptional divisor of β.
Then, the exceptional divisor E of π is the proper transform of the divisor G on the threefold
V . Hence, we have
multZ(MW ) = 2n−multL(M),
which implies that multZ(MW |F ) ≥ 2n−multL(M). Therefore, we have
n+multL(M) ≥ 2n−multL(M),
which gives multL(M) ≥
n
2 . 
Let T be a hyperplane section of X that is singular at the point P . Then, T has only isolated
singularities. Moreover, we have multP (T · Mi) = 4n, which implies that the point P is an
isolated double point of the surface T . Put Li = π(L¯i).
Lemma 5.1.9. The point P is not an ordinary double point of the surface T .
Proof. Suppose that the point P is an ordinary double point of the surface T . Let us show that
this assumption leads us to a contradiction.
Let Hi be a general hyperplane section of the quartic X that passes through the line Li.
Then,
Hi · T = Li + Zi,
where Zi is a cubic curve. The cubic curve Zi intersect the line Li at the point P and at some
smooth point of the surface T because Li does not contain three singular points of the surface
T . Hence, we have
L2i = Hi · Li − Zi · Li < −
1
2
.
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The proper transform TV has isolated singularities and normal. Moreover, the inequality
L2i < −
1
2 implies that L¯
2
i < −1.
Let M be a general surface in M. The support of the cycle T ·M consists of the union of
all lines on X passing through the point P because multP (T ·M) = 4n. Thus, the equalities
multP (T ) = 2n and multP (M) = 2n implies that the support of the cycle TV ·MV consists of
the union of the curves L¯1, · · · , L¯k. Hence, we have
MV
∣∣∣
TV
=
k∑
i=1
miL¯i,
but MV · L¯l = −n and L¯i · L¯j = 0 for i 6= j. Hence, we have
−n =MV · L¯j =
k∑
i=1
miL¯i · L¯j = mjL¯
2
j ,
which implies that mj < n.
Let H be the proper transform of a general hyperplane section of X on the threefold V . Then,
4n =MV · TV ·H =
k∑
i=1
miL¯i ·H =
k∑
i=1
mi < kn,
which implies that k > 4. Thus, the threefold X has at least five lines that pass through the
point P , which is a contradiction. 
Thus, the point P is not an ordinary double point on the surface T . Therefore, there is a
hyperplane section Z of the quartic surface T with multP (Z) ≥ 3. Hence, the curve Z is reducible
by Lemma 5.1.7. Moreover, the curve Z is reduced and multP (Z) = 3 by our assumption of
generality of the quartic X.
Lemma 5.1.10. The curve Z is not a union of four lines.
Proof. Suppose that the curve Z is a union of four lines. Then, one component of Z is a line
L that does not pass through the point P . Then, L intersects Mi at least three points that are
contained in the union of the lines L1, · · · , Lk. On the other hand, we have Mi · L = n, which
implies that L is contained in Mi by Lemma 5.1.8, which is impossible because the base locus
of M is the union of the lines L1, · · · , Lk. 
The curve Z is not a union of an irreducible cubic curve and a line due to Lemma 5.1.7.
Hence, the curve Z is a union of two different lines passing through the point P and a conic
that also passes through the point P , which is impossible by Lemma 5.1.7. Hence, we have
completed the proof of Proposition 5.1.1.
5.2. Case ג = 2, hypersurface of degree 5 in P(1, 1, 1, 1, 2).
The threefold X is a general hypersurface of degree 5 in P(1, 1, 1, 1, 2) with −K3X =
5
2 . It has
only one singular point O at (0 : 0 : 0 : 0 : 1) which is a quotient singularity of type 12(1, 1, 1).
The hypersurface X can be given by the equation
w2f1
(
x, y, z, t
)
+ wf3
(
x, y, z, t
)
+ f5
(
x, y, z, t
)
= 0,
where fi is a homogeneous polynomial of degree i.
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There is a commutative diagram
Y
pi
xxqqq
qq
qq
qq
qq
qq
γ
  A
AA
AA
AA
A Wi
αioo
wi
  A
AA
AA
AA
A
X
ψ
&&M
M
M
M
M
M
M Y ′
ω
~~}}
}}
}}
}}
Ui
βioo
ηi~~}}
}}
}}
}}
P3 χi
//_______ P2
where
• ψ is the natural projection,
• π is the Kawamata blow up at the point O with weights (1, 1, 1),
• γ is the birational morphism that contracts 15 smooth rational curves L1, · · · , L15 to 15
isolated ordinary double points P1, · · · , P15 of the variety Y
′, respectively,
• αi is the blow up along the curve Li,
• βi is the blow up at the point Pi,
• wi is a birational morphism,
• ω is a double cover of P3 branched over a sextic surface R ⊂ P3,
• χi is the projection from the point ω(Pi),
• ηi is an elliptic fibration.
The surface R is given by the equation
f3
(
x, y, z, t
)2
− 4f1
(
x, y, z, t
)
f5
(
x, y, z, t
)
= 0 ⊂ P3 ∼= Proj
(
C[x, y, z, t]
)
.
It has 15 ordinary double points ω(P1), · · · , ω(P15) that are given by the equations
f3
(
x, y, z, t
)
= f1
(
x, y, z, t
)
= f5
(
x, y, z, t
)
= 0 ⊂ P3.
We may assume that the curves on P3 defined by f3 = f1 = 0 and f5 = f1 = 0 are irreducible.
For the convenience, let M and M ′ be general surfaces in the pencil M.
Lemma 5.2.1. The set CS(X, 1
n
M) does not contain any smooth point of X.
Proof. Suppose that the set CS(X, 1
n
M) contains a smooth point P of X. Let D be a general
surface of the linear system | −KX | that passes through the point P . The surface D does not
contain an irreducible component of the cycle M ·M ′ if none of π(Li) passes through the point
P . In particular, in such a case, we see
multP
(
M ·M ′
)
≤M ·M ′ ·D = −n2K3X =
5
2
n2,
which is impossible by [17]. Thus, we may assume that the curve π(L1) passes through the point
P .
Let us use the arguments of the article [7]. Put L = π(L1) and
M
∣∣∣
D
= L+multL
(
M
)
L,
where L is a pencil on the surface D without fixed curves. Then, the point P is a center of log
canonical singularities of the log pair (D, 1
n
M|D) by the Shokurov connectedness principle ([6]
and [21]). It implies that
multP
(
Λ1 · Λ2
)
≥ 4n
(
n−multL
(
M
))
by Theorem 3.1 in [6], where Λ1 and Λ2 are general curves in L. The equality
Λ1 · Λ2 =
5
2
n2 −multL
(
M
)
n−
3
2
mult2L
(
M
)
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holds on the surface D because L2 = −32 on the surface D. Hence, we have
5
2
n2 −multL
(
M
)
n−
3
2
mult2L
(
M
)
≥ 4n
(
n−multL
(
M
))
,
which gives multL(M) = n. Thus, the set CS(X,
1
n
M) contains the curve π(L1).
The set CS(X, 1
n
M) contains the point O by Lemma 0.2.6. Then,MW1 ∼Q −nKW1 because
multL(M) = n, which implies that each surface of MW1 is contracted to a curve by the elliptic
fibration η1 ◦ w1. On the other hand, the set CS(W1,
1
n
MW1) contains a subvariety of the
threefold W1 that dominates the point P .
Let E1 be the exceptional divisor of α1. Then, E1 ∼= P
1 × P1 and the pencil MW1 |E1 does
not have fixed components because E1 is a section of the elliptic fibration η1 ◦ ω1 and the base
locus of the pencilMW1 does not contain curves not contracted by the elliptic fibration η1 ◦w1.
Thus, the set CS(W1,
1
n
MW1) contains a point Q of the surface E1 such that π ◦ α1(Q) = P .
The point Q is a center of log canonical singularities of the log pair (E1,
1
n
MW1|E1) by the
Shokurov connectedness principle ([6] and [21]). Let ∆1 and ∆2 be general curves in MW1 |E1.
Then, the inequality
2n2 = multQ
(
∆1 ·∆2
)
≥ 4n2
holds by Theorem 3.1 in [6], which is a contradiction. 
Lemma 5.2.2. If the set CS(X, 1
n
M) contains a curve Λ not passing through the singular point
O, then the pencil M is contained in | −KX |.
Proof. We have multΛ(M) = n and −KX · Λ ≤ 2 by Corollary 0.3.4.
Suppose that −KX · Λ = 2 and ψ(Λ) is a line. Then, the line ψ(Λ) passes through a unique
singular point of R. Hence, we may assume that the curve Λ intersects π(Li) only for i = 1.
Let D be the pencil in the linear system | −KX | consisting of surfaces that pass through the
curve Λ and D be a general surface of the pencil D. Then, the surface D is smooth in the outside
of the singular point O, the point O is an ordinary double point of the surface D, and the base
locus of the pencil D consists of the curve Λ and the curve π(L1). Put L = π(L1). Then,
M
∣∣∣
D
= multΛ
(
M
)
Λ +multL
(
M
)
L+ L ≡ n
(
Λ+ L
)
,
where L is a pencil with no fixed curves. It givesM = D by Theorem 0.2.9 because the inequality
L2 < 0 holds on the surface D.
We may assume that either the equality −KX ·Λ = 1 holds or ψ(Λ) is a conic, which implies
that Λ is smooth. Let σ : X˘ → X be the blow up along the curve Λ and G be its exceptional
divisor.
Suppose that −KX · Λ = 2. Then, Λ is cut, in the set-theoretic sense, by the surfaces of
the linear system | − 2KX | that pass through the curve Λ. Moreover, the scheme-theoretic
intersection of two general surfaces of the linear system | − 2KX | passing through the curve Λ is
reduced at a generic point of the curve Λ, which implies that the divisor σ∗(−2KX )−G is nef
by Lemma 5.2.5 in [7]. However, we obtain an absurd inequality
−3n2 =
(
σ∗(−2KX)−G
)
·M
X˘
·M ′
X˘
≥ 0.
Therefore, the equality −KX · Λ = 1 holds, which implies that | −KX˘ | is a pencil.
Suppose that ψ(Λ) is not contained in the plane f1(x, y, z, t) = 0. Then, ψ(Λ) contains a
unique singular point of the surface R ⊂ P3. Hence, we may assume that the curve Λ intersects
π(Li) only for i = 1. It implies that the base locus of the linear system | −KX˘ | consists of the
irreducible curves Λ˘ and L˘1 such that (ψ ◦σ)(Λ˘) = ψ(Λ) and σ(L˘1) = π(L1). Let D˘ be a general
surface in | −K
X˘
|. Then, we can consider the curves Λ˘ and L˘1 as divisors on D˘. We have
Λ˘2 = −2, L˘21 = −
3
2
, Λ˘ · L˘1 = 1,
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which implies the negative-definiteness of the intersection form of Λ˘ and L˘1. Because
M
X˘
∣∣∣
D˘
≡ −nK
X˘
∣∣∣
D˘
≡ n
(
Λ˘ + L˘1
)
,
it follows from Theorem 0.2.9 that M
X˘
= | −K
X˘
|.
Finally, we suppose that the line ψ(Λ) is contained in the plane f1(x, y, z, t) = 0. In particular,
the line ψ(Λ) is not contained in the surface R because the curve f3 = f1 = 0 is irreducible.
Moreover, the line ψ(Λ) contains exactly three singular points of the ramification surface7;
otherwise the point O would belong to the curve Λ. Thus, the curve Λ intersects exactly three
curves among the curves L1, · · · , L15; otherwise Λ would contain the point O.
We may assume that Λ intersects the curves π(L1), π(L2), and π(L3), which means that the
points ω(P1), ω(P2), ω(P3) are contained in ψ(Λ). The base locus of |−KX˘ | consists of the curves
L˘1, L˘2, L˘3 such that σ(L˘i) = π(Li). The curves L˘1, L˘2, L˘3 can be contracted on the surface
D˘ to a singular point of type D4, which implies that their intersection form is negative-definite.
Hence, we have M
X˘
= | −K
X˘
| by Theorem 0.2.9 . 
The equivalence MY ∼Q −nKY holds by Lemma 0.2.6. It implies that the set CS(Y,
1
n
MY )
contains no point of Y due to Lemmas 0.2.7 and 5.2.1. Let MY ′ be the push-forward of the
pencilMY by the birational morphism γ. Then,MY ′ ∼Q −nKY ′ , the log pair (Y
′, 1
n
MY ′) has
canonical singularities but it follows from Theorem 0.2.4 that the singularities of the log pair
(Y ′, 1
n
MY ′) are not terminal.
Lemma 5.2.3. If the set CS(Y ′, 1
n
MY ′) contains an irreducible curve Γ with −KY ′ · Γ 6= 1,
then the pencil M is contained in | −KX |.
Proof. Let D be a general divisor in |−KY ′ |. In addition, let MY ′ = γ(MY ) and M
′
Y ′ = γ(M
′
Y ).
Then,
2n2 = D ·MY ′ ·M
′
Y ′ ≥ multΓ
(
MY ′ ·M
′
Y ′
)
D · Γ ≥ −n2KY ′ · Γ
because multΓ(MY ′) = n. Therefore, the inequality −KY ′ · Γ ≤ 2 holds.
Suppose that −KY ′ · Γ = 2 but the curve ω(Γ) is a line. Let T be the linear subsystem
of the linear system | − KY ′ | consisting of surfaces passing through the curve Γ and T be a
general surface in the pencil T . Then, the base locus of the pencil T consists of the curve Γ
and the rational map induced by the pencil T is the composition of the double cover ω with the
projection from the line ω(Γ). On the other hand, we have
2n = D · T ·MY ′ ≥ multΓ
(
T ·MY ′
)
D · Γ ≥ −nKY ′ · Γ,
which implies that the support of the cycle T ·MY ′ is contained in Γ. Thus, we have MY ′ = T
by Theorem 0.2.9.
For now, we suppose that −KY ′ · Γ = 2 but the curve ω(Γ) is a conic. Then, Γ is smooth
and ω|Γ is an isomorphism. Moreover, the curve Γ contains at most 2 singular points of the
threefold Y ′ if the curve ω(Γ) is not contained in the plane f1(x, y, z, t) = 0, and the curve Γ
contains at most 6 singular points of the threefold Y ′ otherwise. We may assume that Γ passes
through P1, · · · , Pk, where 0 ≤ k ≤ 6. The equality k = 0 means that Γ lies in the smooth locus
of the threefold Y ′.
Let β : V → Y ′ be the blow up at the points P1, · · · , Pk, and Ei be the exceptional divisor of
the blow up β with β(Ei) = Pi. The exceptional divisor Ei is isomorphic to P
1×P1. The proper
transform ΓV intersects the surface Ei transversally at a single point, which we denote by Qi.
Let υ : W → V be the blow up along the curve ΓV and G be the exceptional divisor of the
birational morphism υ. In addition, let Ai and Bi be the fibers of the natural projections of
the surface Ei that pass through the point Qi, and A¯i and B¯i be the proper transforms of the
curves Ai and Bi on the threefold W , respectively. Then, we can flop the curves A¯i and B¯i.
7In fact, we may assume that no three points of the set Sing(R) are collinear.
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Let υ1 : U → W be the blow up along the curves A¯1, B¯1, · · · , A¯k, B¯k. Also, let Fi and Hi be
the exceptional divisors of υ1 such that υ1(Fi) = A¯i and υ1(Hi) = B¯i. Then, all the exceptional
divisors are isomorphic to P1×P1. There is a birational morphism υ′1 : U →W
′ such that υ′1(Fi)
and υ′1(Hi) are rational curves but υ
′
1 ◦υ
−1
1 is not biregular in a neighborhood of A¯i and B¯i. Let
E′i be the proper transform of Ei on the threefold W
′. Then, we can contract the surface E′i to
a singular point of type 12 (1, 1, 1).
Let υ′ : W ′ → V ′ be the contraction of E′1, · · · , E
′
k and G
′ be the proper transform of the
surface G on the threefold V ′. Then, there is a birational morphism β′ : V ′ → Y ′ that contracts
the divisor G′ to the curve Γ. Hence, we constructed the commutative diagram
W
υ
~~}}
}}
}}
}}
U
υ1oo
υ′
1
!!D
DD
DD
DD
D
V
β   A
AA
AA
AA
A W
′
υ′}}{{
{{
{{
{{
Y ′ V ′.
β′oo
The threefold V ′ is projective. Its singularities consist of 15 − k ordinary double points and k
singular points of type 12(1, 1, 1). However, it is not Q-factorial because the threefold Y
′ is not
Q-factorial.
The construction of the birational morphism β′ implies that
MV ′ ∼Q −nβ
′∗(KY ′)− nG
′ ∼Q −nKV ′ .
Let D′ be a general surface of the linear system |β′∗(−4KY ′)−G
′|. Then, the divisor D′ is nef
by Lemma 5.2.5 in [7]. The construction of the birational morphism β′ implies that
0 >
(
− 4 +
k
2
)
n2 =
(
β′
∗
(−4KY ′)−G
′
)
·
(
β′
∗
(−nKY ′)− nG
′
)2
= D′ ·MV ′ ·M
′
V ′ ≥ 0,
where MV ′ and M
′
V ′ are the proper transforms of MY ′ and M
′
Y ′ by the birational morphism β
′.
We have obtained a contradiction. 
Lemma 5.2.4. If the set CS(Y ′, 1
n
MY ′) contains a curve Γ with −KZ · Γ = 1, then the pencil
M is contained in | −KX |.
Proof. The curve ω(Γ) is a line in P3. The restricted morphism ω|Γ : Γ → ω(Γ) is an isomor-
phism. The curve Γ contains at most one singular point of Y ′ if ω(Γ) is not contained in the
plane f1(x, y, z, t) = 0, and the curve ω(Γ) contains at most three singular points of the threefold
Y ′ otherwise. We may assume that Γ contains P1, · · · , Pk, where 0 ≤ k ≤ 3. Here, the equality
k = 0 means that Γ lies in the smooth locus of the threefold Y ′.
Suppose that the line ω(Γ) is not contained in R. Let D be a general surface in | −KY ′ | that
passes through the curve Γ. Then,
MY ′
∣∣∣
D
= multΓ
(
MY ′
)
Γ +multΩ
(
MY ′
)
Ω+ L,
where L is a pencil without fixed curves and Ω is a smooth rational curve different from Γ such
that ω(Ω) = ω(Γ). Moreover, the surface D is smooth in the outside the points P1, · · · , Pk but
the points P1, · · · , Pk are isolated ordinary double points of the surface D. We have Ω
2 = −2+ k2
on the surface D and(
n−multΩ(MY ′)
)
Ω2 =
(
multΓ(MY ′)− n
)
Γ · Ω+ L · Ω = L · Ω ≥ 0,
where L is a general curve in L. Therefore, the equality multΩ(MY ′) = n holds, which easily
implies that MY ′ is a pencil in | −KY ′ | due to Theorem 0.2.9.
Finally, we suppose that ω(Γ) is contained in the ramification surface of ω. It implies that
ω(Γ) is not contained in the plane f1(x, y, z, y) = 0. The proof of Lemma 5.2.3 shows the
existence of a birational morphism υ′ :W ′ → V ′ that contracts a single irreducible divisor G′ to
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the curve Γ, the surface G′ contains k singular points of the threefold V ′ of type 12(1, 1, 1), and
υ′ is the blow up of Γ at a generic point of Γ.
Let D′ be a general surface in | −KV ′ |. Then, ω ◦ β
′(D′) is a plane that passes through ω(Γ).
It implies that the base locus of the pencil | −KV ′ | consists of an irreducible curve Γ
′ such that
β′(Γ′) = Γ and
D′ · Γ′ = −K3V ′ = −2 +
k
2
.
Then, one can easily see that MV ′ = | −KV ′ | by Theorem 0.2.9. Hence, the linear system M
is a pencil in | −KX |. 
Proposition 5.2.5. Every Halphen pencil is contained in | −KX |.
Proof. LetMUi be the push-forward of the pencilMWi by the morphism wi. Due to the previous
arguments, we may assume that
P1 ∈ CS
(
Y ′,
1
n
MY ′
)
⊆
{
P1, · · · , P15
}
,
which implies that MU1 ∼Q −nKU1 by Theorem 3.10 in [6]. Therefore, each member in the
pencil MU1 is contracted to a curve by the elliptic fibration η1. Therefore, the base locus of
the pencil MU1 does not contain curves that are not contracted by η1. On the other hand, the
singularities of the log pair (U1,
1
n
MU1) are not terminal by Theorem 0.2.4.
The proof of Lemma 5.2.1 implies that the set CS(U1,
1
n
MU1) does not contain a smooth point
of the exceptional divisor of β1. Therefore, the set CS(U1,
1
n
MU1) contains a singular point of
the threefold U1, which implies that{
P1, Pi
}
⊆ CS
(
Y ′,
1
n
MY ′
)
⊆
{
P1, · · · , P15
}
,
for some i 6= 1. Thus, each member in the pencil MUi is contracted to a curve by the elliptic
fibration ηi, which implies that M is a pencil in | −KX |. 
5.3. Case ג = 3, hypersurface of degree 6 in P(1, 1, 1, 1, 3).
Let X be a general hypersurface of degree 6 in P(1, 1, 1, 1, 3) with −K3X = 2. It is smooth. It
cannot be birationally transformed into an elliptic fibration ([4]).
Proposition 5.3.1. Every Halphen pencil is contained in | −KX |.
Proof. It follows from Lemma 0.3.3 that the set CS(X, 1
n
M) does not contain any point of X.
Hence, it must contain a curve Z. Then, the inequality
multZ(M) ≥ n
holds.
For general surfaces M1 and M2 in M and a general surface D in | −KX |, we have
2n2 =M1 ·M2 ·D ≥ mult
2
Z(M)(−KX · Z) ≥ n
2,
which implies that there are different surfaces D1 and D2 in the linear system |−KX | such that
the intersection D1 ∩D2 contains the curve Z.
Let P be the pencil in | −KX | consisting of surfaces passing through the curve Z.
Suppose that −KX · Z = 2. For a general surface D
′ in the pencil P, the inequality
2n =M1 ·D
′ ·D ≥ 2n
implies that Supp(M1) ∩ Supp(D
′) ⊂ Supp(Z). It follows from Theorem 0.2.9 that the linear
system M is the pencil in | −KX | consisting of surfaces that pass through Z.
Now, we suppose that −KX · Z = 1. The generality of X implies that the general surface D
in |−KX | is smooth and that the intersection D1∩D2 consists of the curve Z and an irreducible
curve Z ′ such that Z 6= Z ′. Hence, we have Z2 = −2 on the surface D and M|D ≡ nZ + nZ
′.
Therefore, the inequality multZ(M) ≥ n implies the identity M = P by Theorem 0.2.9. 
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5.4. Case ג = 4, hypersurface of degree 6 in P(1, 1, 1, 2, 2).
The weighted hypersurface X is defined by a general quasihomogeneous polynomial of degree
6 in P(1, 1, 1, 2, 2) with −K3X =
3
2 . The singularities of the hypersurface X consist of points P1,
P2, P3 that are quotient singularities of types
1
2(1, 1, 1). The hypersurface X can be given by
the equation
w2t+
(
t2 + tf2(x, y, z) + f4(x, y, z)
)
w + f6(x, y, z, t) = 0
such that P1 is given by the equations x = y = z = t = 0, where fi is a general quasihomogeneous
polynomial of degree i.
There is a commutative diagram
U
β
vvlll
lll
lll
lll
lll
ll
α // X
ψ
=
=
=
=
=
=
=
=
=
χ
}}z
z
z
z
z
z
z
z
z
z
Y
η

pioo
W
ω ((QQ
QQQ
QQQ
QQQ
QQQ
P(1, 1, 1, 2)
ξ
//_____________ P2,
where
• ψ is the natural projection,
• π is the composition of the Kawamata blow ups at the points P1, P2, and P3,
• η is an elliptic fibration
• α is the Kawamata blow up of the point P1,
• ξ and χ are the natural projections,
• β is a birational morphism,
• ω is a double cover ramified along an octic surface R ⊂ P(1, 1, 1, 2).
The surface R is given by the equation(
t2 + tf2(x, y, z) + f4(x, y, z)
)2
− 4tf6(x, y, z, t) = 0 ⊂ P(1, 1, 1, 2) ∼= Proj
(
C[x, y, z, t]
)
,
which implies that the surface R has exactly 24 isolated ordinary double points given by the
equations
t = t2 + tf2(x, y, z) + f4(x, y, z) = f6(x, y, z, t) = 0.
The birational morphism β contracts 24 smooth rational curves C1, · · · , C24 to isolated ordinary
double points of the variety W that dominate the singular points of R.
It easily follows from Theorems 0.2.4, 0.3.6, Lemmas 0.2.3, 0.2.7, and 0.3.3 that either the
set CS(X, 1
n
M) contains an irreducible curve passing through a singular point of X or the set
CS(X, 1
n
M) consists of a single singular point of X. In particular, we may assume that the set
CS(X, 1
n
M) contains the point P1.
Proposition 5.4.1. Every Halphen pencil on X is contained in | −KX |.
Proof. Suppose that the set CS(X, 1
n
M) contains an irreducible curve Z that passes through
P1. Then, it follows from Theorem 0.3.6 that the linear system M is a pencil in | − KX | in
the case when −KX · Z =
3
2 . Therefore, we may assume that the curve Z is contracted by the
rational map ψ to a point. Also, we may assume that either −KX · Z =
1
2 or −KX · Z = 1.
Let B be the pencil in | − KX | consisting of surfaces passing through Z. In addition, let B
and B′ be general surfaces in B. Then, the cycle B · B′ is reduced and contains the curve Z.
Put Z˜ = B ·B′ and let Z˜W be the image of the curve Z˜U by the birational morphism β. Then,
ω(Z˜W ) is a ruling of the cone P(1, 1, 1, 2). In particular, the curve ω(Z˜W ) contains at most one
singular point of the surface R.
There are exactly 24 rulings of the cone P(1, 1, 1, 2) that pass through the singular points of
the surface R. Thus, we may assume that the curve Z˜W is irreducible in the case when the curve
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ω(Z˜W ) passes through a singular point of the surface R. Moreover, the surface BW that is the
image of the surface BU by β has an isolated ordinary double point at the point β(Ci) in the
case when ω ◦ β(Ci) ∈ ω(Z˜W ). Therefore, the cycle Z˜ consists of two irreducible components.
Let Z¯ be the irreducible component of Z˜ that is different from Z. Then, the generality of the
hypersurface X implies that Z¯2 < 0 on the surface B, butM |B ≡ nZ+nZ¯. On the other hand,
we have
M
∣∣∣
B
= m1Z +m2Z¯ + F,
where and m1 and m2 are natural numbers and F is an effective divisor on B whose support
contains neither the curve Z nor the curve Z¯. We have
m1 ≥ multZ(M) ≥ n
and
(n−m2)Z¯ ≡ F + (m1 − n)Z,
They imply that m2 = m1 = n and the support of the cycle M · B is contained in Z ∪ Z¯.
Therefore, the identity M = B follows from Theorem 0.2.9.
For now, we suppose that the set CS(X, 1
n
M) consists of the point P1. It follows from
Lemma 0.2.6 that MU ∼Q −nKU . Therefore, the set CS(U,
1
n
MU ) is not empty by Theo-
rem 0.2.4. Let E be the exceptional divisor of α. Then, E ∼= P2 and the set CS(U, 1nMU )
contains a line L on the surface E by Lemma 0.2.7.
Let Z be the curve StU ∩ E. Then, Z does not contain the curve L, the surface S
t
U contains
every curve Ci, and the curve Z is a smooth plane quartic curve. The hypersurface X is general
by assumption. In particular, the surface StU is smooth along the curve Ci, the morphism β|StU
contracts the curve Ci to a smooth point of the surface S
t
W which is the image of S
t
U by β.
Moreover, we may assume that the intersection L∩Z contains at least one point of the curve Z
that is not contained in ∪24i=1Ci. Indeed, it is enough to assume that the set ∪
24
i=1(Ci ∩ Z) does
not contain bi-tangent points of the plane quartic curve Z.
Let M ′ be a general surface in M and D be a general surface in | − 2KU |. Then,
2n2 = D ·MU ·M
′
U ≥ 2multL(MU ·M
′
U ) ≥ 2multL(MU )multL(M
′
U ) ≥ 2n
2,
which implies that the support of the cycle MU ·M
′
U is contained in the union of the curve L
and ∪24i=1Ci. Hence, we have
MU
∣∣∣
St
U
= D +
24∑
i=1
miCi,
where mi is a natural number and D is a pencil without fixed components. Let P be a point of
L ∩ Z that is not contained in ∪24i=1Ci. For general curves D1 and D2 in D,
n2 −
24∑
i=1
m2i = D1 ·D2 ≥ multP (D1)multP (D2) ≥ n
2,
which implies that m1 = m2 = · · · = m24 = 0. Therefore, we have MU ·M
′
U = n
2L, which is
impossible because the suppose of the cycle M ·M ′ must contain a curve on X. 
5.5. Case ג = 5, hypersurface of degree 7 in P(1, 1, 1, 2, 3).
The threefold X is a general hypersurface of degree 7 in P(1, 1, 1, 2, 3) with −K3X =
7
6 . The
singularities of the hypersurface X consist of two points P and Q that the are quotient singu-
larities of types 12 (1, 1, 1) and
1
3(1, 1, 2), respectively. The hypersurface X can be given by the
equation
w2z + f4(x, y, z, t)w + f7(x, y, z, t) = 0,
where fi is a quasihomogeneous polynomial of degree i. Hence, the point P is given by the
equations x = y = z = w = 0 and the point Q is given by the equations x = y = z = t = 0.
122 IVAN CHELTSOV AND JIHUN PARK
There is a commutative diagram
W
pi
ttiiii
iiii
iiii
iiii
iiii
iii
α

Y
ω %%J
JJ
JJ
JJ
JJ
J X
ξ
yys
s
s
s
s
ψ
  B
B
B
B U
β
hhQQQQQQQQQQQQQQQQ
P(1, 1, 1, 2)
χ
//_______ P2, Vη
oo
γ
__????????
where
• ψ is the natural projection,
• α is the Kawamata blow up at the point Q with weights (1, 1, 2),
• β is the Kawamata blow up with weights (1, 1, 1) at the point of W whose image to X
is the point P ,
• γ is the Kawamata blow up with weights (1, 1, 1) at the singular point of U whose image
to X is the point Q,
• η is an elliptic fibration,
• π is a birational morphism,
• χ and ξ are the natural projections,
• ω is a double cover of P(1, 1, 1, 2) ramified along an octic surface R.
The generality of X implies that the birational morphism π contracts 14 smooth irreducible
rational curves C1, · · · , C14 into 14 isolated ordinary double points P1, · · · , P14 of the variety Y ,
respectively. The double cover ω is branched over the octic surface R ⊂ P(1, 1, 1, 2) that is given
by the equation
f4(x, y, z, t)
2 − 4zf7(x, y, z, t) = 0 ⊂ P(1, 1, 1, 2) ∼= Proj
(
C[x, y, z, t]
)
,
which has 14 isolated ordinary double points ω(P1), · · · , ω(P14).
Now let us prove the following result, which is due to [18].
Proposition 5.5.1. Every Halphen pencil is contained in | −KX |.
Proof. It follows from Theorem 0.3.6 and the generality of X that the linear system M is a
pencil in | −KX | if the set CS(X,
1
n
M) contain a curve (the proof of Proposition 5.4.1). Hence,
we may assume that the set CS(X, 1
n
M) consists of singular points of X by Lemma 0.3.3.
It easily follows from Theorem 0.2.4, Lemmas 0.2.3, and 0.2.7 that CS(X, 1
n
M) 6= {P}.
Suppose that CS(X, 1
n
M) = {P,Q}. Let E be the exceptional divisor of α. Then, the
surface E is a quadric cone. It follows from Theorem 0.2.4, Lemmas 0.2.3, 0.2.6, and 0.2.7 that
MU ∼Q −nKU and the set CS(U,
1
n
MU ) contains a ruling L of the cone EU . Hence, it follows
from Theorem 0.2.9 and the proof of Lemma 0.2.3 imply that MU is the pencil consisting of
surfaces in | −KU | that contain the curve L because −KU · L =
1
2 and −K
3
U =
1
2 .
Now, we suppose that CS(X, 1
n
M) = {Q}. Let O be the singular point of the variety W
whose image to X is the point Q and P¯ be the singular point of W whose image to X is the
point P . It follows from Theorem 0.2.4, Lemmas 0.2.3, 0.2.6, and 0.2.7 thatMY ∼Q −nKY and
that the set CS(Y, 1
n
MY ) contains an irreducible curve Z such that Z is the image of a ruling
of the cone E. Hence, the equality −KY · Z =
1
2 holds and χ ◦ ω(Z) is a point.
The variety P(1, 1, 1, 2) is a cone over the Veronese surface. Hence, the curve ω(Z) is a ruling
of the cone P(1, 1, 1, 2) and the point (ω ◦ π)(P¯ ) = (ω ◦ π)(O) is the vertex of P(1, 1, 1, 2). The
generality of the hypersurface X implies the existence of the irreducible curve Z¯ on the variety
Y such that Z¯ 6= Z, ω(Z¯) = ω(Z), and π(P¯ ) ∈ Z¯.
Let D be a general surface in | −KY | that contains Z. Then, the inequality Z¯
2 < 0 holds on
D, but MY |D ≡ nZ¯ + nZ. Now the proof of Proposition 5.4.1 implies that MY is the pencil
consisting of surfaces in | −KY | that contain the curve Z. 
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5.6. Case ג = 6, hypersurface of degree 8 in P(1, 1, 1, 2, 4).
The threefold X is a general hypersurface of degree 8 in P(1, 1, 1, 2, 4) with −K3X = 1. Its
singularities consist of points P and Q that are quotient singularities of type 12(1, 1, 1).
We have a commutative diagram
U
pi
 


 η
  A
AA
AA
AA
X
ψ
//_______ P2,
where
• ψ is the natural projection,
• π is the composition of the Kawamata blow ups at the singular points P and Q,
• η is an elliptic fibration.
Proposition 5.6.1. Every Halphen pencil is contained in | −KX |.
Proof. The log pair (X, 1
n
M) has terminal singularities at a smooth point of the hypersurface X
by Lemma 0.3.3. Moreover, it easily follows from Theorem 0.2.4, Lemmas 0.2.3, and 0.2.7 that
the set CS(X, 1
n
M) contains an irreducible curve Z. Then, it follows from Theorem 0.3.6 that
the curve Z is a fiber of the projection ψ, which easily implies that the linear system M is a
pencil in the linear system |−KX | by Theorem 0.2.9 in the case when the equality −KX ·Z = 1
holds.
To conclude the proof, we assume that −KX · Z =
1
2 . Let D be a general surface in | −KX |
that contains Z. Then, the surface D is smooth in the outside of the points P and Q which are
isolated ordinary double points on D. Let F be a fiber of the rational map ψ over the point
ψ(Z). Then, F consists of two irreducible components. Let Z¯ be the component of F different
from Z. Then, the generality of X implies that Z¯2 < 0 and the proof of Proposition 5.4.1 implies
that the pencil M consists of surfaces in | −KX | that contain the curve Z. 
5.7. Case ג = 8, hypersurface of degree 9 in P(1, 1, 1, 3, 4).
The threefold X is a general hypersurface of degree 9 in P(1, 1, 1, 3, 4) with −K3X =
3
4 . The
singularities of the hypersurface X consist of the singular point O that is a quotient singularity
of type 14(1, 1, 3). The hypersurface X can be given by the equation
w2z +
(
f2
(
x, y, z
)
t+ f5
(
x, y, z
))
w + f9
(
x, y, z, t
)
= 0,
where fi is a quasihomogeneous polynomial of degree i. Thus, the point O is given by the
equations x = y = z = t = 0. Furthermore, we may assume that the polynomials f2(x, y, 0) and
f5(x, y, 0) are co-prime.
There is a commutative diagram
W
σ
ttiiii
iiii
iiii
iiii
iiii
iii
α

U
βoo
Y
ω %%J
JJ
JJ
JJ
JJ
J X
ξ
yys
s
s
s
s
ψ
))TT
TT
TT
TT
TT
T V
η~~}}
}}
}}
}
γ
hhQQQQQQQQQQQQQQQQ
P(1, 1, 1, 3)
χ
//______________ P2,
where
• ξ, ψ and χ are the natural projections,
• α is the Kawamata blow up at the point O with weights (1, 1, 3),
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• β is the Kawamata blow up at the singular point of the variety W that is a quotient
singularity of type 13(1, 1, 2),
• γ is the Kawamata blow up at the singular point of the variety U that is a quotient
singularity of type 12(1, 1, 1),
• η is an elliptic fibration,
• σ is a birational morphism that contracts 15 smooth rational curves to 15 isolated ordi-
nary double points P1, · · · , P15 of the variety Y ,
• ω is a double cover of P(1, 1, 1, 3) branched over a surface R of degree 10.
The surface R is given by the equation(
f2
(
x, y, z
)
t+ f5
(
x, y, z
))2
− 4zf9
(
x, y, z, t
)
= 0 ⊂ P
(
1, 1, 1, 3
)
∼= Proj
(
C[x, y, z, t]
)
.
It has 15 ordinary double points given by z = tf2 + f5 = f9 = 0. Let P1, · · · , P15 be the points
of Y whose image via the double cover ω are the 15 ordinary double points of the surface R.
Let E be the exceptional divisor of α and F be the exceptional divisor of β. In addition, let
P be the singular point of W and Q be the singular point of U . Then, the surface ω ◦ σ(E) is
given by the equation z = 0 and P(1, 1, 1, 3) is a cone whose vertex is the point ω ◦ σ(P ). The
generality of the polynomials f5 and f2 implies that the surface R does not contain the rulings
of P(1, 1, 1, 3) that are contained in the surface ω ◦ σ(E).
It follows from Lemma 0.3.3 that the set CS(X, 1
n
M) does not contain smooth points of the
hypersurface X. Therefore, by Theorem 0.3.6 and Lemma 0.2.6, it must contain the point O.
Lemma 5.7.1. If the set CS(X, 1
n
M) contains a curve, then M is a pencil in | −KX |.
Proof. Let L be a curve in CS(X, 1
n
M). Then, it follows from Theorem 0.3.6 that there are
two different surfaces D and D′ in | − KX | such that L is a component of the cycle D · D
′.
Moreover, the generality of X implies that the cycle D ·D′ is reduced and contains at most two
components.
Let P be the pencil in | −KX | generated by surfaces D and D
′. From Theorem 0.2.9 and the
proof of Lemma 0.2.3, we obtain M = P if −KX · L =
3
4 . Hence, we may assume that either
−KX · L =
1
4 or −KX · L =
1
2 . Thus, the cycle D ·D
′ contains a component L′ such that
−KX · L
′ =
3
4
+KX · L
and L′ 6= L. We consider only the case when −KX · L =
1
4 because the case −KX · L =
1
2 is
simpler and similar.
The proper transform SzW contains the curve LW because
SzW ∼Q α
∗(−KX)−
5
4
E, E · LW ≥
1
3
.
Thus, either the curve LW is contracted by σ or the curve ω(LY ) is a ruling of the cone P(1, 1, 1, 3)
contained in the surface ω ◦ σ(E), where LY is the image of LW by σ.
Suppose that the curve LW is not contracted by σ. Then, the curve ω(LY ) is not contained
in the surface R, which implies that ω(LY ) contains at most one singular point of the surface
R different from the point ω ◦ σ(P ). Moreover, the curve ω(LY ) must contain a singular point
of R different from ω ◦ σ(P ) because −KX · L =
3
4 otherwise. Thus, we may assume that the
curve ω(LY ) contains the point ω(P1).
Let DY = σ(DW ) and D
′
Y = σ(D
′
W ). Then, the point P1 is an isolated ordinary double point
of the surface DY . Thus, wee see that the curve L
′
W is contracted to the point P1 by σ and
DY ·D
′
Y = LY + L¯Y ,
where L¯Y is a ruling of E ∼= P(1, 1, 3). In particular, we have −KX · L
′ = 14 , which contradicts
the equality −KX · L =
1
4 . Hence, the curve LW is contracted by σ, which implies that the
curve L′W is not contracted by σ and the curve ω(L
′
Y ) is a ruling of the cone P(1, 1, 1, 3) that is
contained in the surface ω◦σ(E), where L′Y is the image of the curve L
′
W by σ. The curve ω(L
′
Y )
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is not contained in the surface R. It implies that ω(L′Y ) contains at most one singular point of
the surface R different from the point ω ◦σ(P ). The curve ω(L′Y ) must contain a singular point
of R different from ω ◦σ(P ) because −KX ·L
′ 6= 34 . Thus, we may assume that the curve ω(L
′
Y )
contains the point ω(P1).
The point P1 is an isolated ordinary double point of the surface DY and the curve LW is
contracted to the point P1 by σ. Hence, we have
DY ·D
′
Y = L
′
Y + L¯
′
Y ,
where L¯′Y is a ruling of E
∼= P(1, 1, 3). Therefore, the intersection LW ∩ L
′
W consists of a point
O′ such that O′ 6∈ E, and hence the intersection L∩L′ contains the point α(O′) that is different
from O.
The surface D is normal and it is smooth at the point α(O′). On the other hand, the equality
(L+ L′) · L′ = 12 holds on the surface D, which implies that the inequality L
′ · L′ < 0 holds on
the surface D. Therefore, we have
M
∣∣∣
D
= m1L+m2L
′ + L ≡ nL+ nL′,
where L is a pencil on D that does not have fixed components, and m1 and m2 are natural
numbers such that m1 ≥ n. In particular, we have
0 ≤ (m1 − n)L
′ · L+ L · L′ = (n−m2)L
′ · L′,
which implies that m2 = m1 = n and M|D = nL + nL
′ because L′ · L′ < 0. It follows from
Theorem 0.2.9 that M = P. 
Therefore, we may assume that the set CS(X, 1
n
M) consists of the singular point O, which
implies that the set CS(W, 1
n
MW ) contains the point P by Theorem 0.2.4 and Lemma 0.2.7.
Lemma 5.7.2. If the set CS(W, 1
n
MW ) consists of the point P , then M is a pencil in | −KX |.
Proof. Our assumption implies that the set CS(U, 1
n
MU ) contains the point Q by Theorem 0.2.4
and Lemma 0.2.7, and hence the set CS(V, 1
n
MV ) is not empty by Theorem 0.2.4. However, the
set CS(V, 1
n
MV ) does not contain any subvariety of the exceptional divisor of γ by Lemmas 0.2.3
and 0.2.7. Thus, the set CS(U 1
n
MU ) contains an element different from the point Q.
The surface F is a quadric cone and it follows from Lemma 0.2.7 that the set CS(U, 1
n
MU )
contains a ruling L of the cone F . Let B be the linear system consisting of surfaces in | −KU |
that contain the curve L. Then, B is a pencil because the curve L is contracted by the map
η ◦ γ−1 to a point.
Let D be a general surface in | − rKU | for r ≫ 0 and MU and B be general surfaces in MW
and B, respectively. Then,
rn
2
= D ·MU ·B ≥ multL(MU ·B)(D · L) ≥ multL(MU )multL(B)(D · L) ≥
rn
2
,
which implies that the support of the effective cycle MU ·B consists of the curve L and a cycle
Z such that D · Z = 0. On the other hand, the divisor −KU is big and big. Hence, it follows
from Theorem 0.2.9 that MU = B, which implies that M is a pencil in | −KX |. 
Proposition 5.7.3. Every Halphen pencil is contained in | −KX |
Proof. Due to the previous arguments, we may assume that the set CS(W, 1
n
MW ) contains a
subvariety Z different from the point P . Then, Z is contained in the surface E that is a cone
over the smooth rational curve of degree 3. Moreover, it follows from Lemma 0.2.7 that Z is a
ruling of E. Put Z¯ = σ(Z). Then, Z¯ ∈ CS(Y, 1
n
MY ) and −KY · Z¯ =
1
3 .
The curve ω(Z¯) is a ruling of the cone P(1, 1, 1, 3). Let B be the linear system consisting of
surfaces in | −KY | that contain the curve Z¯. Then, B is a pencil whose base locus consists of
the curve Z¯ and an irreducible smooth rational curve L on the variety Y such that L is different
from the curve Z¯ and ω(L) = ω(Z¯).
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Let B be a general surface in B. Then, B is smooth in the outside of the points
σ(P ) ∪
(
{P1, · · · , P15} ∩ (Z¯ ∪ L)
)
,
and every singular point of B different from σ(P ) is an isolated ordinary double point.
The generality of X implies that the curve ω(L) does not contain more than one singular
point of R different from the point ω ◦ σ(P ). Thus, arguing as in the proof of Lemma 5.7.1, we
see that the inequality L2 < 0 holds on the surface B if the intersection L ∩ Z¯ contains a point
different from σ(P ). On the other hand, the curve ω(L) does not contain singular points of R
different from the point ω ◦ σ(P ) if L ∩ Z¯ = {σ(P )}. Thus, the inequality L2 < 0 holds on the
surface B as well if the intersection L ∩ Z¯ consists of the point σ(P ) because the curve L is an
image of the curve Z¯ via the biregular involution of the surface B and the curve Z¯ is contracted
on the surface B.
The equivalenceMY |B ≡ nZ¯ +nL holds on the surface B, which implies that the support of
the cycle MY ·B is the union of the curves Z¯ and L because multZ¯(MY ) ≥ n. Hence, it follows
from Theorem 0.2.9 that MY = B. Thus, the linear system M is a pencil in | −KX |. We have
completed the proof. 
5.8. Case ג = 10, hypersurface of degree 10 in P(1, 1, 1, 3, 5).
The threefold X is a general hypersurface of degree 10 in P(1, 1, 1, 3, 5) with −K3X =
2
3 . The
singularities of the hypersurface X consist of one point O that is a quotient singularity of type
1
3(1, 1, 2).
The hypersurface X can be given by the equation
w2 = t3z + t2f4(x, y, z) + tf7(x, y, z) + f10(x, y, z),
where fi is a general quasihomogeneous polynomial of degree i. In particular, we may assume
that the polynomials f4(x, y, 0) and f7(x, y, 0) are co-prime and the polynomial f
2
7 (x, y, 0) −
f4(x, y, 0)f10(x, y, 0) is reduced, i.e., it has 14 distinct linear factors.
There is a commutative diagram
W
α
wwppp
ppp
ppp
ppp
p
X
ξ
yytt
tt
tt
tt
tt
ψ
))TT
TT
TT
TT
TT
T Y
η~~}}
}}
}}
}
β
hhQQQQQQQQQQQQQQQQ
P(1, 1, 1, 3)
χ
//______________ P2,
where
• ξ, ψ, and χ are the natural projections,
• α is the Kawamata blow up at the point O with weights (1, 1, 2),
• β is the Kawamata blow up at the singular point of the variety W ,
• η is an elliptic fibration.
Lemma 5.8.1. If the set CS(X, 1
n
M) contains a curve, then M is a pencil in | −KX |.
Proof. Let L be a curve on X that is contained in CS(X, 1
n
M). Then, −KX · L ≤
2
3 by
Lemma 0.2.3. Moreover, the proof of Lemma 0.2.3 together with Theorem 0.2.9 and Lemma 0.3.6
implies that M is a pencil in | −KX | in the case when −KX · L =
2
3 . Hence, we may assume
that −KX · L =
1
3 , which implies that the curve L is contracted by the rational map ψ to a
point.
The variety P(1, 1, 1, 3) is a cone whose vertex is the point ξ(O). The curve ξ(L) is a ruling
of the cone P(1, 1, 1, 3). The generality of the hypersurface X implies that ξ(L) is not contained
in the ramification divisor of ξ. Thus, there is an irreducible curve L¯ on the variety X such that
L¯ is different from L but ξ(L) = ξ(L¯).
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Because −KW ·LW = 0, the curve L is one of 28 curves that are cut out on X by the equations
z = f27 (x, y, z) − 4f4(x, y, z)f10(x, y, z) = 0. Therefore, the generality of the hypersurface X
implies that the intersection L ∩ L¯ consists of the point O and another distinct point P .
Let B be the pencil consisting of surfaces in | −KX | that contain both L and L¯ and B be a
general surface in B. Then, B is smooth at the point P . Thus, the equality (L + L¯) · L¯ = 13
holds on the surface B, which implies that L¯2 < 0. On the other hand, we have
M
∣∣∣
B
= m1L+m2L¯+ L ≡ nL+ nL¯,
where L is a pencil on B without fixed components, and m1 and m2 are natural numbers
such that m1 ≥ n. Now the inequalities L¯
2 < 0 and m1 ≥ n imply that m2 = m1 = n and
M|B = nL+ nL¯. Therefore, it follows from Theorem 0.2.9 that M = B. 
Proposition 5.8.2. Every Halphen pencil is contained in | −KX |
Proof. Due to Lemmas 0.3.3 and 5.8.1, we may assume that CS(X, 1
n
M) = {O}. Let Q be the
unique singular point of the variety W . Then, the set CS(W, 1
n
MW ) contains the point Q by
Theorem 0.2.4 and Lemma 0.2.7.
Each member in the linear systemMY is contracted to a curve by the elliptic fibration η and
the set CS(Y, 1
n
MY ) is not empty by Theorem 0.2.4. Moreover, the set CS(Y,
1
n
MY ) does not
contain any subvariety of the exceptional divisor of β by Lemmas 0.2.3 and 0.2.7. Thus, the set
CS(W, 1
n
MW ) must contain an element other than the point Q.
Let E be the exceptional divisor of α. Then, E is a quadric cone and it follows from
Lemma 0.2.7 that the set CS(W, 1
n
MW ) contains a ruling Z of the cone E. Then, the proper
transform ZY is contracted by η to a point.
Let T be the pencil consisting of surfaces in |−KW | that contain the curve Z and γ :W 99K V
be the dominant rational map induced by the linear system | − rKX | for r ≫ 0. The pencil T
is the proper transform of a pencil contained in | −KX |, the map γ is a birational morphism,
and V is a hypersurface of degree 12 in P(1, 1, 1, 4, 6).
Let D be a general surface in | − rKX |, and MW and T be general surfaces in MW and T ,
respectively. Then,
rn
2
= D ·MW · T ≥ multZ(MW · T )(D · L) ≥ multZ(MW )multZ(T )(D · Z) ≥
rn
2
,
which implies that the support of the effective cycleMW ·T is contained in the union of the curve
Z and a finite union of curves contracted by the morphism γ. Now it follows from Theorem 0.2.9
that MW = T , which completes the proof. 
5.9. Case ג = 14, hypersurface of degree 12 in P(1, 1, 1, 4, 6).
Let X be a general hypersurface of degree 12 in P(1, 1, 1, 4, 6) with −K3X =
1
2 . It has only
one singular point P that is a quotient singularity of type 12(1, 1, 1).
We have an elliptic fibration as follows:
Y
pi
 


 η
  A
AA
AA
AA
X
ψ
//_______ P2,
where
• ψ is the natural projection,
• π is the Kawamata blow up at the point P with weights (1, 1, 1),
• η is an elliptic fibration.
Proposition 5.9.1. Every Halphen pencil on X is contained in | −KX |.
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Proof. The log pair (X, 1
n
M) is not terminal by Theorem 0.2.4. However, it is terminal at a
smooth point by Lemma 0.3.3.
Suppose that the log pair (X, 1
n
M) is not terminal along a curve Z ⊂ X. Then, the inequality
multZ(M) ≥ n
holds.
For general surfaces M1 and M2 in M and a general surface D in | −KX |, we have
n2
2
=M1 ·M2 ·D ≥ mult
2
Z(M)(−KX · Z) ≥
n2
2
,
which implies that the curve Z is a fiber of the rational map ψ. For a general surface D′ in
| −KX | that contains the curve Z,
n
2
=M1 ·D ·D
′ ≥
n
2
,
which implies that Supp(M1) ∩ Supp(D
′) ⊂ Supp(Z). It follows from Theorem 0.2.9 that the
linear system M is the pencil in | −KX | consisting of surfaces that pass through Z.
Suppose that the log pair (X, 1
n
M) is not terminal at the point P . Because −K3Y = 0 and
MY ∼Q −nKY , every surface in the pencil MY is contracted to a curve by the morphism η.
The log pair (Y, 1
n
MY ) is not terminal along a curve contained in the exceptional divisor of π
by Theorem 0.2.4 and Lemma 0.2.7. However, it contradicts Lemma 0.2.3. 
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Part 6. The Table.
Before we explain the table, we should mention that all the contents, except the numbers of
Halphen pencils, are obtained from [7].
We tabulate the singular points of the hypersurface
X = Xd ⊂ P(1, a1, a2, a3, a4),
and the number of Halphen pencils on X, i.e., the number of ways in which the hypersurface X
is birationally transformed into a fibration by surfaces of Kodaira dimension zero.
The contents in the entries on the first row and the second column is the number of Halphen
pencils. These pencils define rational maps a generic fiber of which is birational to a smooth K3
surface.
The contents in the entries from the second rows explain the singular points on X. The first
column tabulates the types of singularities. The second column shows the numbers b and c in
Proposition 0.3.9 when we take the Kawamata blow up at a given point. The divisors B and E
are the anticanonical divisor and the exceptional divisor , respectively, on the Kawamata blow
up at a given singular point. For simplicity, we keep the divisors bB + cE only when B3 < 0.
The blank entries simply mean B3 ≥ 0. In such cases, we do not need the divisors bB + cE for
the present article.
ג = 1: X4 ⊂ P(1,1,1,1,1)
−K3X=4 ∞
smooth N/A
ג = 2: X5 ⊂ P(1,1,1,1,2)
−K3X=5/2 ∞
P4 =
1
2(1, 1, 1)
ג = 3: X6 ⊂ P(1,1,1,1,3)
−K3X=2 ∞
smooth N/A
ג = 4: X6 ⊂ P(1,1,1,2,2)
−K3X=3/2 ∞
P3P4 = 3×
1
2 (1, 1, 1)
ג = 5: X7 ⊂ P(1,1,1,2,3)
−K3X=7/6 ∞
P4 =
1
3(1, 1, 2)
P3 =
1
2(1, 1, 1)
ג = 6: X8 ⊂ P(1,1,1,2,4)
−K3X=1 ∞
P3P4 = 2×
1
2 (1, 1, 1)
ג = 7: X8 ⊂ P(1,1,2,2,3)
−K3X=2/3 1
P4 =
1
3(1, 1, 2)
P2P3 = 4×
1
2 (1, 1, 1)
ג = 8: X9 ⊂ P(1,1,1,3,4)
−K3X=3/4 ∞
P4 =
1
4(1, 1, 3)
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ג = 9: X9 ⊂ P(1,1,2,3,3)
−K3X=1/2 1
P2 =
1
2(1, 1, 1)
P3P4 = 3×
1
3 (1, 1, 2)
ג = 10: X10 ⊂ P(1,1,1,3,5)
−K3X=2/3 ∞
P3 =
1
3(1, 1, 2)
ג = 11: X10 ⊂ P(1,1,2,2,5)
−K3X=1/2 1
P2P3 = 5×
1
2 (1, 1, 1)
ג = 12: X10 ⊂ P(1,1,2,3,4)
−K3X=5/12 1
P4 =
1
4(1, 1, 3)
P3 =
1
3(1, 1, 2)
P2P4 = 2×
1
2 (1, 1, 1) B
ג = 13: X11 ⊂ P(1,1,2,3,5)
−K3X=11/30 1
P4 =
1
5(1, 2, 3)
P3 =
1
3(1, 1, 2)
P2 =
1
2(1, 1, 1) B
ג = 14: X12 ⊂ P(1,1,1,4,6)
−K3X=1/2 ∞
P3P4 = 1×
1
2 (1, 1, 1)
ג = 15: X12 ⊂ P(1,1,2,3,6)
−K3X=1/3 1
P3P4 = 2×
1
3 (1, 1, 2)
P2P4 = 2×
1
2 (1, 1, 1) B
ג = 16: X12 ⊂ P(1,1,2,4,5)
−K3X=3/10 1
P4 =
1
5(1, 1, 4)
P2P3 = 3×
1
2 (1, 1, 1) B
ג = 17: X12 ⊂ P(1,1,3,4,4)
−K3X=1/4 1
P3P4 = 3×
1
4 (1, 1, 3)
ג = 18: X12 ⊂ P(1,2,2,3,5)
−K3X=1/5 7
P4 =
1
5(1, 2, 3)
P1P2 = 6×
1
2 (1, 1, 1) 2B
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ג = 19: X12 ⊂ P(1,2,3,3,4)
−K3X=1/6 1
P1P4 = 3×
1
2 (1, 1, 1) 6B + E
P2P3 = 4×
1
3 (1, 2, 1)
ג = 20: X13 ⊂ P(1,1,3,4,5)
−K3X=13/60 1
P4 =
1
5(1, 1, 4)
P3 =
1
4(1, 1, 3)
P2 =
1
3(1, 1, 2)
ג = 21: X14 ⊂ P(1,1,2,4,7)
−K3X=1/4 1
P3 =
1
4(1, 1, 3)
P2P3 = 3×
1
2 (1, 1, 1) B
ג = 22: X14 ⊂ P(1,2,2,3,7)
−K3X=1/6 8
P3 =
1
3(1, 2, 1)
P1P2 = 7×
1
2 (1, 1, 1) 2B
ג = 23: X14 ⊂ P(1,2,3,4,5)
−K3X=7/60 1
P4 =
1
5(1, 2, 3)
P3 =
1
4(1, 3, 1)
P2 =
1
3(1, 2, 1) 2B
P1P3 = 3×
1
2 (1, 1, 1) 4B + E
ג = 24: X15 ⊂ P(1,1,2,5,7)
−K3X=3/14 1
P4 =
1
7(1, 2, 5)
P2 =
1
2(1, 1, 1) B
ג = 25: X15 ⊂ P(1,1,3,4,7)
−K3X=5/28 1
P4 =
1
7(1, 3, 4)
P3 =
1
4(1, 1, 3)
ג = 26: X15 ⊂ P(1,1,3,5,6)
−K3X=1/6 1
P4 =
1
6(1, 1, 5)
P3P4 = 2×
1
3 (1, 1, 2)
ג = 27: X15 ⊂ P(1,2,3,5,5)
−K3X=1/10 1
P3P4 = 3×
1
5 (1, 2, 3)
P1 =
1
2(1, 1, 1) 5B + E
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ג = 28: X15 ⊂ P(1,3,3,4,5)
−K3X=1/12 6
P3 =
1
4(1, 3, 1)
P1P2 = 5×
1
3 (1, 1, 2) 3B
ג = 29: X16 ⊂ P(1,1,2,5,8)
−K3X=1/5 1
P3 =
1
5(1, 2, 3)
P2P4 = 2×
1
2 (1, 1, 1) B
ג = 30: X16 ⊂ P(1,1,3,4,8)
−K3X=1/6 1
P3P4 = 2×
1
4 (1, 1, 3)
P2 =
1
3(1, 1, 2)
ג = 31: X16 ⊂ P(1,1,4,5,6)
−K3X=2/15 1
P4 =
1
6(1, 1, 5)
P3 =
1
5(1, 1, 4)
P2P4 = 1×
1
2 (1, 1, 1) B
ג = 32: X16 ⊂ P(1,2,3,4,7)
−K3X=2/21 1
P4 =
1
7(1, 3, 4)
P2 =
1
3(1, 2, 1) 2B
P1P3 = 4×
1
2 (1, 1, 1) 4B + E
ג = 33: X17 ⊂ P(1,2,3,5,7)
−K3X=17/210 1
P4 =
1
7(1, 2, 5)
P3 =
1
5(1, 2, 3)
P2 =
1
3(1, 2, 1) 2B
P1 =
1
2(1, 1, 1) 7B + 2E
ג = 34: X18 ⊂ P(1,1,2,6,9)
−K3X=1/6 1
P3P4 = 1×
1
3 (1, 1, 2)
P2P3 = 3×
1
2 (1, 1, 1) B
ג = 35: X18 ⊂ P(1,1,3,5,9)
−K3X=2/15 1
P3 =
1
5(1, 1, 4)
P2P4 = 2×
1
3 (1, 1, 2) B
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ג = 36: X18 ⊂ P(1,1,4,6,7)
−K3X=3/28 1
P4 =
1
7(1, 1, 6)
P2 =
1
4(1, 1, 3)
P2P3 = 1×
1
2 (1, 1, 1) B
ג = 37: X18 ⊂ P(1,2,3,4,9)
−K3X=1/12 1
P3 =
1
4(1, 3, 1)
P2P4 = 2×
1
3 (1, 2, 1) 2B
P1P3 = 4×
1
2 (1, 1, 1) 4B + E
ג = 38: X18 ⊂ P(1,2,3,5,8)
−K3X=3/40 1
P4 =
1
8(1, 3, 5)
P3 =
1
5(1, 2, 3)
P1P4 = 2×
1
2 (1, 1, 1) 10B + 3E
ג = 39: X18 ⊂ P(1,3,4,5,6)
−K3X=1/20 1
P3 =
1
5(1, 4, 1)
P2 =
1
4(1, 3, 1) 3B
P2P4 =
1
2(1, 1, 1) 3B + E
P1P4 = 3×
1
3 (1, 1, 2) 20B + 3E
ג = 40: X19 ⊂ P(1,3,4,5,7)
−K3X=19/420 1
P4 =
1
7(1, 3, 4)
P3 =
1
5(1, 3, 2)
P2 =
1
4(1, 3, 1) 3B
P1 =
1
3(1, 1, 2) 7B + E
ג = 41: X20 ⊂ P(1,1,4,5,10)
−K3X=1/10 1
P3P4 = 2×
1
5 (1, 1, 4)
P2P4 =
1
2(1, 1, 1) B
ג = 42: X20 ⊂ P(1,2,3,5,10)
−K3X=1/15 1
P2 =
1
3(1, 2, 1) 2B
P3P4 = 2×
1
5 (1, 2, 3)
P1P4 = 2×
1
2 (1, 1, 1) 10B + 3E
ג = 43: X20 ⊂ P(1,2,4,5,9)
−K3X=1/18 1
P4 =
1
9(1, 4, 5)
P1P2 = 5×
1
2 (1, 1, 1) 4B + E
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ג = 44: X20 ⊂ P(1,2,5,6,7)
−K3X=1/21 1
P4 =
1
7(1, 2, 5)
P3 =
1
6(1, 5, 1)
P1P3 = 3×
1
2 (1, 1, 1) 6B + 2E
ג = 45: X20 ⊂ P(1,3,4,5,8)
−K3X=1/24 2
P4 =
1
8(1, 3, 5)
P1 =
1
3(1, 1, 2) 8B + E
P2P4 = 2×
1
4 (1, 3, 1) 3B
ג = 46: X21 ⊂ P(1,1,3,7,10)
−K3X=1/10 1
P4 =
1
10(1, 3, 7)
ג = 47: X21 ⊂ P(1,1,5,7,8)
−K3X=3/40 1
P4 =
1
8(1, 1, 7)
P2 =
1
5(1, 2, 3)
ג = 48: X21 ⊂ P(1,2,3,7,9)
−K3X=1/18 2
P4 =
1
9(1, 2, 7)
P1 =
1
2(1, 1, 1) 3B + E
P2P4 = 2×
1
3 (1, 2, 1) 2B
ג = 49: X21 ⊂ P(1,3,5,6,7)
−K3X=1/30 1
P3 =
1
6(1, 5, 1)
P2 =
1
5(1, 3, 2)
P1P3 = 3×
1
3 (1, 2, 1) 7B + E
ג = 50: X22 ⊂ P(1,1,3,7,11)
−K3X=2/21 1
P3 =
1
7(1, 3, 4)
P2 =
1
3(1, 1, 2) B
ג = 51: X22 ⊂ P(1,1,4,6,11)
−K3X=1/12 1
P3 =
1
6(1, 1, 5)
P2 =
1
4(1, 1, 3)
P2P3 =
1
2(1, 1, 1) B
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ג = 52: X22 ⊂ P(1,2,4,5,11)
−K3X=1/20 1
P3 =
1
5(1, 4, 1)
P2 =
1
4(1, 1, 3) 2B
P1P2 = 5×
1
2 (1, 1, 1) 4B + E
ג = 53: X24 ⊂ P(1,1,3,8,12)
−K3X=1/12 1
P3P4 = 1×
1
4 (1, 1, 3)
P2P4 = 2×
1
3 (1, 1, 2) B
ג = 54: X24 ⊂ P(1,1,6,8,9)
−K3X=1/18 1
P4 =
1
9(1, 1, 8)
P2P4 = 1×
1
3 (1, 1, 2) B
P2P3 =
1
2(1, 1, 1) B
ג = 55: X24 ⊂ P(1,2,3,7,12)
−K3X=1/21 2
P3 =
1
7(1, 2, 5)
P2P4 = 2×
1
3 (1, 2, 1) 2B
P1P4 = 2×
1
2 (1, 1, 1) 3B + E
ג = 56: X24 ⊂ P(1,2,3,8,11)
−K3X=1/22 1
P4 =
1
11(1, 3, 8)
P1P3 = 3×
1
2 (1, 1, 1) 3B + E
ג = 57: X24 ⊂ P(1,3,4,5,12)
−K3X=1/30 2
P3 =
1
5(1, 3, 2)
P2P4 = 2×
1
4 (1, 3, 1) 3B
P1P4 = 2×
1
3 (1, 1, 2) 12B + 2E
ג = 58: X24 ⊂ P(1,3,4,7,10)
−K3X=1/35 2
P4 =
1
10(1, 3, 7)
P3 =
1
7(1, 3, 4)
P2P4 =
1
2(1, 1, 1) 3B + E
ג = 59: X24 ⊂ P(1,3,6,7,8)
−K3X=1/42 1
P3 =
1
7(1, 6, 1)
P2P4 =
1
2(1, 1, 1) 3B + E
P1P2 = 4×
1
3 (1, 1, 2) 6B + E
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ג = 60: X24 ⊂ P(1,4,5,6,9)
−K3X=1/45 2
P4 =
1
9(1, 4, 5)
P2 =
1
5(1, 4, 1) 4B
P3P4 = 1×
1
3 (1, 1, 2) 5B + E
P1P3 = 2×
1
2 (1, 1, 1) 18B + 7E
ג = 61: X25 ⊂ P(1,4,5,7,9)
−K3X=5/252 1
P4 =
1
9(1, 4, 5)
P3 =
1
7(1, 5, 2)
P1 =
1
4(1, 3, 1) 9B + E
ג = 62: X26 ⊂ P(1,1,5,7,13)
−K3X=2/35 1
P3 =
1
7(1, 1, 6)
P2 =
1
5(1, 2, 3)
ג = 63: X26 ⊂ P(1,2,3,8,13)
−K3X=1/24 1
P3 =
1
8(1, 3, 5)
P2 =
1
3(1, 2, 1) 2B
P1P3 = 3×
1
2 (1, 1, 1) 3B + E
ג = 64: X26 ⊂ P(1,2,5,6,13)
−K3X=1/30 1
P3 =
1
6(1, 5, 1)
P2 =
1
5(1, 2, 3)
P1P3 = 4×
1
2 (1, 1, 1) 6B + 2E
ג = 65: X27 ⊂ P(1,2,5,9,11)
−K3X=3/110 1
P4 =
1
11(1, 2, 9)
P2 =
1
5(1, 4, 1) 2B
P1 =
1
2(1, 1, 1) 11B + 4E
ג = 66: X27 ⊂ P(1,5,6,7,9)
−K3X=1/70 2
P3 =
1
7(1, 5, 2)
P2 =
1
6(1, 5, 1) 5B
P1 =
1
5(1, 1, 4) 12B + E
P2P4 = 1×
1
3 (1, 2, 1) 5B + E
ג = 67: X28 ⊂ P(1,1,4,9,14)
−K3X=1/18 1
P3 =
1
9(1, 4, 5)
P2P4 =
1
2(1, 1, 1) B
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ג = 68: X28 ⊂ P(1,3,4,7,14)
−K3X=1/42 1
P1 =
1
3(1, 1, 2) 7B + E
P3P4 = 2×
1
7 (1, 3, 4)
P2P4 =
1
2(1, 1, 1) 3B + E
ג = 69: X28 ⊂ P(1,4,6,7,11)
−K3X=1/66 2
P4 =
1
11(1, 4, 7)
P2 =
1
6(1, 1, 5) 4B
P1P2 = 2×
1
2 (1, 1, 1) 22B + 9E
ג = 70: X30 ⊂ P(1,1,4,10,15)
−K3X=1/20 1
P2 =
1
4(1, 1, 3) B
P3P4 =
1
5(1, 1, 4)
P2P3 = 1×
1
2 (1, 1, 1) B
ג = 71: X30 ⊂ P(1,1,6,8,15)
−K3X=1/24 1
P3 =
1
8(1, 1, 7)
P2P4 = 1×
1
3 (1, 1, 2) B
P2P3 = 1×
1
2 (1, 1, 1) B
ג = 72: X30 ⊂ P(1,2,3,10,15)
−K3X=1/30 1
P3P4 = 1×
1
5 (1, 2, 3)
P2P4 = 2×
1
3 (1, 2, 1) 2B
P1P3 = 3×
1
2 (1, 1, 1) 3B + E
ג = 73: X30 ⊂ P(1,2,6,7,15)
−K3X=1/42 1
P3 =
1
7(1, 6, 1)
P2P4 = 1×
1
3 (1, 2, 1) 2B
P1P2 = 5×
1
2 (1, 1, 1) 6B + 2E
ג = 74: X30 ⊂ P(1,3,4,10,13)
−K3X=1/52 2
P4 =
1
13(1, 3, 10)
P2 =
1
4(1, 3, 1) 3B
P2P3 =
1
2(1, 1, 1) 3B + E
ג = 75: X30 ⊂ P(1,4,5,6,15)
−K3X=1/60 1
P1 =
1
4(1, 1, 3) 10B + E
P3P4 = 1×
1
3 (1, 1, 2) 5B + E
P2P4 = 2×
1
5 (1, 4, 1) 4B
P1P3 = 2×
1
2 (1, 1, 1) 5B + 2E
138 IVAN CHELTSOV AND JIHUN PARK
ג = 76: X30 ⊂ P(1,5,6,8,11)
−K3X=1/88 2
P4 =
1
11(1, 5, 6)
P3 =
1
8(1, 5, 3)
P2P3 = 1×
1
2 (1, 1, 1) 5B + 2E
ג = 77: X32 ⊂ P(1,2,5,9,16)
−K3X=1/45 1
P3 =
1
9(1, 2, 7)
P2 =
1
5(1, 4, 1) 2B
P1P4 = 2×
1
2 (1, 1, 1) 18B + 7E
ג = 78: X32 ⊂ P(1,4,5,7,16)
−K3X=1/70 1
P3 =
1
7(1, 5, 2)
P2 =
1
5(1, 4, 1) 4B
P1P4 = 2×
1
4 (1, 1, 3) 7B + E
ג = 79: X33 ⊂ P(1,3,5,11,14)
−K3X=1/70 2
P4 =
1
14(1, 3, 11)
P2 =
1
5(1, 1, 4) 3B
ג = 80: X34 ⊂ P(1,3,4,10,17)
−K3X=1/60 2
P3 =
1
10(1, 3, 7)
P2 =
1
4(1, 3, 1) 3B
P1 =
1
3(1, 1, 2) 10B + 2E
P2P3 = 1×
1
2 (1, 1, 1) 3B + E
ג = 81: X34 ⊂ P(1,4,6,7,17)
−K3X=1/84 2
P3 =
1
7(1, 4, 3)
P2 =
1
6(1, 1, 5) 4B
P1 =
1
4(1, 3, 1) 7B + E
P1P2 = 2×
1
2 (1, 1, 1) 12B + 5E
ג = 82: X36 ⊂ P(1,1,5,12,18)
−K3X=1/30 1
P2 =
1
5(1, 2, 3)
P3P4 = 1×
1
6 (1, 1, 5)
ג = 83: X36 ⊂ P(1,3,4,11,18)
−K3X=1/66 1
P3 =
1
11(1, 4, 7)
P2P4 = 1×
1
2 (1, 1, 1) 3B + E
P1P4 = 2×
1
3 (1, 1, 2) 6B + 18E
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ג = 84: X36 ⊂ P(1,7,8,9,12)
−K3X=1/168 2
P2 =
1
8(1, 7, 1) 7B
P1 =
1
7(1, 2, 5) 8B
P3P4 = 1×
1
3 (1, 1, 2) 8B + 2E
P2P4 = 1×
1
4 (1, 3, 1) 7B + E
ג = 85: X38 ⊂ P(1,3,5,11,19)
−K3X=2/165 1
P3 =
1
11(1, 3, 8)
P2 =
1
5(1, 1, 4) 3B
P1 =
1
3(1, 2, 1) 5B + E
ג = 86: X38 ⊂ P(1,5,6,8,19)
−K3X=1/120 2
P3 =
1
8(1, 5, 3)
P2 =
1
6(1, 5, 1) 5B
P1 =
1
5(1, 1, 4) 18B + 2E
P2P3 = 1×
1
2 (1, 1, 1) 5B + 2E
ג = 87: X40 ⊂ P(1,5,7,8,20)
−K3X=1/140 1
P2 =
1
7(1, 1, 6) 5B
P3P4 = 1×
1
4 (1, 1, 3) 7B + E
P1P4 = 2×
1
5 (1, 2, 3) 20B + 3E
ג = 88: X42 ⊂ P(1,1,6,14,21)
−K3X=1/42 1
P3P4 = 1×
1
7 (1, 1, 6)
P2P4 = 1×
1
3 (1, 1, 2) B
P2P3 = 1×
1
2 (1, 1, 1) B
ג = 89: X42 ⊂ P(1,2,5,14,21)
−K3X=1/70 1
P2 =
1
5(1, 4, 1) 2B
P3P4 = 1×
1
7 (1, 2, 5)
P1P3 = 3×
1
2 (1, 1, 1) 5B + 2E
ג = 90: X42 ⊂ P(1,3,4,14,21)
−K3X=1/84 1
P2 =
1
4(1, 3, 1) 3B
P3P4 =
1
7(1, 3, 4)
P1P4 = 2×
1
3 (1, 1, 2) 21B + 5E
P2P3 =
1
2(1, 1, 1) 3B + E
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ג = 91: X44 ⊂ P(1,4,5,13,22)
−K3X=1/130 2
P3 =
1
13(1, 4, 9)
P2 =
1
5(1, 3, 2) 4B
P1P4 = 1×
1
2 (1, 1, 1) 5B + 2E
ג = 92: X48 ⊂ P(1,3,5,16,24)
−K3X=1/120 1
P2 =
1
5(1, 1, 4) 3B
P3P4 = 1×
1
8 (1, 3, 5)
P1P4 = 2×
1
3 (1, 2, 1) 5B + E
ג = 93: X50 ⊂ P(1,7,8,10,25)
−K3X=1/280 2
P2 =
1
8(1, 7, 1) 7B
P1 =
1
7(1, 3, 4) 8B
P3P4 = 1×
1
5 (1, 2, 3) 8B + E
P2P3 = 1×
1
2 (1, 1, 1) 7B + 3E
ג = 94: X54 ⊂ P(1,4,5,18,27)
−K3X=1/180 1
P2 =
1
5(1, 3, 2) 4B
P1 =
1
4(1, 1, 3) 18B + 3E
P3P4 = 1×
1
9 (1, 4, 5)
P1P3 = 1×
1
2 (1, 1, 1) 5B + 2E
ג = 95: X66 ⊂ P(1,5,6,22,33)
−K3X=1/330 2
P1 =
1
5(1, 2, 3) 6B
P3P4 = 1×
1
11 (1, 5, 6)
P2P4 =
1
3(1, 2, 1) 5B + E
P2P3 = 1×
1
2 (1, 1, 1) 5B + 2E
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